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Summary

This Bachelor’s thesis develops an introductory route from Lie groupoids and Lie algebroids
to Poisson geometry and symplectic groupoids, with emphasis on geometric mechanics and
mathematical physics. We first introduce Lie groupoids and their infinitesimal counterparts,
Lie algebroids, and then review Poisson manifolds, Casimir functions, symplectic leaves, Lie—
Poisson dynamics, and the cotangent Lie algebroid of a Poisson manifold. We next study
symplectic groupoids, the Poisson structure induced on their base, Lagrangian bisections,
and the canonical identification of the Lie algebroid of a symplectic groupoid with the cotan-
gent Lie algebroid of its base. The pair groupoid of a symplectic manifold and the cotangent
groupoid T*G = g* are used as the main examples. Finally, we apply the cotangent groupoid
to the free rigid body. We derive the standard Lie-Poisson reduction, recover Euler’s equa-
tions, and describe reconstruction and conservation of spatial angular momentum. The thesis
is expository and aims to show how symplectic groupoids provide a global framework linking
symplectic geometry, Poisson dynamics, and reduction by symmetry.
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List of symbols

M, N :
C*(M) :
TM, T*M -
X(M), QF(M)
I'(E):

tx, Lx :

<., > :

G, e:

g, 9"

Ly, Ry, Cy:
Ady, Ady:
ade, adg :

a(§) :

Gg= M:

Gz, GY, GY:
O :

Gy :
Ly, Ry :
M x M :
Gx M :

smooth finite-dimensional manifolds,
smooth real functions on M,

tangent and cotangent bundles of M,
vector fields and differential k-forms on M,
sections of a vector bundle £ — M,

interior product and Lie derivative along X,

pairing of covectors with vectors, or of g* with g,

Lie group and its identity element,

Lie algebra of G and its dual,

left translation, right translation, conjugation by g,
adjoint and coadjoint actions of g € G,

adjoint and coadjoint operators of £ € g,
left-invariant vector field on G with £X(e) = ¢,

left Maurer—Cartan form, 05 =TyLy,

coadjoint orbit through u € g*,

linear function p+— (u,§) on g*,

differential of f € C*°(g*) at u, as an element of g,
fundamental vector field of £ for an action of G,
hat map R® — s0(3), £n=¢ x 1,

Lie groupoid with arrows G and base M,

source and target maps,

multiplication, unit map and inversion of a groupoid,
unit arrow at x € M,

composable pairs (g, h), s(g) = t(h),

source fibre over z, target fibre over y, arrows x — v,
orbit of x € M under G,

isotropy group at x,

left and right translation by an arrow g € G,

pair groupoid of M,

action groupoid of an action of G on M,
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G:
{','}Q:
we .
s*f, t°f
Gr Br
B, :
v
0
(g,
(€A
Ly:
R, w
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Wiy Ji
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Lie algebroid of G, A(G) = ker(Tt)|,(ar),

anchor of a Lie algebroid,

bracket on the sections of a Lie algebroid A,
left-invariant extension of a € T'(A(G)); all such fields,
isotropy Lie algebra ker p,,

action algebroid,

bisection of G and its base map t|g o (s|g) !,

symplectic manifold; w’: TM — T*M, v — tyw,
Poisson bracket of functions,

Poisson bivector, {f, g} = n(df,dg),

bundle map T*M — T M, <Od,7'('ﬁﬂ> =n(a, 8),
Hamiltonian vector field, Xy = nfdH = {,H},
flow of X on the base,

Schouten—Nijenhuis bracket,

characteristic distribution im 7",

symplectic leaf and its symplectic form,
Casimir function,

Koszul bracket of one-forms,

plus and minus Lie-Poisson brackets on g*,

Poisson manifold (M, —),

multiplicative symplectic form on a symplectic groupoid,

same manifold as G with symplectic form — €2,

Poisson bracket of (G, ),

symplectic orthogonal complement of a subspace W,

pullbacks of f € C*(M) to G; X« ¢, Xy« ¢ their Hamiltonian fields,
flows of X+ and Xz on G,

Lagrangian bisection swept out by the flow of X+,
isomorphism A(G) — T*M of Theorem 3.2,

tautological one-form of T*G, Q = —d#,

arrow of T"G = g" in the left trivialisation,

tangent vector to G x g*, £ = 95(9), A=,

cotangent lift of left translation, (g, u) — (hg, ),

attitude and body angular velocity of the rigid body,

inertia tensor and principal moments of inertia,

element of g*; for the rigid body, the body angular momentum,
spatial angular momentum, J = Ru = t(R, p),

body and spatial momentum components, u; = s*¢;, J; = t*l;,

maps g° — G describing bisections p +— (b(p), ) of T*G.



Introduction

Symmetry and reduction are among the basic organising principles of classical mechanics
[1, 14]. In the standard formulation a Lie group acts on a phase space and allows one to
identify configurations or states that differ only by a symmetry. After reduction, however,
the resulting phase space need not remain symplectic: it is naturally described by a Poisson
structure, whose rank may vary and whose symplectic leaves carry the actual Hamiltonian
dynamics. This passage from symplectic to Poisson geometry is one of the reasons why
groupoids and algebroids arise naturally in geometric mechanics.

A groupoid may be viewed as a generalisation of a group in which a set of arrows be-
tween points in a manifold can be composed only when their source and target match. This
apparently modest change is important geometrically: a group describes global symmetries,
whereas a groupoid can encode local or partial equivalences between points. Lie groupoids
add a compatible smooth structure, and their infinitesimal objects are Lie algebroids, in the
same way that Lie algebras are the infinitesimal objects associated with Lie groups. These
ideas provide a language in which local symmetry, reduction and global geometry can be
treated in a common framework; standard references include [9, 17].

Poisson geometry provides the second ingredient. A Poisson manifold carries a Lie bracket
on smooth functions which is also a derivation in each argument. Hamiltonian vector fields are
therefore defined even when there is no globally non-degenerate symplectic form. The image
of the Poisson tensor determines a possibly singular foliation by symplectic leaves, while its
kernel is related to Casimir functions. For the dual g* of a Lie algebra, the Lie—Poisson bracket
gives one of the fundamental examples. Its symplectic leaves are the connected components
of coadjoint orbits, and many reduced mechanical systems, including the free rigid body, live
naturally on such spaces [0, 11].

The bridge between the infinitesimal Poisson picture and a global geometric object is
supplied by symplectic groupoids. A symplectic groupoid is a Lie groupoid endowed with a
multiplicative symplectic form. Multiplicativity is a strong compatibility condition. It makes
the unit section Lagrangian, makes inversion anti-symplectic, and forces the source and target
maps to encode opposite Poisson structures on the base. Moreover, the Lie algebroid of a
symplectic groupoid is canonically identified with the cotangent Lie algebroid of its Poisson
base. In this sense, a symplectic groupoid can be regarded as a global integration of Poisson
geometry [10].

The aim of this Bachelor thesis is expository. It is not to develop a new theory of
symplectic groupoids, but to present a self-contained path through the main constructions
needed to understand why these objects are relevant to Hamiltonian mechanics for individual
students of the University of Warsaw. Particular attention is paid to conventions and signs,
because the source and target maps of the cotangent groupoid naturally produce opposite
Lie—Poisson brackets. The pair groupoid of a symplectic manifold and the cotangent groupoid
T*G = g* serve as the main examples throughout the text.

This Bachelor thesis is organised as follows. Chapter 1 introduces groupoids, Lie groupoids



and Lie algebroids, together with their basic examples and the passage from a groupoid to
its infinitesimal algebroid. Chapter 2 reviews Poisson geometry, Hamiltonian vector fields,
Casimir functions and symplectic leaves; it then develops the Lie-Poisson structure on g*
and constructs the cotangent Lie algebroid of a Poisson manifold. Chapter 3 introduces
symplectic groupoids and derives the structural consequences of multiplicativity, the induced
Poisson structure on the base, Lagrangian bisections, and the identification of the groupoid
Lie algebroid with the cotangent algebroid. Chapter 4 applies these constructions to T*G =
g* and, in particular, to the free rigid body. In that example the source records body angular
momentum, the target records spatial angular momentum, Lie-Poisson reduction produces
Euler’s equations, and reconstruction recovers the motion on 7*SO(3).



Chapter 1

Lie Groupoids and Lie Algebroids

1.1. From groups to groupoids

Groups are the standard tool to describe global symmetry in geometry [1]. A transitive group
action describes a homogeneous space, which is by definition a manifold diffeomorphic to the
quotient of a Lie group by a closed Lie subgroup [7, 8]. However, objects with repeated
local patterns may have only a small global symmetry group. The following example of
Weinstein [17] shows the problem and its solution.

Consider the tiling 7 of the plane by 2 x 1 rectangles, with edge set

T =(2ZxR) U RxZ) C R%
Its symmetry group G, the subgroup of the Euclidean group E(2) which preserves 7T, con-
tains the translations by the lattice 2Z x Z and several types of reflections. Consider now a
finite region B = [0,2m] x [0,n], where m,n are positive integers. The symmetry group of
T N B is just the Klein four-group generated by the two reflections through the centre of B,
independently of m and n. It consists of the transformations that preserve the whole pattern
but it says nothing about the local symmetries which relate individual points.

To record such information, instead of a transformation ¢ alone, we consider the set of
the triples

Gr = {(W,p.2) : Gy, 2,y eR? y=o(z)}.

Two triples (z,,y") and (y, ¢, z) can be composed to (z,10¢, z) if and only if ¢’ = y. Every
point x carries an identity element (x,id, z), and every triple has the inverse (z, 0!, y). In a
nutshell, a set with such a partially defined multiplication, with identities and with inverses is
called a groupoid, and its elements are called arrows. After the restriction to B, the groupoid
of triples relates the points of B which occupy the same position in their tiles (such points
lie in the same orbit) and it still contains the symmetries which fix a given point (its isotropy
group).

In short, groups describe global homogeneous symmetry, while groupoids generalize them
by describing also local and partial symmetries. They reduce to groups when the base consists
of one point. In the rest of the chapter we add a smooth structure to this notion and construct
its infinitesimal counterpart.

1.2. Lie groupoids

Unless stated otherwise, manifolds in this thesis are assumed to be Hausdorff and second
countable. When integrability is mentioned later, the standard theory may allow a non-
Hausdorff arrow manifold while keeping the base manifold Hausdorff.



1.2.1. Definitions

Definition 1.1 (Groupoid). A groupoid consists of two sets, G (the arrows) and M (the
objects or base), together with structure maps

(i) source and target: s,t: G — M;

(ii) multiplication: m: ¢ - g, (g, h) — gh, defined on the set of composable pairs
G ={(9.h) € G x G :s(9) = t(h)};
(iii) wnit: u: M — G, x> 1y;
(iv) inverse: 1: G — G, g +— g b
satisfying, whenever the relevant products are defined, the compatibility and associativity
identities
s(gh) =s(h),  t(gh) =1t(g),  (gh)k = g(hk),

and the unit and inverse identities

s(1z) = t(1z) = =, Liggd=9=91lsg, 99 =y, g 9= Ilyg-

We denote an arrow g € G with s(g) = z and t(g) = y as y +Z 2z, and a groupoid as
G = M to record the two maps s,t from arrows to objects. Two arrows compose precisely
when the source of the first one matches the target of the second.

Equivalently, a groupoid is a small category in which every arrow is invertible [12, 17].
Recall that a small category is a category in which the space of objects and the space of
morphisms are sets. If M = {x} is a single point, then every pair of arrows is composable,
and the structure reduces to a group.

A groupoid in the sense of Definition 1.1 is sometimes called set-theoretic, to emphasise
that no topology or smooth structure is assumed. If G and M carry topologies and all
structure maps are continuous, the groupoid is topological.

Definition 1.2 (Lie groupoid). A Lie groupoid is a groupoid G = M in which G and
M are smooth manifolds, all structure maps are smooth, and the source and target maps
s,t: G — M are surjective submersions [9, 12, 13].

The submersion condition on s and ¢ has two consequences. First, the set G of com-
posable pairs is a smooth embedded submanifold of G x G. Second, every source fibre s~!(z)
and every target fibre t~1(x) is a closed embedded submanifold of G [J].

Remark 1.1. Smoothness is a genuine additional requirement. Many groupoids that arise
naturally are only topological. For this reason Definition 1.1 is kept alongside Definition 1.2.

1.2.2. First properties and notation

For z,y € M write
Go=s"(z), G'=t"'(y), GI=G,NG
for the source fibre, the target fibre, and the set of arrows from x to y. The orbit of x € M is
Op =t(Gs) ={yeM: Gl #2},

the set of objects connected from x by an arrow. The orbits partition M. The isotropy group
(or vertex group) at x is

Gr=1{9€G:s(g)=tlg) =z}



It is a group under the restricted multiplication, and for a Lie groupoid it is a Lie group [9].
A Lie groupoid is transitive if it has a single orbit.

The unit map u: M — G is a smooth embedding: sowu = idp; shows that u is an injective
immersion, and its image u(M), which we identify with M, is a closed embedded submanifold
of G [9].

The analogues of left and right multiplication on a group are the translations between
fibres. Fix g € G with s(g) = = and ¢(g) = y. Left multiplication by g, namely

LgZ gz _>gy7 Lg(h) :gh’
is a diffeomorphism between target fibres, with inverse L,-1. Right multiplication Ry: G, —

Gz, Rg(h) = hg, is a difftomorphism between source fibres. Left translations are used in
Section 1.3 to construct the Lie algebroid of G.

1.2.3. Examples
The following three Lie groupoids are used throughout the thesis.

Example 1.1 (Lie group). A Lie group G is a Lie groupoid G = * over a point. It has a
single orbit, and its isotropy group is G itself.

Example 1.2 (Pair groupoid). For any smooth manifold M, the product M x M is a Lie
groupoid over M, the pair groupoid, with

s(y.2) =z, Hy.2)=y, (29)(y2)=(22), ulz)=(z2), (y2)7"=/(y).
Thus, (y, ) is the unique arrow from z to y. Source and target are the two projections, hence
submersions, and the multiplication is smooth. The pair groupoid is transitive with trivial
isotropy groups.

Example 1.3 (Action groupoid). Let a Lie group G act smoothly on a manifold M from

the left. The action groupoid G x M = M has as arrows the pairs (g,z) € G x M, with
s(g,x):a:, t(g,x):g-a;, (h,gﬂ?)(g,l’):(hg, a;),

unit u(x) = (e, ) and inverse (g,2) "t = (g7, g-). The orbits and isotropy groups of G x M

coincide with the orbits and stabilisers of the action. The groupoid of triples in Section 1.1

is the action groupoid of G'7 acting on R2.

The three examples display the two extreme cases and a mixture of them: the Lie group
has a trivial base and full isotropy, the pair groupoid is transitive with trivial isotropy, and
the action groupoid has, in general, non-trivial orbits and non-trivial isotropy groups.

1.3. From Lie groupoids to Lie algebroids

Every Lie group determines a Lie algebra by linearisation of the multiplication at the identity.
This section makes a similar construction for a Lie groupoid. The resulting object is a Lie
algebroid [9, 10]. We first construct it from a Lie groupoid and then provide the general
definition.

1.3.1. Construction of the Lie algebroid

Recall first the group case. A vector field X € X(G) on a Lie group G is left-invariant
if (Lg)«+X = X for every g € G. Since each (Lg). preserves the Lie bracket, the left-
invariant vector fields X*(G) form a Lie subalgebra of X(G). Evaluation at the identity is

10



a linear isomorphism X*(G) — T.G with inverse v +— % and %', = T.L,(v). The bracket
transported to T.G defines the Lie algebra g = Lie(G). Two features of this construction
generalise: a left-invariant vector field is determined by its values at the identities, and its
bracket is inherited from the bracket of vector fields. A Lie groupoid has an identity arrow
1, at every point « € M, so the values at the identities form a section of a vector bundle over
M rather than a single tangent vector.

Let G = M be a Lie groupoid. A vector field X € X(G) is left-invariant if

(i) X is tangent to the target fibres, namely T,¢(X,) = 0 for all g € G; and

(ii) X is equivariant under left translation, in other words T}, L4(Xy) = Xgp, for every
(g,h) € G2,

Condition (i) says that at every arrow g the vector X, is tangent to the target fibre Gt
Left translations map target fibres to target fibres (Section 1.2), so condition (ii) makes sense,
and it determines X on the whole G from the values at the units.

The set X7(G) of left-invariant vector fields is a Lie subalgebra of X(G). Tangency to
the target fibres is preserved by the bracket. This means that if X(fot) =Y (fot) =0
for all f € C®(M), then [X,Y](fot) = X(Y(fot)) =Y (X(fot)) =0. Left-invariance
is preserved because each L, is a diffecomorphism between target fibres, so (Lg)«[X,Y] =
[(Ly)-X. (Ly).Y] = [X.Y].

Define the vector bundle

A(G) = ker(Tt — M,

)‘u(M)
with fibre A(G), = ker(T1,t), the tangent vectors at the identity arrow 1, that are tangent to
the target fibre G*. Such a vector is an infinitesimal deformation of the unit arrow 1, which
keeps the target fixed. The map ®: I'(A(G)) — X%(G) given by

%
Pla)y = oy =T, Lo(as)

is an isomorphism with inverse ®~1(X) = X lu(ar)- Transporting the bracket of left-invariant
vector fields through ® defines a Lie bracket on T'(A(G)) of the form

_ —
[, 8] := 27 ([, B]).
We call A(G) the Lie algebroid of the Lie groupoid G.

1.3.2. The anchor and the Leibniz rule

A left-invariant vector field is tangent to the target fibres but, in general, not to the source
fibres. Applying T's produces a vector field on the base. Define the anchor p: A(G) — TM
by
plag) =Ty, s(ay) € T, M, ay € A(G)r = ker(Ty,t).

The anchor measures the displacement of the source. In other words, p(«) is the vector field
induced on M by the flow of &. Elements with p(az) = 0 move neither the source nor the
target. They form the isotropy Lie algebra g, = ker p,, which is the Lie algebra of the vertex
group GI.

The bracket on I'(A(G)) is R-bilinear but not C°°(M)-bilinear: for all o, 8 € T'(A(G)) and
fe (M),

[, fB] = [ e, B] + p(@) (f) B- (1.3.1)

To prove (1.3.1), we note first that the left-invariant extension of ff is (f o s) %, where fos
is the pull-back of f to G along the source map. The Leibniz rule for vector fields on G gives

(&, (fos) Bl = (fos) [, Bl+ & (fos)B.
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Now, & is s-related to p(a), so & (fos) = p(a)(f)os, and the restriction to the unit section
gives (1.3.1). The correction term p(«a)(f) S vanishes when p = 0 or when f is constant.
Because of this term, the operator [«,-] is a first-order differential operator. The value of
[a, B] at x depends on S(x) and also on the derivative of 8 in the direction p(«),.

1.3.3. The abstract definition

Definition 1.3 (Lie algebroid). A Lie algebroid over a manifold M is a vector bundle A — M
equipped with a Lie bracket [-,]4 on I'(4) and a vector bundle morphism p: A — T'M, called
the anchor, satisfying the Leibniz rule

[a, fBla = [fla,Bla+p(a)(f) B forall a,f € I'(A), feCF(M).

By construction, A(G) is a Lie algebroid over M. The compatibility of the anchor with
the two brackets does not have to be assumed, since it follows from the definition.

Proposition 1.1. In any Lie algebroid A — M the anchor preserves brackets, i.e.

p[e, Bla) = [p(a), p(B)]  for all o, 3 € T(A).

Proof. Let o, 8,7 € T'(A) and f € C°(M). We expand [a, [, fy]a]a in two ways. First
we apply the Leibniz rule twice directly. Then we use the Jacobi identity to write the same
expression as [[a, B]a, fv]a + [, [o, f7]a]a and we apply the Leibniz rule to each term. We
compare the two expansions. The terms in which f multiplies a bracket of sections agree by
the Jacobi identity for [-,-]4, and the terms with a single derivative of f agree term by term.
The remaining equality is the anchor defect applied to f and multiplied by . Pointwise, on
a component of positive bundle rank one may choose v nonzero at the point and cancel its
value; on a rank-zero component both anchors vanish. Thus

p(a) (p(B)(f)) = p[ev, Bla) () + p(B) (p() (f))-
Hence, p([a, B]4)(f) = [p(«), p(B)](f) for every f, which proves the claim. O

Remark 1.2. The anchor is a morphism from (T'(A), [,-]a) to (X(M),[-,"]). Its image im p C
TM is an involutive distribution, perhaps of varying rank, whose integral submanifolds are
the orbits of the algebroid. Its kernel g, = ker p,, at each point is a Lie algebra, the isotropy
Lie algebra. For A = A(G) the isotropy Lie algebras agree with those of the groupoid. If the
source fibres of G are connected, then the algebroid and groupoid orbits agree. In general,
the algebroid sees the orbits generated by the source-connected component of the groupoid.

Remark 1.3. A Lie algebroid is called integrable if it is isomorphic to A(G) for some Lie
groupoid G = M. In contrast to the theory of Lie groups and Lie algebras, not every Lie
algebroid is integrable. Namely, there is a genuine obstruction [5]. The general theory is not
developed here. We use its consequences for cotangent algebroids and for the integration of
Poisson manifolds in Chapter 3.

1.3.4. Examples

We compute the Lie algebroids of the three groupoids of Section 1.2.3.

Example 1.4 (Lie algebra). A finite-dimensional Lie algebra g is a Lie algebroid over a point,
with zero anchor and its own bracket. It is the Lie algebroid of any Lie group integrating it
(Example 1.1). Since TM = 0, the correction term in the Leibniz rule vanishes.
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Example 1.5 (Tangent bundle). The tangent bundle TM — M, with the Lie bracket of
vector fields and with the anchor p = idpyy, is a Lie algebroid. It is the Lie algebroid of the
pair groupoid M x M = M (Example 1.2). Indeed, for ¢(y,z) = y the target fibre over z is
{z} x M, and its tangent space at the unit (x, z) is identified with T, M, so A(M x M) = T M.
The anchor p = T's is the identity map, because s is the projection onto the second factor.
The kernel ker p = 0 corresponds to the trivial isotropy of the pair groupoid.

Example 1.6 (Action algebroid). Let a Lie group G act on M from the left, with fundamental
vector fields a: g — X(M), a(§), = d%}oexp(af) - 2. We compute the Lie algebroid of the
action groupoid G x M = M of Example 1.3.

The bundle and the anchor. Differentiate t(g,x) = g - x at the unit (e, z) along a curve
e > (exp(ef), z-) with velocity (£, v). This gives

)t (57 v) = a(§)$ + .
Hence, the fibre of the Lie algebroid is

A(Gx M)y =ker Tyt = { (&, —a(€).) : E€ g},

and the first component identifies it with g. Therefore the Lie algebroid is the trivial bundle
A = M x g, called the action algebroid g x M. TIts sections are the g-valued functions
o € C>®(M,g). The anchor is T's, and s(g,z) = x returns the second component. This shows
that on constant sections

P&z = —a(§)a.
Left-invariant extensions. Left translation by (g,h - z) sends (h,x) to (gh,z). Conse-
quently, its differential sends (w,v) to (T Lgw, v). By the construction of Section 1.3.1 the
left-invariant extension of the constant section & is

€ (9,0) = (T.Ly& —a(6)) = (6, —al6).).
The two components separate. The first is the left-invariant field £ on G, which does not
depend on x. The second is the field —a(§) on M, which does not depend on g.
The bracket on constant sections. Vector fields of this separated form bracket componen-
twise, because each component is constant in the other variable. It follows that

[€ ?] (§L L [_a(é)a —a(ﬂ)]) = ([57”]L7 [a(f),a(n)])
By Section 1.3.1 the bracket of two left-invariant fields is again left-invariant, so its value at
the unit (e, z) lies in the fibre A(Gx M),. The elements of that fibre are the pairs (¢, —a(¢)),
and the first component of the value is [£,n]. This pins the value,

(€57 (e, 2) = (&), —a((&n)a)-

Hence, on constant sections [€,n]4 = [£,n]. Comparing the second components yields the
identity

[a(§), a(n)] = — a([&,n])-

With the convention for fundamental vector fields used here, a left action reverses brackets.

The reversal is also what makes the anchor a homomorphism, since p([¢,7n]) = —a([¢,n]) =
[a(€),a(n)] = [p(&), p(n)], as Proposition 1.1 requires.
The bracket on all sections. Fix a basis &1,...,&, of g and write 0 = ¢%¢; and 7 = ijj

with coefficients in C°°(M). The Leibniz rule (1.3.1), its mirror through antisymmetry, and
o'p(&) = p(o) give
0,74 = o' T8, &1 + p(0) (7)) & — p(T)(0") & = [0, Tlg —alo) T+ a(r) o

Here, [0, T]q is the pointwise bracket, and a(o) 7 is the derivative of the g-valued function 7
along the vector field  — a(o(x)),. Neither side depends on the choice of basis.
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Chapter 2

Poisson Manifolds and Cotangent
Lie Algebroids

This chapter develops the Poisson geometry used in the rest of the thesis. It has two deliv-
erables. The first is the symplectic foliation of a Poisson manifold, together with its Casimir
functions. The second is the cotangent Lie algebroid T* M, whose relation to symplectic
groupoids is studied in Chapter 3. The dual g* of a Lie algebra runs through both as the
worked example, and it is where the free rigid body lives.

Section 2.1 defines Poisson manifolds through the properties of the symplectic bracket that
survive without non-degeneracy. Section 2.2 treats Hamiltonian dynamics, Casimir functions
and the decomposition into symplectic leaves. Section 2.3 studies the Lie-Poisson structure
on g*, its coadjoint orbits and the free rigid body. Section 2.4 constructs the cotangent Lie

algebroid.

The material is standard and is treated in the books of Vaisman [15], Crainic, Fernandes
and Marcut [6], Cannas da Silva and Weinstein [3] and, for the mechanics, Marsden and
Ratiu [11]. More precise references are given at each step.

2.1. From symplectic to Poisson manifolds

The simplest models of conservative mechanical systems have symplectic phase spaces. Their
defining 2-form is non-degenerate. After reduction by symmetries, a smooth quotient may
instead carry a degenerate Poisson structure; constrained systems require additional hypothe-
ses and are not considered here. This section recalls the symplectic bracket and then uses
the properties that do not rely on non-degeneracy to define a Poisson manifold.

Let (M,w) be a symplectic manifold. Non-degeneracy means that the bundle map

W’ TM — T*M, V> LyW,
is an isomorphism. Each H € C°°(M) then has a unique Hamiltonian vector field X g defined
by
ixyw=dH,  thatis Xp= ()"} (dH).
The trajectories of the system are its integral curves. The Poisson bracket of two functions
is

{fvg} = W(Xf7Xg)7
and a short computation gives Xy (f) = {f, H}. Therefore every observable evolves along
the flow by f = {f, H}.

14



This bracket has four properties. It is bilinear and antisymmetric. It satisfies the Leibniz
rule

{f,9h} ={f. g} h+g{f h},
because a Hamiltonian vector field is a derivation of C°°(M). And it satisfies the Jacobi
identity

{f {9, hy +{g,{n f}} +{h.{f,9}} =0,

which is the only one that uses dw = 0. Keeping the four properties without mentioning w
gives the general notion.

Definition 2.1 (Poisson manifold). A Poisson manifold is a smooth manifold M with a
bilinear map

{}: CF(M) x CF(M) — C%(M)
that is antisymmetric, satisfies the Jacobi identity, and is a derivation in each argument,
{f,gh} ={f.gth+g{f.h}  forall f,g,h € C™(M).
The map {-,-} is called the Poisson bracket [6, 15].

Bilinearity, antisymmetry and the Jacobi identity make C°°(M) a Lie algebra; the Leibniz
rule is the additional compatibility with multiplication of functions. As in the symplectic case,
each H € C*°(M) has a Hamiltonian vector field

Xp={,H}.

The Leibniz rule makes {-, H} a derivation of C°(M); observables again evolve by f =
{f, H}. On a connected symplectic manifold, a Hamiltonian vector field determines its Hamil-
tonian only up to an additive constant. On a Poisson manifold, the ambiguity is larger: one
may add any Casimir function, which need not be constant. As in the symplectic case, not
every vector field is Hamiltonian.

We now record a bivector form of the bracket.

Remark 2.1. A map C®(M)* — C>(M) that is R-multilinear and a derivation in each
argument (a k-derivation) has, in any chart,

D(f1,---. fe) = Y D(@™,...,a™) 0 fi-- 0 fr.
D1 yeenyif
This shows that its value at x depends only on the differentials there, and D = 0 as soon
as it vanishes on coordinate functions. An antisymmetric 2-derivation is therefore {f, g} =
7(df,dg) for a unique bivector field 7 € T'(A2T M) with 7% = {z%, 27} [6].

By Remark 2.1 the value {f, g}(x) depends only on df, and dg,. It is an antisymmetric
2-derivation, so there is a unique bivector field 7 € T'(A?T'M), the Poisson bivector, with

{f,g} =m(df,dg) for all f,g € C*°(M).
The bivector defines a bundle map
"M — TM, (o, 7 B) = (e, B),
the Poisson analogue of (w”)~!. The Hamiltonian vector field is
Xy = nf(dH),

because (df, n*dH) = w(df,dH) = {f, H} = Xg(f).
Of the four axioms, bilinearity, antisymmetry and the Leibniz rule hold for any bivector
field. Only the Jacobi identity is a real condition on 7. That condition is

[7T, ﬂ—]SN = 07
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where [-,-]sn is the Schouten—Nijenhuis bracket, the extension of the Lie bracket of vector
fields to multivector fields [15]. We will not need this identity and state it only to record
the conclusion: a Poisson structure on M is the same datum as a bivector field m with
[r,7]sy = 0, the bracket being recovered by {f,g} = wn(df,dg). From now on we write
(M, ) for a Poisson manifold and use the bracket and the bivector interchangeably.

Example 2.1 (Symplectic manifolds). Every symplectic manifold (M, w) is a Poisson mani-
fold. The bracket {f, g} = w(X¢, X,) is antisymmetric and Leibniz by construction, and sat-
isfies the Jacobi identity because dw = 0. Comparing Xz = (w*)~(dH) with Xz = «f(dH)
identifies its bivector as the inverse of the form,

n = @),
so here 7 is an isomorphism at every point. By Darboux’s theorem [2] every symplectic
manifold looks, near any point, like R?" with coordinates (¢!,...,q", p1,...,pn) in which

that is 7 = ), 9, AJp,. The Hamiltonian vector field of H reproduces Hamilton’s equations,

G i O0H . OH
q _{Q7H}_ aplu pl_{pZ7H}_ 8(]1

Remark 2.2 (Sign conventions). The signs of Poisson geometry are not standardised. We
have fixed Xy = nfdH and f = {f, H} along the flow (Section 2.2.1). And on a symplectic
manifold {f,g} = w(Xy, Xy) as above. Other references reverse the bracket or the sign of
Xp. Either reversal flips the Lie—Poisson equation and the sign in the Koszul bracket. A
comparison with another text should begin by matching these conventions.

Remark 2.3 (Rank). The rank of a Poisson manifold at x is the rank of the linear map
mh: T*M — T,M, or equivalently of the antisymmetric matrix (7% (z)) of components of
m in a chart. Being the rank of an antisymmetric map, it is always even. The symplectic
Poisson structures are exactly those of maximal rank dim M at every point, which forces
dim M to be even. The zero bracket has rank 0 everywhere. In general the rank lies between
these extremes and may change from point to point.

2.2. Casimirs and the symplectic foliation

The degeneracy of a Poisson bivector has two consequences that a symplectic structure does
not show. Both follow from the Jacobi identity. Some functions are conserved by every
Hamiltonian. They come from the kernel of 7 and are called the Casimir functions. The
manifold decomposes into symplectic submanifolds, the leaves, on which the trajectories stay.
They come from the image of 7f. We treat both only as far as the later chapters need.

2.2.1. Hamiltonian flows and Poisson maps

On a Poisson manifold every H € C°°(M) generates the flow of Xy = 7*(dH), along which
f=A{f,H}. Antisymmetry gives conservation of energy, H = {H, H} = 0. More generally f
is a constant of the motion for H when {f, H} = 0. The Jacobi identity adds two facts:

Proposition 2.1. On a Poisson manifold, for all f,g,H € C*(M),
(i) Xu{f.9} ={Xuf g} +{f, Xug};

(ii) [Xp, Xg] = —X{5,01-
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Both are restatements of the Jacobi identity.

Proof. Write the Jacobi identity in the form {a,{b,c}} = {{a,b},c} + {b,{a,c}}. For (i),
take a = H, b= f, ¢ = g and use Xpy¢ = {¢, H} together with antisymmetry:

Xulf, gy ={/f,9h, HY = {H,{f, 9}} = —{{H, [}, 9} —{/{H, 9}} ={Xuf, 9} +{[, Xnug}.
For (ii), apply both sides to an arbitrary h. Since X419 = {¢, ¢},

[vaXg]h - {{hvg}a f} - {{h7 f}?g} - _{h7 {fag}} - _X{f,g}ha
where the middle equality is the Jacobi identity. ]

Part (i) says that Xy preserves the Poisson bracket. In tensor form this is Lx,m = 0.
That is because the Schouten formula for the Lie derivative of a bivector [0] gives, for any
vector field X,
which for X = Xy vanishes by Proposition 2.1(i). A tensor whose Lie derivative along X
vanishes is invariant under the flow, so the flow ¢; of Xy satisfies (¢;).m = m wherever it is
defined. Maps that preserve the bracket have a name.

Definition 2.2 (Poisson map). A smooth map ®: (M, 7)) — (N,7y) between Poisson
manifolds is a Poisson map if

{300(1)7 @ZJO‘I)}M:{%U}}NO@ for all 9071/)6000(]\])

For a diffeomorphism, preservation of 7 is exactly this condition. Every Hamiltonian flow
is therefore a Poisson diffeomorphism between its open domains of definition. Poisson maps
are the natural morphisms between Poisson manifolds.

2.2.2. Casimir functions
The kernel of 7f carries the functions that are constant for any dynamics.

Definition 2.3 (Casimir function). A Casimir function of (M, ) is a function C' € C*°(M)
with {C, f} =0 for all f € C*(M).

Since {C, f} = —(df, 7*dC), a function C' is a Casimir exactly when 7*dC = 0. That is
X =0, or equivalently dC' € ker 7* at every point. The dynamical meaning is that for every
Hamiltonian H,

C={C,H} =0.
A Casimir is therefore conserved by every Hamiltonian system on (M,7) at once. On a
symplectic manifold 7 is injective, so Casimir functions are locally constant, and they are
constant when the manifold is connected. More generally, a Casimir with nonzero differential
detects degeneracy at that point. On a regular Poisson chart of dimension n and rank 2r
there are n — 2r independent local Casimirs, whereas degeneracy alone does not guarantee
nonconstant global Casimirs or an analogous statement at singular points.

2.2.3. The symplectic foliation

The image of 7¥ carries the directions available to the dynamics. At each point z, as f ranges
over C®°(M), the vectors Xf(z) = 7f(df,) fill the subspace

D, = imn? C T, M.
The assignment x — D, is the characteristic distribution. Its dimension is the rank of x,
which may change from point to point. Consequently the Frobenius theorem does not apply.
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The characteristic distribution D = im ¥ is generated by the family of Hamiltonian vector
fields ' = {X;: f € C®°(M)}: at each x, D, = {X¢(x) : f € C>®(M)}, since every covector
is a differential. This family is closed under the Lie bracket, by Proposition 2.1(ii), and D
is invariant under the flows of its members, by Proposition 2.1(i). For a family of vector
fields with these properties the generated distribution has non-constant rank in general, so
the Frobenius theorem does not apply; integrability is instead guaranteed by the Stefan—
Sussmann theorem [0, 15].

Theorem 2.1 (Symplectic foliation). Let (M, w) be a Poisson manifold.

(i) The characteristic distribution integrates to a foliation of M by immersed submanifolds,
the symplectic leaves; the leaf through x has tangent space D,, and two points lie on
the same leaf exactly when a chain of Hamiltonian flows joins them.

(ii) Each leaf L carries a unique symplectic form, given by

wr(rfa, 7 B) = n(a, B),

for which the inclusion L — M is a Poisson map.

We take part (i) from [6, 15], as we do the closedness of wy, in part (ii), which is where
the Jacobi identity of 7 in the Schouten bracket form is used. That wy, is well defined and
non-degenerate is pure linear algebra: wfa = nfa/ gives w(a — o/, 8) = —(B, 7t (a — a’)) = 0,
non-degenerate because wy (7fa,-) = 0 forces 7(a,-) = 0 and hence 7o = 0. Since T, L =
D, =im 7r§C by part (i), the dimension of L equals the rank of m on L. It is even because ol
is antisymmetric.

Since X takes values in D, every trajectory of H stays on the leaf through its initial
point. On that leaf it is the symplectic flow of the restriction H|;. A Casimir C' is constant
on each leaf: for v = 7fa € D,, dC(v) = (dC, 7a) = —(a, 7*dC) = 0, since 7#dC = 0. A
connected symplectic manifold is the case of a single leaf.

Example 2.2 (see [6]). On R3 with coordinates (z,y, z) take m = 0, A 9y, so that
{x7y} =1, {Z’,Z} = {y,z} =0.

The rank is 2 everywhere. The characteristic distribution is spanned by d, and J,, and z is
a Casimir, since dz spans ker 7% at every point. No Hamiltonian moves z, so every trajectory
stays in a plane z = const, on which 7 restricts to the standard symplectic structure of R2.
The symplectic leaves are these planes, which are the level sets of the single Casimir z.

2.3. The Lie—Poisson structure and the rigid body

Sections 2.1-2.2 were general theory. We now study one specific Poisson manifold, the dual
g* of a Lie algebra. It is the phase space of mechanical systems reduced by symmetry; the free
rigid body is the main case considered here. Its cotangent algebroid, defined in Section 2.4,
is integrated by the groupoid T*G = g* used in the latter chapters.

2.3.1. The Lie—Poisson bracket

Let g be a finite-dimensional Lie algebra with bracket [-,-], and g* its dual. Because g* is a
vector space, its tangent space at any point is canonically again g*, and its cotangent space
is the double dual,

Tw"=g", T,9"=(g")" =g
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It follows that the differential of a function f € C'*°(g*) at a point p is an element of g,
d R
dWf€a,  (mduf)=3| ftw) wed)
t=0

where (-, -) is the pairing between g* and g. For a linear function £¢(u) = (u,§) with £ € g, the
differential is constant, d,f¢ = £. This identification allows us to define the Poisson structure
on g* based on the Lie algebra structure of g.

Definition 2.4 (Lie—Poisson bracket). The Lie—Poisson bracket on g* is
{£:93 () = (u, [dpf,dugl), fr9 € CF(gY).

The bracket is bilinear and antisymmetric. It is a derivation in each argument, since
du(fg) = f(n)dug+g(p) d,f and the pairing is linear. On linear functions it returns the Lie
bracket,

{le, o} = e
because df¢ = £ and df,, = 7 are constant. Fixing a basis {e;} of g with [e;,e;] = ¢
writing p; = ¢, for the resulting linear coordinates on g*,

fjek and
of 0Jg
)l =k =k oy =L =2
{pi sy = ciime, so {f,g}(w) = cij Dris O
The bracket is thus linear in x4 and vanishes at the origin.
It remains to verify the Jacobi identity. The Jacobiator

J(f.g,h) ={f.{g,h}} +{g.{h, f}} +{h,{f,9}}

is a derivation in each argument. By Remark 2.1 it vanishes identically as soon as it vanishes
on the coordinates u;. There,

J(Mi’ M, ,U*k) = (Cﬁcfm + szcgm + Cgcﬁm) He-

The coefficient is exactly the Jacobi identity for the structure constants of g, hence zero.

Therefore, the Lie—Poisson bracket satisfies the Jacobi identity, and (g*, {-,-}) is a Poisson
manifold.

2.3.2. The equations of motion

On g* the Hamiltonian equations f = {f, H} take a form written entirely inside the Lie
algebra. For £ € g recall the adjoint operator ade n = [, 7] and define the coadjoint operator
adg: g* — g* by
(adg p,m) = (. [§;m),  nmeg.
With this convention adz is the linear transpose of ad¢, whereas the group-level coadjoint
action is defined using Ad,-1. Consequently, the infinitesimal generator of the coadjoint
action is —adz. Testing /1 against a constant { = d/¢ and using antisymmetry of the Lie
bracket,
. d
(.8 = 4| Lelu(®)) = {le, HY(n) = (n, [€, duHl]) = —{p, [duH, €]) = —{adg, p 1, ).
=0
As £ is arbitrary, this is the Lie—Poisson equation
fr=—adg g p (2.3.1)

The entire dynamics is defined using the coadjoint operator and the single element d,H € g.
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2.3.3. Coadjoint orbits and the symplectic leaves

The group G acts on its Lie algebra by the adjoint representation Adg = T.Cy, the differential
at the identity of the conjugation Cy(k) = gkg~'. From Cy, = Cy 0 Cy, and Cy(e) = e one
gets Adgy = Ady Ady. Dually G acts on g* by the coadjoint action

(A 1,€) = (1, Ady 1 €).
Its orbits O, = {Ad, pu : g € G} are called the coadjoint orbits. Differentiating along exp(t)
gives the vector fields generating the action,
d

— Ad?

dt|,_, @) p=—adgp.

The tangent space to the orbit through p is 7),0,, = {adg p : € € g}.

This is exactly the characteristic distribution. The cotangent space T},¢* is g, spanned by
the differentials df¢ = £. Therefore im Wﬁ is spanned by the Hamiltonian vector fields of the
linear functions. By (2.3.1) with H = /¢ the field X,, takes the value —adg p at pu. Hence,

imr, = {ad p: £ € g} = T,,0,..
The distribution matches the tangent spaces of the orbits. That the leaves are the connected

components of the coadjoint orbits is the theorem of Kirillov, Kostant and Souriau. We take
it from [0, 11].

Theorem 2.2 (Kirillov—Kostant—Souriau). The symplectic leaves of g* are the connected
components of the coadjoint orbits. On the orbit through p the leaf symplectic form is

wp(adg pyady p) = (u, [§,m),  &meg.

The formula is the one produced by Theorem 2.1(ii): evaluating wy (7*dle, 7de,) =
m(dle, de,) gives {le, 0y} (1) = (i, [€,7]), and the two signs from 7édls = — adg pu cancel.

A Casimir is constant on each leaf, hence on each connected component of a coadjoint
orbit. This shows that it is invariant under the identity component Gy. When G is connected,
as for G = SO(3), the components are the full orbits and the Casimirs are exactly the Ad*-
invariant functions.

2.3.4. The free rigid body

The rotating rigid body is the case G = SO(3). Its configuration is the rotation R € SO(3)
that carries the body frame to the spatial frame. The spatial frame is fixed in the laboratory.
The body frame is attached to the body and turns with it. The choice of frame gives two
descriptions of the same motion. In the spatial frame the angular momentum is conserved.
In the body frame it is p = Iw with angular velocity w = (w1, w2, ws) and constant inertia
tensor I. The body frame is convenient because I is constant there. The phase space is
T*SO(3) of dimension six. The energy is kinetic only and depends on w and not on the
orientation. It is thus invariant under the rotational symmetry. Reduction by that symmetry
leaves three coordinates, the body angular momentum p € s0(3)*. The reduction is carried
out in Chapter 4. Here we first read the dynamics on so(3)* directly.

We identify both s0(3) and s0(3)* with R3. This way the bracket, the adjoint and coadjoint
operators and the Lie—Poisson bracket all become vector operations. The first identification
is the hat map [11]

R = s0(3), En==¢x.
It sends a vector & to the matrix that acts as the cross product with £&. It is a linear
isomorphism which respects the brackets. For any ¢

EAlC=¢x(nx ) —nx(Ex() =(Exn) x¢=Exn,
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where the middle step is the Jacobi identity of the cross product. Consequently [f M) = @)
and the hat map is a Lie algebra isomorphism from (R3, x) onto s0(3). The adjoint operator
is then the cross product,
adgn = [§,n] = & x n,
by the bracket identity just proved.
Rotations preserve the cross product, R(a x b) = (Ra) x (Rb) for R € SO(3). Acting on
a vector v we get RER v = R(€ x R™1w) = (RE) x v. Tt follows that

Adg € = RE.
Conjugation on s0(3) is rotation of the underlying vector.

The second identification uses the dot product. It is a nondegenerate pairing, so every
functional on s0(3) = R3 is 7+ m - 7 for a unique m € R3. This identifies 50(3)* with R3,

(1) =m -, Mo m.
The dot product is also SO(3)-invariant since R is orthogonal. This is what turns the coadjoint
action into a rotation:

(Adf 1, €) = (1, Adg1 &) = (u, R7IE) = m - (R71€) = (Rm) - €,
using R~! = R'. Hence, Adp = Rp. The coadjoint action is the standard rotation action
and its orbits are the spheres |u| = const and the origin.
The coadjoint operator follows. By its definition

(adg p,m) = (p, [§sm]) = - (Exm) = (L x &),
where the last step is the scalar triple product identity. This holds for every n so
adg = p x§.
It remains to find the bracket. A function f on so(3)* has a differential d,f € g by
Section 2.3.1. The pairing is now the dot product so

d
veduf=—| flp+ttv)=v V],
dtf,_g
hence d,f = Vf is the ordinary gradient. Placing this into Definition 2.4 gives the Lie-
Poisson bracket in vector form

{f:93 () = (s [duf dpgl) = p- (Vf x Vg).
Thus, the bracket on s0(3)* is precisely Definition 2.4 expressed in vector notation.
Remark 2.4 (Body frame and the sign). The bracket of the rigid body is not Definition 2.4
itself. The body lives on T*SO(3) with the canonical bracket. Its momentum g is the
canonical momentum read in the body frame, carried to the identity by left translation.
Reducing the canonical bracket in this variable gives the minus Lie—Poisson bracket

{f,93 () = —(u, [dufv dug]>-

The spatial frame would give the plus bracket instead. Both share leaves, Casimirs and orbits.
But the equation of motion keeps the sign 1 = + adzu g 1. We adopt the minus bracket and
derive the reduction in Chapter 4. Compare [11].

On s0(3)* = R? the minus bracket is
{f,9} (1) = —p- (Vf x Vg).
The function C(p) = 3|u/? is a Casimir. Indeed VC = p and {C, f} = —p- (0 x Vf) = 0.

Its level sets are the spheres, as Theorem 2.2 requires. A body with principal moments of
inertia Iy, Is, Is has energy

H(p)=gp-1"'p, I =diag(I1, Iz, I3),
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and VH = I~'ji = w is the angular velocity. The equation of motion ji = ad& u = pux VH
becomes Euler’s equation

=X w. (2.3.2)
With p = [w the first component is Ijw, = (I3 — I3) waws, and the cyclic rotation 1 — 2 — 3
gives the other two. This is the classical Euler equation and it confirms the sign of the remark.

2.4. The cotangent Lie algebroid

Chapter 1 built the Lie algebroid of a Lie groupoid by differentiation at the units. Chapter 3
studies symplectic groupoids that integrate Poisson manifolds. In preparation, this section
builds an algebroid on the cotangent bundle T*M of a Poisson manifold (M, ).

2.4.1. Anchor and bracket

We look for a Lie algebroid structure on A = T*M. By Definition 1.3 it is an anchor
p: T*M — TM and a Lie bracket on Q'(M) with the Leibniz rule. Two requirements fix
both.

The anchor is fixed by the dynamics. We demand that the algebroid generates the Hamil-
tonian flows, so we require p(dH) = Xp = n*(dH) for every H. At a point x every covector
is d, H for some H, and p, is linear, so this forces p = 7f.

The bracket is fixed on exact forms. On the differentials it must return the Poisson
bracket of the functions. If (T*M,x¥, [-,-]) is an algebroid then its anchor preserves brackets
(Proposition 1.1). Therefore

mildf,dg] = [wdf, ridg) = [Xy, Xg) = —X{p5) = 7*(=d{[. 0}),
by Proposition 2.1(ii). This motivates the canonical choice

The Leibniz rule then carries the bracket from exact forms to all of Q!(M), because locally
every one-form is a combination ), f; dg;. Doing this gives a closed formula, which we take
as the definition.

Definition 2.5 (Koszul bracket). Let (M, ) be a Poisson manifold. The Koszul bracket on
QY (M) is
[au B]ﬂ' = ‘Cﬂﬁaﬁ - ‘Cﬂﬁﬁa + d(ﬂ’(@, 5))

On exact forms it reduces to (2.4.1). Using 7*df = Xy with X¢(h) = {h, f} and Lxdh =

d(Xh),
[df,dglx = d{g, f} — d{f. g} + d{f, 9} = —d{f,g}.

For any bivector 7 the formula is antisymmetric. It also obeys the Leibniz rule with

anchor ©#. With £,xa = hLxa + a(X)dh and #(hB) = h7tB3 we get
[, bl = hlav, Blx + (P - h)B + (o B) — a(n*B))dh.

The last term is zero because a(n?3) = m(a, B) is the definition of m#. This shows that
antisymmetry and the Leibniz rule hold for every bivector. Only the Jacobi identity can

fail. In Section 2.1 the single condition on 7 was the Jacobi identity of the bracket, that is
[7, m]sn = 0. The Jacobi identity of the Koszul bracket is the same condition.

Theorem 2.3. Let (M, ) be a Poisson manifold. Then T*M , with anchor ©* and the Koszul
bracket, is a Lie algebroid. It is the unique Lie algebroid structure on T*M with anchor m*
that restricts to (2.4.1) on exact forms. We call it the cotangent Lie algebroid of (M, ).
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Proof. Antisymmetry and the Leibniz rule hold for any bivector. We showed this above.
Only the Jacobi identity needs 7 to be Poisson. We prove it in three steps.
First, we check that the anchor respects the bracket. We claim that

e, By = [t T4 (2.4.2)
for all one-forms o and 8. Both sides are antisymmetric. Under 5 +— hS each side gains
the term (7fa - ) 7¥B by the Leibniz rule of the corresponding bracket. Consequently, the
difference of the two sides is C°°(M)-bilinear. Then it is enough to check (2.4.2) on exact
forms. There it becomes [Xy, Xg] = —X{; 4}, which is Proposition 2.1(ii).

Second, we check that the Jacobiator

J(avlgaV) = Havﬂ]m'ﬂﬂ + Hﬁa'ﬂma]ﬂ + [[Vva]mﬁ]w

is a tensor. It is antisymmetric, so it is enough to test the last argument. Replace v by hvy
and expand by the Leibniz rule. The terms carrying no derivative of h add up to h J(«, 3,7).
The terms carrying one derivative of h cancel in pairs by antisymmetry. The terms carrying
two derivatives of A and a factor v add up to

(m*[a, Blx — [, 7 B]) (h) 7.
This vanishes because the anchor respects the bracket. It follows that J(«, 8, hy) = h J(«, 5,7).
Similar computation appears in Proposition 1.1. Here we make it for the Koszul bracket.

A tensor is fixed by its values on exact forms. They span Q'(M) over C*°(M). On exact
forms using (2.4.1) twice we get

J(df,dg, dh) = d({{f.g},h} + {{g.h}, f} + {{h. f}.0}) = O
by the Jacobi identity for {-,-}. Hence J = 0. The Koszul bracket is a Lie bracket and
(T*M, 7%, [, -]x) is a Lie algebroid.

For uniqueness, take two Lie algebroid brackets on T*M with anchor 7# that both restrict
to (2.4.1) on exact forms. Both are antisymmetric, and under 8 +— hf each gains the same
term (% - h) B by the Leibniz rule. Therefore their difference is C°°(M)-bilinear, as in the
first step. It vanishes on exact forms, which span, so the two brackets agree. O

2.4.2. Examples

Example 2.3 (Symplectic manifolds). Let (M, w) be symplectic, so 7f = (w’)~! is an isomor-
phism (Example 2.1). It is an isomorphism of Lie algebroids between T*M and the tangent
algebroid (T'M,[-,-],id), which is the algebroid of the pair groupoid (Examples 1.2 and 1.5).
The anchors agree because id on? = 7f. On exact forms the brackets agree, since

m(df,dglx = 7H(—=d{f, g}) = =X {14 = [X}, X ] = [r*df, w*dg],

and the two minus signs cancel. This shows that the cotangent algebroid of a symplectic
manifold is canonically its tangent bundle. We return to this result in Chapter 3.

Example 2.4 (The dual of a Lie algebra). Let g* carry the Lie—Poisson structure of Defini-

tion 2.4. It is a vector space, so T,g" = g at every point. The cotangent bundle is trivial,
T* * — g* X g.

A one-form is therefore a g-valued function on g*. The constant ones are the elements of g

(Section 2.3.1). Each of them is exact. That is because d,¢¢ = ¢ for every p, so the constant

section § is the form d/¢. These sections span the fibre at every point.

The anchor of the cotangent algebroid is 7* (Theorem 2.3). By definition 7fdH = Xy,
so the anchor sends df¢ to Xy, . Its value follows from the Lie-Poisson equation (2.3.1) with
H =/,

Wﬁdﬁgb = Xy (p) = —adg p.
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By Section 2.3.3 this is the value at u of the vector field generating the coadjoint action,
written a(£), in the notation of Example 1.6.
The bracket of two constant sections follows from (2.4.1) and {f¢, £y} = {j¢

[dg&dgn]?r = _d{gév&i} = _dg[ﬁm]'

Consequently, on constant sections the bracket is the bracket of g with a minus sign. The
sign is forced by the anchor. The anchor must carry the bracket of forms to the bracket of
fields (Proposition 1.1). By Proposition 2.1(ii) [Xf, Xg] = —X{s 4, so the bracket of exact
forms must be —d{f, g}.

The action algebroid g x g* of the coadjoint action carries the opposite signs. Example 1.6
computed its anchor on constant sections as —a and its bracket on constant sections as [£, 7].
It follows that the two algebroids over g* differ by a sign in the anchor and by a sign in the
bracket. The differences come from two conventions that were fixed independently of each
other. First is the convention A(G) = ker(7T't) of Section 1.3.1. The second is the convention
Xy ={-, H} of Remark 2.2, through Proposition 2.1(ii). One map removes both differences.
Put

o: Tg" wgxg’,  P(u,&) = (=)
Then, the anchors agree,

P((I)(va)) =—a(—=&)u=al§u = Wﬁdﬂé
and so do the brackets of constant sections,

(@€, @] = [—€, —n] = [&,n] = ®(~[&,n]) = ([dle, dby)z).

Agreement extends from the constant sections to all sections. Write a section in a basis of
g, with coefficients in C*°(g*). Both brackets are antisymmetric and expand through the
Leibniz rule of Definition 1.3. In the expansions the coefficients multiply brackets of constant
sections, which agree. The derivative terms contain only the anchors, which agree. Hence
the two expansions are equal, and ® is an isomorphism of Lie algebroids. The cotangent
algebroid of g* is the action algebroid of the coadjoint action. We return to this result in
Chapter 3.

The minus sign in ® records the two conventions together. With ker(7's) and right-
invariant fields in Section 1.3.1 the action algebroid would have anchor a and bracket —[¢, 1]
on constant sections, and ® would be the identity. With Xy = {H,-} in Remark 2.2 the
cotangent algebroid would have anchor —a and bracket [£,7], and again ® would be the
identity.

w
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Chapter 3

Symplectic Groupoids

3.1. The definition and its Lagrangian form

Definition 3.1 (Symplectic groupoid). A symplectic groupoid is a Lie groupoid G = M
together with a symplectic form Q € Q2(G) that is multiplicative:
m*Q = pr] Q + prs 2 on G2, (3.1.1)

where m: G — G is the multiplication and pry, pry: G®@ — G are the two projections.

In Section 3.2 we show that dim G = 2dim M, that the units are Lagrangian, and derive
other key structure consequences of this relation. On tangent vectors multiplicativity reads

Qg (Tm(X, X'), Tm(Y,Y")) = Qu(X,Y) + Qp (X', Y") (3.1.2)
for all composable tangent pairs (X, X’), (Y,Y’) € T(g,h)g@). A pair (X, X') € T,G x T),G
is composable when T's(X) = Tt(X’). Most symplectic forms on a Lie groupoid are not
multiplicative.

Proposition 3.1 (Lagrangian form of multiplicativity). Let G = M be a Lie groupoid
carrying a symplectic form Q, and let G denote G with the symplectic form —Q. Then
1s multiplicative if and only if the graph of multiplication

Gr(m) = {(g,h,gh) : (9,h) € G}

is an isotropic submanifold of G x G x G.

Proof. A tangent vector to Gr(m) at (g, h, gh) has the form (X, X', Tm(X, X")) for a com-
posable pair (X, X’). The ambient symplectic form is prj Q + prjQ — pri 2, so two such
tangent vectors pair to

O (X,Y) + Qu(X,Y') = Qi (Tm(X, X'), Tm(Y, Y)).

This vanishes for all composable pairs precisely when (3.1.2) holds. That is, precisely when
) is multiplicative. O

The proposition states only that Gr(m) is isotropic. Calling it Lagrangian requires it to
have half the dimension of G x G x G. That count needs dim G = 2dim M, which is itself a
consequence of multiplicativity. It is proved in Section 3.2 and the statement is completed
there in Remark 3.1.

The following two examples run through the chapter. The first is the pair groupoid of a
symplectic manifold. The second is the cotangent groupoid T*G = g*. Chapter 4 reads the
second example as Lie—Poisson reduction.
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Example 3.1 (The pair groupoid of a symplectic manifold). Let (M,w) be a symplectic
manifold and take the pair groupoid M x M = M of Example 1.2, with s(y,z) = z, t(y,z) =y
and (z,vy)(y,x) = (z,z). Endow it with the two-form

Q =prijw — pryw, pri(y,x) =y, pryo(y,z) ==x.
It is closed because w is. For non-degeneracy split the tangent space at (y, ),
Tyo) (M x M) =T,M & T, M,

and write w, and w; for the values of w at the two points. These are non-degenerate bilinear
forms on T, M and on T, M. On tangent vectors

Q) ((a,0), (a',0) = wy(a,a’) —we (b, V). (3.1.3)

No term mixes a with ', so the two summands are Q-orthogonal and € is the sum of one
form on each of them. Now let (a,b) be in the kernel. Taking b’ = 0 gives wy(a,a’) = 0 for
every a’, hence a = 0. Taking a’ = 0 gives b = 0 the same way. Therefore  is a symplectic
form on the manifold M x M. In the notation of Proposition 3.1 this manifold is M x M.

It is multiplicative. A composable pair of tangent vectors at ((z,y), (y,)) has the form
((¢,b), (b,a)), with Tm((c,b), (b,a)) = (c,a). By (3.1.3)

Q) ((c,b), (b)) + Qy,2) ((b,a), (t',d")) = w.(c,d) — wa(a,a’) = Q2 ((¢,a),(c,a)),
the middle point cancelling. This is (3.1.2). Hence, (M x M,Q) = M is a symplectic
groupoid.

The structural features derived in general in the next section can be checked directly here.
The units form the diagonal A = {(z,x)}, on which  vanishes,

Qo) ((a,a),(d,d")) = wa(a,d') — wy(a,a’) = 0.

This shows that A is Lagrangian, of dimension dim M = %dim(M x M). The inversion
(y,x) — (x,y) swaps the two factors and so pulls Q back to —£2. The source and target fibres
through (x,z), namely M x {z} and {z} x M, are Q-orthogonal.

Example 3.2 (The cotangent groupoid of a Lie group). Let G be a Lie group with Lie
algebra g. Its dual g* carries the Lie—Poisson structure of Section 2.3. Example 2.4 found its
cotangent algebroid to be the Lie algebroid of the action groupoid G x g*. We show that,
under the left trivialisation of T*G, this action groupoid is the canonical cotangent symplectic
groupoid.

The groupoid. Substituting the coadjoint action into Example 1.3 gives the structure
maps of G x g*,

s(g ) =p,  tlg,p) =Adgpu,  ulp) = (e p),
with (g, ) = (97", Ad} p) and (h, Ad} p)(g, ) = (hg,pu). Now we define the symplectic
structure.
The manifold. So far the arrows are only the product G x g*. That product is a triviali-
sation of a cotangent bundle. Take a; € T;/G and record it at the identity by left translation,

<M7 5> = <ag= TeLg 5)) 5 € g (314)

The map ay4 — (g, ) is a diffeomorphism T%G = G x g* called the left trivialisation. From
now on we write arrows as pairs (g, 1) and use the canonical symplectic form of T*G.

Recording ay by right translation instead gives v with (v,&) = (ag, T.Ry&). The two
records are related. Conjugation Cy-1(h) = g thg satisfies LyoCy1 = Ry, so TRy =
TeLgy o Ady—1 and therefore

<V7 §> = <:UJ7 Adg*1 §> - <Ad; U:£>'
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Consequently, v = Ad; . Compare this with the structure maps above. An arrow is one
covector on G. Its source and its target are the two ways of carrying that covector to the
identity.
The canonical form. Let 8% be the left Maurer—Cartan form, the g-valued one-form
95(1}) =TyLyv € g, v e T,G,

which undoes left translation. In the trivialisation the tautological one-form 0 of T*G becomes
a pairing. Let ¢: T*G — G be the bundle projection. We do not call it 7, which is reserved
for Poisson structures. Let w be a tangent vector to T*G at the point ay, written (g, ) in the
trivialisation, and put v = T'q (w) € T,G. The tautological form is defined by 8(w) = (g, v).
Undoing and then reapplying the left translation of v gives v = T, L, (HgLv), SO

0(w) = (ag, v) = {ag, TeLy(050)) = (. 05v),
the last step by (3.1.4) with £ = HgLU. The vector w was arbitrary, so at every point (g, i) of
™G
Og ) = (1, 01). (3.1.5)

The symplectic form is 2 = —d#.

Multiplicativity. We first show the analogous multiplicativity identity m*6 = pr} 6 4 pr3 6.
Applying —d then gives (3.1.1) for €2, because d commutes with pullback.

First, we coordinatise the composable pairs. A pair ((h, v), (g, u)) is composable when
s(h,v) = t(g,p), that is when v = Adypu. It follows that v is not free and the pair is
determined by h, g and p. The map

GxGxg — (TGP, (hg,m) — ((h,Adj ), (g, 1)),
is a diffeomorphism. In these coordinates

pri(h, g, 1) = (h,Adgp), prao(h,g,p) = (g9,1), m(h,g,p) = (hg, ).
Next, we need the differential of the multiplication of G. Write mult: G x G — G for it.
Then
Tip,gymult (v,w) = Ty Rg v + Ty Ly w, ve TG, weTG. (3.1.6)
The differential is linear on 7}, G ® TG, so it is enough to take the two summands separately.
Freezing the second argument gives mult(-, g) = Ry, whose differential at h is T}, R,. Freezing
the first gives mult(h,-) = Ly, whose differential at g is T, Ly,.
The Maurer—Cartan form satisfies
Gﬁg (T(h’g)mult(v,w)) = Ad, 1 (G}LL(U)) + Gg(w), ve TG, weT,G. (3.1.7)
To prove it, put (3.1.6) into the definition of 67 at hg,
O, (Tmult(v, w)) = ThgLpg)-1 TRy v + ThgLing)-1 TyLp w.
The second term is TyL,1w = Gg(w). Take the first term. Left and right translations
commute, 50 Ly-1,-10Rg = L,10RgoL-1 = Cy10Ly-1. Differentiate this composite at h.
It sends v first to 1), Lj,-1v = 8/(v), which lies in T.G = g, and then through T.Cj-1 = Ad 1.
Hence the first term is Ad,-1(65(v)), which proves (3.1.7).
Now fix a composable pair (h, g, ) and a tangent vector (v,w, ) at it, with v € T},G,
w € T,G and X € g*. Multiplication sends it to Tm(v,w,\) = (Tmult(v,w),\). Evaluate
(3.1.5) at the point (hg, ) and then use (3.1.7) and the definition of Ad*,

(m*) (gt (v,w,\) = (p, Gﬁg (Tmult(v, w))) = (Ad} p, OF (v)) + (i, 05(w)>.
Read the two terms through (3.1.5) again. The first is ¢ at the point (h, Ady i) evaluated on

v. That point is the first arrow, so the first term is (pr’{ 9) (v,w, \). The second is 0 at (g, u)
evaluated on w, so it is (pr§ 0) (v,w, \). The tangent vector was arbitrary, so

m*0 = pri 0 + pry 0
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and (T*G, ) = g* is a symplectic groupoid. The construction is due to Coste, Dazord and
Weinstein [4].

3.2. Structural consequences of multiplicativity

Multiplicativity is a strong condition. This section presents four consequences of it. The
dimension of G is fixed by the base. The unit submanifold is Lagrangian. The inversion is
anti-symplectic. The source and target fibres are symplectic orthogonal complements of each
other at every point. The rest of the chapter uses all four. These fundamental facts are due
to Coste, Dazord and Weinstein [1]. Modern treatments are in [3, (].

Three facts about a symplectic vector space are needed. For a linear subspace W C T,G
we write

W ={veT,G:Qv,w)=0forallwe W}
for its symplectic orthogonal complement. The first two facts are dim W 4+ dim W* = dim G
and (W?)® = . The third follows from the first. An isotropic subspace satisfies W C W<,
Therefore dim W < dim G — dim W and the dimension of W is at most %dim g.

Throughout the section (G = M, Q) is a symplectic groupoid.

We first record how the tangent multiplication acts on a pair with one zero entry. Nothing
here uses 2, and the statement holds in any Lie groupoid. Let (g,h) € G@ and let X e
ker Tys. Then T's(X) = 0, so the pair (X,0) is composable. The kernel ker Ty s is the tangent
space at g to the source fibre Gy, so there is a curve v inside that fibre with v(0) = ¢
and +'(0) = X. Along it s(v(7)) = s(g) = t(h), so every pair (y(7),h) is composable and
m(y(1),h) = Ru(y(7)). A curve inside the target fibre GH" through h gives the mirror
statement for the left translation. Differentiating both at 7 = 0 gives

Tm(X,0) = T,Ry(X),  Tm(0,Y) =T,Ls(Y), (3.2.1)

for X € kerTys and Y € ker Tj,t, where 0 is the zero tangent vector at the arrow in question.
Lemma 3.1 (Three products). Let (G = M, Q) be a symplectic groupoid.

(i) The unit submanifold uw(M) is isotropic. For x € M and a,b € T, M,
O, (Tua,Tub) =0.

(ii) The source fibre and the target fibre through an arrow are Q-orthogonal. For g € G,
X €kerTys and Y € ker Tyt one has Qu(X,Y) =0, that is ker T,t C (ker T,s)%.

(iii) The inversion is an anti-symplectomorphism, *Q = —Q. It carries Lagrangian sub-
manifolds of (G,Q) to Lagrangian submanifolds.

Proof. Each part evaluates (3.1.2) on a composable pair whose product is already known.
The three products are 1,1, = 1, g1, =g and gg~ ' = Li(g)-

(i). From sowu =towu =idy we get T's(Tua) = Tt(Tua) = a, so the pair (Tuwa,Tua)
is composable. The map z +— (1g,1,) sends M into G® and satisfies m o (u,u) = w.
Differentiating that identity gives T'm(Tua,Tua) = Tu(a), and the same for b. Hence

O, (Tua, Tub) = U, (Tm(Tua, Tua), Tm(Tub, Tub))
=, (Tua, Tub) + Q1 (Tuwa, Tub).

A number equal to twice itself is zero.
(ii). Put x = s(g) and use the pair (g, 1;), whose product is g. The right translation R;,
is the identity of the source fibre G, so the first identity of (3.2.1) gives Tm(X,0) = X. The
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left translation Lg: G* — Gt is a diffeomorphism of target fibres with Lg(lx) = g, and its
differential carries ker 7't isomorphically onto ker Tyt. This shows that Y = T3, Ly(n) for a
unique 7 € ker 71, ¢, and the second identity gives Tm(0,n) =Y. Then

Qy(X,Y) = Qg (Tm(X,0), Tm(0,n)) = Qy(X,0) + Q1,(0,n) = 0.

(iit). Fix g € G and X,Y € TyG. From tor = s we get Tt(T1 X) = T's(X), so the pair
(X,T. X) is composable, and the same holds for (Y,7.Y"). Differentiating m o (id,¢) = uot
gives

Tm(X, T X) = Tu(Tt X) € Tu(Ty,M),
and likewise for Y. Consequently

) (TuTt X, TuTtY) = Qy(X,Y) + Q1 (Te X, TLY).

The vectors Tt X and TtY lie in Ty, M, so the left side vanishes by part (i). This gives
*Q = —Q. A submanifold is Lagrangian for € exactly when it is Lagrangian for —2, which
gives the last claim. O

Proposition 3.2 (Structure of a symplectic groupoid). Let (G = M,Q) be a symplectic
groupoid.

(i) dimG = 2dim M.
(ii) The unit submanifold w(M) is Lagrangian.

(iii) For every g € G,
(ker T,s)* = ker T, (ker T,t)* = ker Tys.

Proof. Write n =dim M and N = dim G.

Take g = 1, in Lemma 3.1(ii), which gives ker T1,¢ C (kerT1,s)?. Both s and ¢ are
submersions, so both kernels have dimension N — n. The complement has dimension n,
hence N —n < n, that is N < 2n.

By Lemma 3.1(i) the subspace Tu (7, M) is isotropic. Its dimension is n, because T'soT'u =
id makes T'u injective. An isotropic subspace has dimension at most %N . Hence, n < %N ,
that is N > 2n. The two bounds meet and N = 2n, which gives (i).

Part (ii) follows directly. The subspace Tu(T,M) is isotropic of dimension 3N and so is
Lagrangian.

For part (iii) fix g. By (i) the kernel ker T,¢ has dimension N —n = n, and (ker T,s)® has
dimension N — (N —n) = n as well. Equal dimensions turn the inclusion of Lemma 3.1(ii)
into an equality. Taking Q-orthogonal complements of both sides and using (W?)? = W
gives the second identity. O

Remark 3.1. Proposition 3.1 showed that the graph of the multiplication is isotropic. Now it
is Lagrangian. The composable pairs form the fibre product of two submersions. It follows
that G(® has codimension dim M in G x G and

dimG® = 2dimG — dim M = 3 dimg,
which is half of dim(G x G x G) = 3dimG. The multiplication of a symplectic groupoid is
given by a Lagrangian submanifold of G x G x G.
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3.3. The Poisson structure of the base

A symplectic groupoid determines a Poisson structure on its base. The theorem is due
to Weinstein [16]. The detailed account is of Coste, Dazord and Weinstein [1]. Modern
treatments are in [3, 0].

We write {-,-}q for the Poisson bracket of (G,Q) (Example 2.1). Its Hamiltonian fields
are fixed by 1x,Q = d¢. Hence Xy = {¢, ¢} and {¢,¢}q = Q(Xy, Xy).

The whole section studies two assignments. A function on M has two pullbacks to G, and
each pullback has a Hamiltonian vector field,

f'—>Xt*f, f’—>X5*f, fECOO(M)

Lemma, 3.2 collects three properties of these fields, and every later result of the section applies
one of them. The inversion satisfies :*Q2 = —2 by Lemma 3.1(iii). It exchanges s with ¢ and
reverses products, so it exchanges left translation with right translation. Every statement
about one assignment therefore has a mirror about the other. We state both sides and prove
one of each pair.

Three pieces of bookkeeping about the tangent multiplication are needed. Nothing in
them uses Q. First, on G(?) one has t om =t opr; and som = s o pry, because t(gh) = t(g)
and s(gh) = s(h). Differentiating gives

Tt(Tm(v,v")) = Tt(v), Ts(Tm(v,v")) = Ts(v') (3.3.1)

for every composable pair (v,v’) € Tigm9 (2). Second, left translation by g is a diffeomorphism
between target fibres, so T}, L, carries ker Tt onto ker Tyut. By (3.2.1) it does so as y +—
T'm(0,y). Third, the differential T{, ym: T(g7h)g(2) — TypG is surjective. To see this take
w € TynG. The target map is a submersion, so there is v € T4G with Tt(v) = Tt(w), and
there is v' € TG with Tt(v') = T's(v). The pair (v,v’) is composable, and Tt(Tm(v,v")) =
Tt(v) = Tt(w) by (3.3.1). Therefore w — T'm(v,v") lies in ker Tyyt, which is contained in the
image of T{, ym by the second point. Hence, w lies in the image as well.

Lemma 3.2 (Pullbacks and their Hamiltonian fields). Let (G = M,Q) be a symplectic
groupoid and let fi, fo € C°(M).

(i) For every g € G,
ker Tys = {Xt*fl(g) t fr € C™(M) }a ker Tyt = {XS*fl(g) t fr € C™(M) }

(ii) T(/;t)a field Xy« g, is right-invariant and the field X« g, is left-invariant. For every (g, h) €
g\,
Tth (Xt*fl (g)) = Xt*f1 (gh)’ Tth (Xs*fl (h)) = XS*f1 (gh)

(111) {S*fl, t*fQ}Q = O

Proof. (i). Fix g and put y = t(g). The differential of a target pullback is d(t* f1)y = d(f1)y©
Tyt. The target map is a submersion, so Tyt is onto and « — aoT}t is an injection of T M into
T,G with image the annihilator of ker T;t. Every covector at y is d(f1), for some f1, so the
covectors d(t* f1), fill that annihilator. The form €, is non-degenerate. The map v — Q4(v, -)
carries (ker T,t) onto the annihilator of ker Tyt. Since Qq(Xprs,(g),-) = d(t* f1), the vectors
Xy 1, (g) fill (ker T,t)%, which is ker Tys by Proposition 3.2(iii). Exchanging s and t gives the
second identity.

(it). Put X = X7 (g). By (i) we have X € kerTys. This shows that the pair (X,0)
at (g,h) is composable and T'm(X,0) = TyRy(X) by (3.2.1). Let w € Ty,G and write
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w = Tm(v,v") with (v,v") composable, which the bookkeeping above allows. Multiplicativ-
ity (3.1.2) gives

Qqgn (Tm(X, 0), T'm(v, v’)) = Qy(X,v) + Qp(0,0") = d(t" f1)4(v).
By (3.3.1) we have Tt(w) = Tt(v), so

d(t*fl)gh(w) = df1 (Tt w) = df1 (Tt U) = d(t*fl)g(v).

Both quantities on the left depend on w alone, so the choice of the pair (v,v’) plays no
role. The two right-hand sides agree, hence Qg (TyRp(X), w) = d(t* f1)gn(w) for every
w € TypG. This is the equation that defines Xy« (gh), and the non-degeneracy of Qgp
admits only one solution. Consequently, TyRy(X) = Xy, (gh). The identity for Xy«
is the same computation with s and ¢ exchanged, using Tm(0,y) = TpL4(y) in place of
Tm(X,0) =T,Ry(X).

(iii). By (i) the field X+, takes values in ker T's, and the differential d(s*fi1) = dfioT's
annihilates ker T's. It follows that

{s*f1, t* fata = Xp=p, (s* f1) = d(s" f1) (Xp= o) = 0.
O

Theorem 3.1 (Base Poisson structure). Let (G = M,Q) be a symplectic groupoid. There
is exactly one Poisson structure m on M for which the target map t: (G,Q2) — (M, 7) is a
Poisson map. Its bracket is determined by

t{f1, fo} = {t" f1, t" fo}a, f1, f2 € C(M). (3.3.2)
The source map is a Poisson map from (G,Q) to M = (M, —).

Proof. The bracket of two target pullbacks is constant on each target fibre. Fix f1, fo €
C®(M) and let (g,h) € G@. Put X; = X+, (g), which lies in ker Tys by Lemma 3.2(i). By
part (ii) of the same lemma and by (3.2.1),
Xt*fi (gh) = Tth(Xi) = Tm(Xia 0)’
so multiplicativity (3.1.2) gives
{t"f1.t" f2}a(gh) = Qg (Tm(X1,0), Tm(X2,0)) = Qe(X1, X2) = {t" f1,1" fo}alg)-
Now take g = 1;(;). The pair (1t(h), h) is composable and 1)k = h, so for every h € G

{t* f1,t" fara(h) = {t" f1,t* fata (L))
Put {f1, fo} = u*{t* f1,t* fa}q, a smooth function on M. Its pullback along t takes at h
the value {t*f1,t* fa}a(14s)). This is the identity (3.3.2).
The bracket is Poisson. The target map is surjective, so t* is injective. Bilinearity is clear
from (3.3.2). For the Jacobi identity apply (3.3.2) twice,

t*{{fly f2}7 f3} = {t*{fla f2}7 t*f3}Q = {{t*fla t*fQ}Qv t*f3}Q7

and add the two identities obtained by cycling f1, fo and f3. The right side becomes the
Jacobi expression of {-,-}q on t*fi, t*fo and t*f3, which is zero. Hence t* of the Jacobi
expression on M is zero, and it vanishes because t* is injective. Antisymmetry and the
Leibniz rule follow in the same way from one application of (3.3.2) instead of two.

Uniqueness. A Poisson structure for which ¢ is a Poisson map satisfies (3.3.2), and that
determines every bracket {f1, fa} because t* is injective.

The source map. Write s = t o and use *Q = —Q from Lemma 3.1(iii). A symplectic
form and its negative have brackets differing by a sign, so {t*A,*B}q = —*{A, B}q for
A,B € C*>(G). Hence

s {f1, fa} = UL o} = G it fata = —{s" f1, 5" fa}a,
which is (3.3.2) for s and —. O
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We call 7 the induced structure. Everything later in this chapter and in Chapter 4 rests
on the identity (3.3.2).

Remark 3.2 (Conventions). Sources differ over which structure map is the Poisson one. We-
instein states the theorem with the source map Poisson and the target map anti-Poisson [10],
and the lectures of Crainic and Fernandes do the same [5]. We use the opposite orientation.
It matches the conventions of Remark 2.2 and of the cotangent groupoid in Example 3.2. A
reader comparing statements with the literature should check the orientation first.

Definition 3.2 (Symplectic realisation). Let (M, 7) be a Poisson manifold. A symplectic
realisation of (M, ) is a symplectic manifold together with a surjective submersion onto M
which is a Poisson map.

By Theorem 3.1 the target map of a symplectic groupoid is a symplectic realisation of
(M, r) and the source map is one of M,

M <~ ¢ = M.
The fibres of the two maps are symplectic orthogonal complements of each other by Propo-
sition 3.2(iii). A pair of realisations of opposite sign with this orthogonality is called a dual

pair. Weinstein obtained Theorem 3.1 from the theory of dual pairs [3, 16]. Chapter 4 uses
the two structure maps to read Lie—Poisson reduction.

Corollary 3.1 (Lifted dynamics). Let (G = M, Q) be a symplectic groupoid, let w be the
induced structure, let H € C*°(M) and let ¢, be the flow of Xg on (M, 7).

(i) The field Xy=p is tangent to the source fibres and
Tt(Xt*H) = XH ot.
Its flow @, satisfies so @, = s and t o o, = @, ot wherever it is defined.

(ii) The field X is tangent to the target fibres and
Ts(Xern) =—Xpos.

Its flow o, satisfies to @, =t and s o P = p_r o s wherever it is defined.

Proof. The two tangency statements are Lemma 3.2(i). For the projection in (i) test against
an arbitrary f; € C°°(M). Use d(t*f1) = df1 o Tt,
(df1, Tt Xpom) = X (1) = {t"f1, " H}o = t*{f1, H} = (df1, Xu)ot,

by (3.3.2) and {f1,H} = Xgfi (Section 2.2.1). The covector df; is arbitrary, so the two
tangent vectors agree. In (ii) the same computation runs with s in place of ¢. The middle
step {s*f1,8"H}q = —s*{f1, H} carries a minus sign, because s is a Poisson map onto M.

For the flows, differentiate along them. In (i) the curve 7 — s(@,(g)) has velocity
Ts(Xpm) = 0, so it stays at s(g). The curve 7 — t($-(g)) has velocity Xy at its current
point. Therefore it is the integral curve of Xy through ¢(g), and integral curves through a
point are unique. In (ii) the same argument applies with — X in place of Xp. O

Start the flow of Xg«pg at the units. By (ii) the targets stay fixed and the sources move
along the flow of H. This shows that the exact solution of the Hamiltonian system appears
on G as a curve of arrows through the units. Section 3.4 turns this curve into so-called
bisections. Chapter 4 reads the same curve on T*G as the unreduced motion of a left-
invariant Hamiltonian.

Proposition 3.3 (Leaves, orbits and Casimirs). Let (G = M, Q) be a symplectic groupoid
and let w be the induced structure.
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(i) For every g € G,
im ﬂf(g) = Tgt(ker Tgs).

(ii) If the source fibres of G are connected, the symplectic leaves of (M, ) are the orbits of
g.

(iii) If the source fibres of G are connected, a function C € C*°(M) is a Casimir of w if and
only if s*C =t*C.

Proof. (i). By Lemma 3.2(i) the space kerTys consists of the values X (g) with fi €
C*(M). By Corollary 3.1(i),

Tgt(Xt*fl (g)) = Xfl (t(g)) = Wﬁ (d(fl)t(g))'
Every covector at t(g) is d(f1)s(g) for some fi. Consequently, as f; varies the right side fills
im 7
t(g)

(7). Recall O, = t(G;) from Section 1.2.2. We use the immersed-orbit theorem for Lie
groupoids: the groupoid orbit is an immersed submanifold whose tangent space at t(g) is
Tyt(ker Tys). By part (i), this tangent space is precisely the characteristic distribution im .
along the orbit. If the source fibres are connected, O, is a connected integral manifold of the
characteristic distribution and is contained in the maximal symplectic leaf through =x.

For the reverse inclusion take H € C*°(M) with flow ¢, on M. By Corollary 3.1(ii) the
arrow - (1;) has target t(1,) = = and source ¢_.(x), so ¢_,(z) lies in O, for small 7. Apply
this at an arbitrary point of the curve. For every 7y in the interval of definition, all points
w_r(x) with 7 near 79 lie in the orbit of p_,,(z). Orbits are disjoint, so the set of times 7 with
v_r(x) € O, is open and closed in that interval. It contains 7 = 0, so the whole curve stays
in O,. Two points of one leaf are joined by a chain of Hamiltonian flows by Theorem 2.1(i),
and each flow keeps the point in its orbit. It follows that the leaf through x is contained in
O,.

(iii). Let C be a Casimir. Then {C, fi} = 0 for every fi, so C is constant along every
Hamiltonian flow, and by Theorem 2.1(i) it is constant on each leaf. By (ii) it is constant on
each orbit. For g € G the points s(g) and ¢(g) lie in one orbit, so C'(s(g)) = C(t(g)).

Conversely let s*C = t*C. Then Xg¢ = Xp+¢, and by Lemma 3.2(i) this field lies in
ker T't and in ker T's. Its image under T't is X¢ ot by Corollary 3.1(i), and that image is zero.
The target map is onto, so X¢ = 0 and C' is a Casimir by Section 2.2.2. O

The hypothesis in parts (ii) and (iii) cannot be dropped for an arbitrary groupoid. It
can, however, be achieved without changing the Lie algebroid or the induced Poisson tensor:
the union of the connected components of the source fibres that meet the unit section is an
open subgroupoid over the same base, and it has the same Lie algebroid [13]. Restricting
makes it a symplectic groupoid again, and the induced structure does not change, because
it is computed on the units. The inversion carries source fibres onto target fibres, so the
hypothesis holds for the target fibres as well. In Chapter 4 parts (ii) and (iii) identify the
symplectic leaves and the Casimirs of g*.

Example 3.3 (The base of the pair groupoid). Let (M,w) be a symplectic manifold and
take (M x M,Q) = M of Example 3.1, with ¢ = pr, s = pry and Q = prjw — prjw. Solve
txQ=d(t*f1) for X = (X3, X2). By (3.1.3) this reads

w(X1,a) —w(Xa,b) =dfi(a) for all (a,b),
so X1 = Xy, and Xo = 0. Hence Xyp, = (X,,0) and
{t*flv t*fZ}Q = Q((Xfl,O), (Xf2,0)) = W(Xprfg) = t*{fla f2}w7
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with {-,-}, the bracket of (M,w) (Example 2.1). By (3.3.2) the structure induced on the
base is {-, -}, itself.

3.4. Bisections

The algebroid of Chapter 1 carries infinitesimal motions of the base. Here we introduce the
finite ones. A bisection is a choice of one arrow out of each point of the base. It moves
the base by a diffeomorphism, and when it is Lagrangian it moves the base by a Poisson
diffeomorphism. Bisections of Lie groupoids are treated by Mackenzie [9]. Their Lagrangian
version on a symplectic groupoid is due to Coste, Dazord and Weinstein [4].

Definition 3.3. A bisection of a Lie groupoid G = M is a submanifold B C G on which both
the source and the target restrict to diffeomorphisms onto M. A bisection of a symplectic
groupoid is a Lagrangian bisection if in addition B is a Lagrangian submanifold of (G, Q).

A bisection meets each source fibre once and each target fibre once. The unit section
u(M) is the bisection of identity arrows. Every bisection induces a diffeomorphism of the
base,

Yp=tlgpo(s|p)t: M — M, (3.4.1)
which carries a point x to the target of the arrow of B whose source is x.

Lemma 3.3. Let B be a bisection and put o = (s|g)~*: M — G. Then o is a smooth section
of s with image B, and t o 0 = ¥p is a diffeomorphism. Conversely, let c: M — G be a
smooth section of s for which t o o is a diffeomorphism. Then o(M) is a bisection.

Proof. The first part is a restatement of the definition together with (3.4.1). For the converse,
a section of a surjective submersion is an embedding, so B = ¢(M) is a submanifold and
s|p is the inverse of o, hence a diffeomorphism onto M. Then t|p factors as (to o) o s|p, a
composite of two diffeomorphisms. O

We read both running examples through the lemma.

Example 3.4 (Bisections of the pair groupoid). Take (M x M, Q) = M of Example 3.1, with
s(y,x) =z and t(y,z) = y. A section of s is a map z — (®(z),x) for a smooth &: M — M,
and t composed with it is @ itself. By Lemma 3.3 the bisections are exactly the graphs
Gr(®) = {(®(z),z) : x € M}

of diffeomorphisms ® of M, with g, @) = ®. The bisection group is Diff (M).

Such a graph is Lagrangian exactly when ® is a symplectomorphism. Parametrise it by
o(x) = (®(x),z) and compute

0" = (pry oo)*w — (pryoo) w = P*'w — w.

The graph has dimension dim M, which is half of dim(M x M). Hence it is Lagrangian if

and only if ¢*Q) = 0. That is if and only if ®*w = w. The Lagrangian bisections of the pair
groupoid are the canonical transformations of (M, w).

Example 3.5 (Bisections of the cotangent groupoid). Take T*G = g* of Example 3.2, with
s(g, ) = pand t(g, u) = Ady p. A section of s is a map p + (b(u), 1) for a smooth b: g* — G.
Therefore the sections of the source are just the smooth maps into the group. By Lemma 3.3
such a section is a bisection exactly when

Ve () = Ady(,) p (3.4.2)
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is a diffeomorphism of g*. Any b gives a section of the source, and the whole content of the
definition sits in (3.4.2). It moves each p inside its G-coadjoint orbit. If G is connected,
or if b takes values in the identity component, then g preserves every symplectic leaf and
hence every Casimir. For disconnected G, preservation of full G-orbits alone does not imply
preservation of every Casimir.

Proposition 3.4. The bisections of G form a group under the product
B-B ={bb:beB, v e B, sb)=t{)},
with unit u(M) and with inverse «(B). The map B +— g is a homomorphism into Diff (M).

Proof. Let o and o’ be the sections of Lemma 3.3. For € M the arrow o'(z) has target
Yp(x), and o(p (r)) has source ¥ (x). This shows that the two are composable and

7(z) = o (Vg (2)) o' ()

is defined and smooth. Its source is x, so T is a section of s with image B - B’. Its target
is Yp(¢p(z)). That composite is a diffeomorphism. Consequently, B - B’ is a bisection by
Lemma 337 and wB-B’ = 1/)3 o lpB/.

The unit section is a bisection with t,(y) = idys. Relations bu(s(b)) = b and u(t(b)) b =
b make it a unit for the product. For the inverse, s(b~') = #(b) and t(b~!) = s(b). It
follows that s and ¢ restricted to «(B) are t|p and s|p read through the inversion. Both are
diffeomorphisms, so +(B) is a bisection, and ¢,y = s|po(t|) ™! = Y5'. Finally take b, b’ € B
with s(b) = ¢((t')"!) = s(b'). Injectivity of s|p forces b =1V, so B-«(B) = {bb~ '} = u(M).
The same argument with ¢|g gives ¢«(B) - B = u(M). O

A bisection also acts on the groupoid itself. This is how it reaches the base.

Proposition 3.5 (Left translation). Let B be a bisection with section o. The map

Ap:G—G, Agp(g)=0a(t9)y,

is a diffeomorphism of G with inverse A (), and it satisfies
soAp =s, toAp =Ypot.

If G is symplectic and B is Lagrangian, then Apg is a symplectomorphism of (G,2).

Proof. The product is defined because o(t(g)) has source t(g). It is smooth as a composite of
smooth maps. That A,y inverts Ap follows from Proposition 3.4. Multiplication does not
change the source of the right factor or the target of the left factor, so s(Ag(g)) = s(g) and
t(Ap(9)) = t(o(t(9))) = ¥5(t(9))-

For the last claim write Ag = m o p, where p(g) = (o(t(9)),9) is a map into G2.
Multiplicativity (3.1.1) gives

ARQ = p'm™Q = (pryop)*Q + (pryop)* Q = (o ot)" QN+ Q.

Now (o 0t)*Q = t*0*Q, and 0*Q2 = 0 because o parametrises B and B is Lagrangian. Hence
ARQ =Q. O

Proposition 3.6. Let (G = M, Q) be a symplectic groupoid and give M the Poisson structure
7w of Theorem 3.1. If B is a Lagrangian bisection then ¥p is a Poisson diffeomorphism of
(M, m). The Lagrangian bisections form a subgroup of the bisection group, and B — p
restricts to a homomorphism of that subgroup into the Poisson diffeomorphisms of (M, ).
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Proof. By Proposition 3.5 the map Ap is a symplectomorphism of (G, €2), hence a Poisson
map for the bracket of €. It covers ¥p through the target, which is Poisson by Theorem 3.1.
Thus the composite g ot = to Ap is Poisson. The target is also a surjective submersion, so
t* is injective. This forces 1 p itself to be Poisson.

For the subgroup, note that B-B’ = Ag(B’). If B and B’ are Lagrangian then Ap is a sym-
plectomorphism, so Ag(B’) is Lagrangian. The inversion is anti-symplectic by Lemma 3.1(iii).
A form and its negative have the same Lagrangian submanifolds, so +(B) is Lagrangian too.
The homomorphism property is Proposition 3.4. O

A bisection does not need to be Lagrangian to respect the degeneracy of w. By (3.4.1) the
points z and ¥ p(x) are the two ends of one arrow, so they lie in one orbit of G. Let the source
fibres of G be connected. Then g preserves each symplectic leaf by Proposition 3.3(ii), and
C otyp = C for every Casimir C' by part (iii) of the same proposition. Example 3.5 shows
this for the cotangent groupoid.

Remark 3.3. The converse fails in general. On an arbitrary symplectic groupoid not ev-
ery Poisson diffeomorphism of the base is induced by a Lagrangian bisection. For the pair
groupoid, every bisection is a graph and Example 3.4 shows that canonical transformations
of the symplectic base correspond exactly to Lagrangian bisections. This statement does
not imply that every symplectomorphism lifts to a bisection of an arbitrary integration of
the same Poisson manifold. A Hamiltonian flow nevertheless admits the lift described in the
following proposition, on the stated domains of definition.

Proposition 3.7. Let (G = M, Q) be a symplectic groupoid, let m be the induced structure,
let H € C>*°(M) have Hamiltonian flow ¢ on (M, ), and let p; be the flow on G of the
Hamiltonian vector field X¢=pg. Fiz T such that o; and o_. are both defined on all of M,
and such that o, is defined on all of u(M). Then the set

B: =g (u(M))
is a Lagrangian bisection of G, with By = u(M) and ¥p, = .

Proof. B; is Lagrangian. The map @; is the flow of a Hamiltonian vector field on (G, ), so it
is a symplectomorphism where it is defined. The unit section is Lagrangian by Proposition 3.2,
and a symplectomorphism carries Lagrangian submanifolds to Lagrangian submanifolds.

B; is a bisection with base map ¢.. By Corollary 3.1(ii) the flow satisfies t o o, =t
and so @, = p_ros. Hence to(prou) =tou=idy and so (prou) = ¢_.. Now put
or = (prou)o@,. Then soo; = p_; 0@, = idy, so o, is a smooth section of s, and
t oo, = p, is a diffeomorphism. By Lemma 3.3 its image is a bisection with base map ;.
That image is B, because ¢, is a bijection of M. O

For the pair groupoid the proposition returns B, = Gr(y;), so a complete Hamilto-
nian flow is a one-parameter subgroup of the group of canonical transformations; without
completeness the statement is local on the common domains of definition. For the cotangent
groupoid it is equally concrete. By Example 3.5 the bisection B is a smooth map b,: g* — G
with bg = e, and . = @, reads

Ady (1= pr(p). (3.4.3)

Whenever the hypotheses of Proposition 3.7 hold, the exact Hamiltonian flow on g* there-
fore moves each momentum by a coadjoint transformation, with the group element chosen
smoothly. The corresponding statement is local when the flows are only locally defined. Con-
servation of every Casimir follows from the Hamiltonian character of the flow; in the present
groupoid description it is also visible from (3.4.3).
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Remark 3.4 (Generating functions). The Lagrangian neighbourhood theorem identifies a
neighbourhood of the unit section with a neighbourhood of the zero section in T*M [2]. Lo-
cally, and subject to the relevant transversality condition, a Lagrangian submanifold which
is a section of the cotangent projection is the graph of a closed one-form. On a contractible
open set this form can be written as dS, with S determined up to an additive constant.
To obtain a local groupoid bisection one must additionally check that the source and tar-
get restrictions are local diffeomorphisms. Thus generating functions describe Lagrangian
bisections locally rather than globally in general. For T*G, the graph of dS for a function
on an open subset of G is Lagrangian, but it still has to satisfy the corresponding bisection
transversality conditions.

3.5. The Lie algebroid of a symplectic groupoid

Chapter 1 defines a Lie algebroid of a Lie groupoid. Chapter 2 defines the cotangent Lie
algebroid of a Poisson manifold (Theorem 2.3). Theorem 3.1 shows that every symplectic
groupoid admits a Poisson structure on its base. This section shows that the three con-
structions close on each other. The Lie algebroid of a symplectic groupoid is the cotangent
algebroid of its base. The result is due to Coste, Dazord and Weinstein [1]. In the lectures
of Crainic and Fernandes it is stated as one theorem together with Theorem 3.1 [7].

The identification rests on linear algebra at the units. Fix x € M. The fibre A(G), =
kerT7,t and the subspace T1,u(M) = Tu(T,M) are transverse in T7,G. That is because a
vector in both is Tu(a) with @ = Tt(Tu(a)) = 0, and the dimensions add to dim M +dim M =
dim G by Proposition 3.2. Now suppose v € A(G), satisfies 1, (v,Tu(a)) = 0 for every
a € T, M. That means that v lies in the symplectic orthogonal of Tu(T,M). The subspace
Tu(T,M) is Lagrangian by the same proposition, and a Lagrangian subspace equals its own
symplectic orthogonal. Therefore v lies both in Tu(7, M) and in A(G),. The transversality
gives v = 0. The following pairing is therefore injective, and the two spaces have equal
dimension. Hence

vi— — O, (v, Tu("))
is a linear isomorphism from A(G), onto Ty M. The sign is a choice, fixed so that the anchors
match in the theorem.

Theorem 3.2 (Coste-Dazord—Weinstein). Let (G = M, Q) be a symplectic groupoid and let
7 be the induced structure on M. The bundle map

U: AG) — T*M, (T(v), a) = —Q, (v, Tu(a)) (ve AG)z, a€T,M),

is an isomorphism of Lie algebroids onto the cotangent algebroid of (M, m). It intertwines
the anchors, © o U = p, it carries the bracket of A(G) to the Koszul bracket, and it satisfies

V(X p(1e) = = d(fi)a, 1 € CF(M). (3.5.1)

Proof. W is an isomorphism of vector bundles. The paragraph before the theorem gives the
fibrewise isomorphism, and ¥ is smooth because 2 and Tu are.
The identity (3.5.1). The vector Xy, (1) lies in ker Tt = A(G), by Lemma 3.2(i). For
aeT, M,
(U (Xgep,(12)),a) = — D, (Xge g, (1z), Tu(a))

= —d(s* f1)(Tu(a))

= — df1 (TS Tu(a)) = — df1 (a)
because LXS*hQ =d(s*f1) and sou = idyy.
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The spanning sections. For f; € C°°(M) put
Qf = \Ij_l(dfl) =—Xgpy ’u(M) € I'(A(9)).

The differentials d(f1), fill T M as fi varies, so the values ay, (z) fill A(G),. The field — X+,
takes values in ker Tt and is left-invariant, by Lemma 3.2(i) and (ii). A left-invariant field
is determined by its values at the units (Section 1.3.1). This shows that the left-invariant
extension of ay, is
% == Xo gy
The anchors. By Corollary 3.1(ii) and by Xy, = 7*df; (Section 2.2.1),

p(afl)(:v) = Ts(—Xs*fl(lx)) =Xy (x) = Wﬁ(d(fl)x) = TFﬁ(\I/ ozfl)(:p).
The values ay, () fill every fibre, p and 7% o ¥ are bundle maps, so p = 7* o V.
The brackets on the spanning sections. The bracket of A(G) restricts the bracket of left-
invariant fields to the units (Section 1.3.1), so
u(M) u(M) w(M)
where the second step is Proposition 2.1(ii) on (G, Q) and the third is the anti-Poisson property
of s from Theorem 3.1. Applying ¥ and using (2.4.1),

U(log,, ap)) = —d{fi, fo} = [df1, dfolx = [Tay,, Tay,] .

The brackets on all sections. Transport the Koszul bracket through W. That is put
[, B] = U1 Wa, Up),. It is antisymmetric and satisfies the Jacobi identity because the
Koszul bracket does. It satisfies the Leibniz rule with the anchor p, since by Theorem 2.3
and by the anchor identity

o, fu) = (2 [, Wl + (wa) (£1) ¥B) = fu o B + p(a) (F1) B

The brackets [-,] and [-,-]" agree on the sections ay,. Around any point choose ¢, ..., ¢, €
C>*(M) so that dcy,...,de, span T*M. Then ag,,...,a., frame A(G), and every section
expands in this frame with smooth coeflicients. Both brackets are antisymmetric and expand
through the same Leibniz rule with the same anchor. In the expansions the coefficients
multiply brackets of the ay,. They agree, and the derivative terms contain only the anchor.
Consequently the two brackets agree on all sections, and W carries [-, -] to [-, . O

[afpan] = [XS*f17 XS*fQ] = _X{S*f1,8*f2}ﬂ = XS*{f17f2} QLf1,f2}s

Remark 3.5 (Conventions). The minus sign in ¥ records that two choices were made inde-
pendently of each other. Section 1.3.1 builds A(G) from ker(7't) with left-invariant fields,
and Theorem 3.1 takes the target map as the Poisson one, within the sign conventions of
Remark 2.2 and the orientation of Remark 3.2. Aligned choices would remove the sign. With
ker(T't) and a Poisson source map the proof gives W~'(df1) = X, [u(ar), and with ker(T's),
right-invariant fields and a Poisson target map it gives W=1(df;) = Xy f ]u( M), in both cases
without a sign. Sources differ along both axes, so a reader comparing with the literature
should check the two together. The same mismatch produced the minus sign in the map ®
of Example 2.4.

The invariants of the two algebroids also match. Chapter 1 shows that the isotropy Lie
algebras of A(G) agree with those of G, and that their orbits agree when the source fibres
are connected. For the cotangent algebroid, the anchor is 7, so its orbits are the symplectic
leaves and its isotropy at z is ker 7%, Under U these statements agree with Proposition 3.3(ii).
In particular the Lie algebra of the vertex group G7 is carried by ¥ onto ker wi. It is the space
of covectors at x that vanish on the tangent space of the leaf, with the bracket induced by
the Koszul bracket. In general, this bracket need not be described solely by the vector-space

structure of ker 7r§c.
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Example 3.6 (The algebroid of the pair groupoid). Take (M x M, Q) = M over a symplectic
manifold (M,w), with ¢t = pry, s = pry and ©Q = prjw — pryw. Chapter 1 computes its Lie
algebroid in Example 1.5. The fibre at the unit (x,x) is kerT'pry = {(0,b) : b € T,M}
identified with T, M, and the anchor is the identity. The induced structure on the base is the
bracket of w by Example 3.3. With Tu(a) = (a,a),

<\Ij(07 b)7 a’> - - ((07 b)7 (a7 a)) = —(CL)(O, a) - W(b, a’)) = W(b, a)a
so W(b) = w’(b). The theorem says that w’ is an isomorphism from the tangent algebroid

onto the cotangent algebroid of (M,w). That is the isomorphism of Example 2.3 read in the
opposite direction.
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Chapter 4

Lie—Poisson Reduction of the Rigid
Body

This chapter applies the general framework developed above to the classical free rigid body.
The purpose is not to introduce a new reduction theory. Instead, we derive the standard
Lie—Poisson reduction and reconstruction formulas directly from the cotangent symplectic
groupoid. The Lie-Poisson reduction theorem, as stated in Chapter 13 of Marsden and
Ratiu [11], says that a left-invariant Hamiltonian on 7#G descends to g* with the minus
Lie-Poisson bracket, while the momentum recorded by right translation is conserved. We
read this theorem on the cotangent groupoid TG = g* of Example 3.2.

4.1. The cotangent groupoid

Let G be a Lie group with Lie algebra g. We use the cotangent groupoid of Example 3.2 in
the left trivialisation 7*G = G x g* of (3.1.4). Its structure maps are

s(g ) =p,  tlg,p) =Adgp,  ul(p)= (e p),
with product (h, Adj 11)(g, ) = (hg, ) and inverse (g, ) ' = (gfl,Ad; u). The symplectic
form is = —d6, where 6 is the tautological form (3.1.5). On g* write {-,-}+ for the Lie-
Poisson bracket of Definition 2.4 and {-,-}_ for its opposite,

{f1, fate(p) = £ (s [dpfr, dufol),  fr fa € C%(g).
Here d, f € g is the differential of Section 2.3.1. It is defined by (x,d,f) = dfu(k) for k € g*,
the derivative of f at u along k.
A tangent vector to G x g* at (g,u) is a pair (v,\) with v € T,G and X\ € g*. The
Maurer—Cartan form carries the first slot to the identity,
¢=0lw) eg, v="T.,L,E. (4.1.1)
We call (§,\) € g@ g* the body components of (v, ). From now on we write tangent vectors
in body components. A curve 7 — (g(7), u(7)) has body velocity (05 (), ). The source map
is the projection to the second factor, and (4.1.1) only changes the first slot. It follows that
the differential of the source is
Ts(&E,N) = A (4.1.2)
For ¢ € g let ¢& be the left-invariant vector field on G with £X(e) = €. For A\ € g* write A
also for the constant vector field on the vector space g*. The product field (¢, \) on G x g*
has body components (£, \) at every point. By (3.1.5) the tautological form reads only the
first slot,

Oig.) (& A) = (1, €)- (4.1.3)
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Lemma 4.1 (The canonical form in the left trivialisation). For every (g, ) € T*G and all
(&A), (n, k) EgD g7,

0 (62 (0, 5)) = (k&) = (A, m) + (u, [€,7])- (4.1.4)
Proof. The value of df on two tangent vectors at a point can be computed from any two

vector fields that extend them. The product fields V = (¢£,\) and W = (n’, k) extend (&, )
and (7, k). For them

dO(V, W) = V (0(W)) — W (0(V)) — 6([V, W)).

The body components of W are (n, k) at every point, so by (4.1.3) the function (W) takes
the value (u,n) at (g, p). It does not depend on g. The integral curve of V' through (g, i) is
T+ (gexp(7E), u + 7). Hence

L) e oam = v

The same argument with the roles exchanged gives W (6(V)) = (k, ).

The Lie bracket of two product fields is the product of the brackets of the factors. On G
one has [¢F, n"] = [¢,n]". On g* constant fields commute. Therefore [V, W] = ([¢,7]",0) and
O([V,W1]) = (i, [£,n]). Assembling the three terms,

dO(V, W) = (A,m) — (K, &) — (. [&;m])-
Then, Q = —df is (4.1.4). O

V(W) =

Lemma 4.2. Let f € C*(g*). At every point (g, 1), in body components,
Xsep(g:p) = (dufs ady,; ). (4.1.5)

Proof. The chain rule gives d(s*f) = df oTs. By (4.1.2) and the definition of d, f, for every
(n,k) €gdg”
d(s™f) (g (n, 5) = dfu(Ts(n, k) = dfu(k) = (&, duf).-
Let (£, \) be the body components of Xg«¢(g, ). The identity Q(Xg«¢,-) = d(s*f) at (g, 1)
reads by Lemma 4.1
(r, &) = (Am) + (s, € m]) = (K, duf)

for every (7, x). The choice n = 0 gives (x,§) = (x,d,.f) for every &, so £ = d, f. The choice
r = 0 then gives (A, n) = (i, [d.f,n]) = (adg s p,m) for every 1, so A = adg s p. O

A curve 7 — (g(7), (7)) is an integral curve of X; exactly when its body velocity
(QL( ), [v) equals (4.1.5). By (4.1.1) this is
g="TeLg(dpuf), f= adzuf M- (4.1.6)
The first equation moves g by the left-invariant field of d,, f. The second equation is T's(X g« f)
by (4.1.2).

Let fi1, fo € C*°(g*) and put & = d, f;. Lemma 4.2 gives Xg,(g, 1) = (fi,adzi w). Put
the two vectors into {s* f1,s* fata = Q(Xs+f,, X5+ £,) and use (4.1.4) and the definition of ad*,
{s"f1, 5" fata(g, u) = (adg, p, &1) — (adg, i, &) + (1, [§1, &a))
= (1, [§2,&1]) — (, [€1, &2]) + (i, [61, &2]) (4.1.7)

= = [§1, &l) = {1, o}~ (1)

By Theorem 3.1 the source is a Poisson map onto (g*, —7), where 7 is the structure for which
t is Poisson. The source is surjective, so s* is injective, and (4.1.7) reads s*{f1, fo}—n =
s*{f1, fo}—. Hence — is the minus bracket and 7 is the plus bracket.

41



Left translation Ly, lifts to T*G as the pullback by Lj-1. It carries ay € T/G to a4 o
ThgLp-1 € T;;,G. Since Ly-1 0 Lpg = Lg, the left record (3.1.4) of the image is

<049 0 ThgLp-1, TeLng f> = (ag, TeLy &) = (1, €)-
This shows that in the trivialisation the lift is

Its orbits are the source fibres G x {u}. A function on T*G is invariant under every Ly
exactly when it is a source pullback s*H.

Theorem 4.1 (Lie-Poisson reduction). Let F' € C*(T*G) be invariant under (4.1.8) and
put H= Fou. Then F = s*H, and wherever it is defined the flow @, of Xp satisfies

topr =1, s0pr =, 0s,
where @7 is the Hamiltonian flow of H on (g*,{-,-}-).

Proof. An invariant function is constant on each source fibre, so F(g,u) = F(e,pu) = H(u)
and F' = s*H. Corollary 3.1(ii) gives to o, =t and so @, = ¢_, o s for the flow ¢, of H on
(g*, 7). The structure 7 is the plus bracket, and {-, H}_ = —{-, H}+, s0 ¢_r = ¢;. O

4.2. The free rigid body

Take G = SO(3) with the identifications of Section 2.3.4. The hat map identifies so0(3) with
R3 and the dot product identifies so(3)* with R®. Then

[Eml=&xn,  Adp&=RS§, Adzp=~Rp, adip=px¢  d.f=Vf.
The group SO(3) is connected. Its coadjoint orbits are the spheres |u| = const and the origin.
By Theorem 2.2 these are the symplectic leaves of s0(3)*. The smooth Casimirs are precisely
the SO(3)-invariant smooth functions; equivalently, they can be written as smooth functions
of [p*.

An arrow (R, ) € T*SO(3) is an attitude R and a vector u € R3. Tts source is u. Its
target is

J=Ru=1t(R,p).
For the rigid body p is the angular momentum in the body frame and J is the angular
momentum in the space frame. This is the standard identification of the left and right
records of a covector on SO(3) with the body and spatial momenta [11, Chap. 15]. Let
7 = (R(1),u(7)) be a curve in T*SO(3). Its body velocity is (£,\) with ¢ = 0%(R) and
A = f1. On the matrix group SO(3) left translation by R is multiplication by the matrix R,
SO TeLRé = Ré and
0L(R)=R'R=R'R.

Differentiating R' R =1 gives R' R+ R'R =0, so R"R is skew and R' R = f for a unique
¢ € R%. Lemma 4.1 becomes

Q(R,u)((ga/\%(n?ﬁ)) :’@f—)\n‘f‘ﬂ(f X 77)7
and (4.1.7) becomes
{s"f1,8" fata = —p- (Vf1 x Vf2),

the minus bracket of Section 2.3.4 in vector form.
The kinetic energy of the body is

H(p)=5p- 1 'p,
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a function of the body momentum alone, because the inertia tensor I is constant in the
body frame. By (4.1.8) the function s*H is invariant under EQ(R,M) = (QR, ), and Theo-
rem 4.1 applies with F = s*H. The gradient VH = 'y = w is the body angular velocity.
Lemma 4.2 gives

Xop = (w, adl, 1) = (w, p X w).
With T.Lrw = Rw the equations (4.1.6) with f = H read
R=R, =X w, w=I"1u (4.2.1)

The first equation is the kinematic relation between attitude and body angular velocity.
The second is Euler’s equation (2.3.2). The two equations are the two slots of the one field
Xg+gr on T*SO(3). Energy is conserved because it is the Hamiltonian. The smooth Casimir
C(p) = %|p/? is conserved. Consequently, |u| is conserved as well. Trajectories of y lie in the
intersections of the spheres || = const with the ellipsoids H = const.

A solution of (4.2.1) keeps p on a sphere and R in the compact group SO(3). It stays in
a compact set, so it exists for all 7. Start at the unit (1, ). By Theorem 4.1 the target is
constant, R(T)u(7T) = po, so

(1) = R(7) " ho.

The arrow (R(7), pu(7)) lies in the bisection B; of Proposition 3.7 and has target 19. Conse-
quently Adp ) u(7) = po is (3.4.3) for this arrow.

Write R(7, po) for the attitude at time 7 of the solution that starts at (1, ). The flow
of X¢«pr is defined for all 7 on the whole unit section, so Proposition 3.7 applies for every .
The bisection B, consists of the arrows (R(T, o), R(T, ,uo)Tuo). Inversion exchanges s with
t and carries Lagrangian submanifolds to Lagrangian submanifolds by Lemma 3.1(iii), so
t(B;) is again a Lagrangian bisection. Its arrows are (R(T, o) ', ,uo), so in the description of
Example 3.5 it is the map o +— R(7, uo) . Tts base map (3.4.2) is po +— R(7, o) " pro = p(7),
the time 7 flow of Euler’s equation.

Write ¢;(v) = v; for the linear coordinates on so(3)*. On T*SO(3) put u; = s*¢; and
J; = t*4;, the body and space components of the momentum. By Section 2.3.1 the plus
bracket of linear functions is {¢;, ¢;}+ = E[eh Keixej = g4j1. The source is Poisson onto
the minus bracket by (4.1.7), so

ej] =

{pis o = s, 4} = = —€ijipi.
The target is Poisson onto the plus bracket by Section 4.1, so
{Ji, Jita = t"{li, Ui} + = eijp i
Source and target pullbacks Poisson-commute by Lemma 3.2(iii), so {J;, st }o = 0. Together
{Ji Jita = cije i, {wismite = —eijpie,  {Jisp}a = 0. (4.2.2)
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Conclusion

This Bachelor thesis has presented a coherent geometric route from Lie groupoids and Lie
algebroids to Poisson manifolds and symplectic groupoids, and has used this route to describe
Lie—Poisson reduction of the free rigid body. The main objective was not to introduce a new
theory, but to explain how several standard constructions of geometric mechanics fit together
and how symplectic groupoids provide a global counterpart to the infinitesimal structures
arising in Poisson geometry.

The first part of the thesis introduced Lie groupoids as a natural extension of Lie groups
when one wants to encode local or partial symmetries rather than only globally defined
transformations. Their infinitesimal counterparts, Lie algebroids, were then obtained by
linearising the groupoid structure along the unit section. This makes precise the analogy
between Lie groups and Lie algebras while allowing the infinitesimal data to vary over a
manifold. In particular, the anchor map records how infinitesimal symmetries act on the
base, whereas the bracket on sections contains the corresponding algebraic information.

The second part moved to Poisson geometry. A Poisson manifold allows Hamiltonian dy-
namics even when the phase space is not globally symplectic. Its characteristic distribution
decomposes the manifold into symplectic leaves, and Casimir functions are constant along ev-
ery Hamiltonian trajectory. The Lie—Poisson structure on g* gives the basic example relevant
to reduction by symmetry. Its symplectic leaves are the connected components of coadjoint
orbits. The construction of the cotangent Lie algebroid T*M then provides the infinitesimal
object naturally associated with a Poisson manifold.

Symplectic groupoids bring these two viewpoints together. The multiplicativity of the
symplectic form implies strong structural properties: the unit section is Lagrangian, inversion
is anti-symplectic, and the source and target maps induce opposite Poisson structures on the
base. Moreover, the Lie algebroid of a symplectic groupoid is canonically identified with the
cotangent Lie algebroid of its Poisson base. Thus, a symplectic groupoid may be regarded
as a global integration of the infinitesimal Poisson data. Lagrangian bisections provide, in
addition, a natural global description of Poisson transformations; for the pair groupoid they
reduce to the usual canonical transformations of symplectic mechanics.

The cotangent groupoid T*G = g* illustrates these ideas concretely. In left trivialisation
its source and target maps encode two momentum descriptions of the same covector. For
G = SO(3), these become the body and spatial angular momenta of the rigid body. A left-
invariant Hamiltonian on T*G descends through the source map to the minus Lie-Poisson
bracket on g*. For the free rigid body this reduction yields Euler’s equations, while the target
map expresses conservation of the spatial angular momentum. Reconstruction recovers the
attitude variable from the reduced motion, and the two signs in the Poisson brackets of
body and spatial momenta arise directly from the source-target structure of the symplectic
groupoid.

The rigid-body example therefore shows the main point of the thesis. Symplectic groupoids
organise the standard formulations of Hamiltonian mechanics into a single geometric pic-
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ture in which unreduced symplectic dynamics, reduced Poisson dynamics, infinitesimal Lie-
algebroid data and reconstruction are related by the same global structure. This viewpoint is
useful precisely because it separates what is intrinsic to the Poisson base from what depends
on a chosen global integration.
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