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Abstract

This PhD thesis develops geometric Hamilton—Jacobi theories for non-conservative classical field the-
ories within the framework of k-contact geometry. After reviewing the geometric structures required for
the formulation of k-contact Hamiltonian systems, particular attention is devoted to their Hamilton—De
Donder-Weyl equations and their geometric properties.

Two complementary Hamilton—Jacobi formulations are developed. In the first, the dissipative variables
are not retained in the base of the projected dynamics, whereas in the second, they are incorporated
explicitly. In each approach, both the Hamiltonian and evolution k-contact formalisms are analysed,
and the geometric structures underlying their solutions, including Legendrian and maximally coisotropic
submanifolds, are investigated. Complete solutions and the corresponding notions of integrability are also
discussed. Several notions from contact dynamics are extended to the k-contact setting, while classical
results are recovered as particular cases.

The resulting formalism is applied to a broad class of non-conservative partial differential equations.
These include dissipative wave and telegrapher-type equations, nonlinear field equations, and models
motivated by non-equilibrium thermodynamics. The examples illustrate how k-contact geometry provides
a systematic geometric framework for describing dissipation, attenuation, source terms, and balance laws
in classical field theories. These results significantly extend the range of applications of k-contact geometry
found in the existing literature.

Keywords:

k-contact geometry, Hamilton—Jacobi theory, contact geometry, Hamilton—-De Donder—Weyl equations,
non-conservative field theories, dissipative partial differential equations, geometric field theory,
non-equilibrium thermodynamics.
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Streszczenie

Niniejsza rozprawa doktorska rozwija geometryczne teorie Hamiltona—Jacobiego dla niekonserwaty-
wnych klasycznych teorii pola w ramach geometrii k-kontaktowej. Po przedstawieniu struktur geome-
trycznych niezbednych do sformutowania k-kontaktowych uktadéw Hamiltona szczegélna uwage poswie-
cono odpowiadajacym im réwnaniom Hamiltona—De Dondera—Weyla oraz ich wlasno$ciom geometrycznym.

W pracy rozwinieto dwa komplementarne sformutowania teorii Hamiltona—Jacobiego. W pierwszym
z nich zmienne dyssypacyjne nie sa uwzgledniane w bazie rzutowanej dynamiki, natomiast w drugim
sa one jawnie wlaczone do tej bazy. W obu podejsciach analizowane sa zaréwno Hamiltonowski, jak i
ewolucyjny formalizm k-kontaktowy, a takze struktury geometryczne zwiazane z ich rozwiazaniami, w
tym podrozmaitosci legendrowskie i maksymalnie koizotropowe. Omoéwiono réwniez rozwigzania zupelne
oraz odpowiadajace im pojecia catkowalnosci. Kilka pojeé z dynamiki kontaktowej zostaje rozszerzonych
na przypadek k-kontaktowy, podczas gdy klasyczne wyniki sa odzyskiwane jako przypadki szczegdlne.

Otrzymany formalizm zastosowano do szerokiej klasy niekonserwatywnych réwnan rézniczkowych
czastkowych. Obejmuja one m.in. dyssypacyjne rownania falowe i rownania typu telegraficznego, nielin-
iowe réwnania pola oraz modele inspirowane termodynamika nieréwnowagowa. Przedstawione przyktady
pokazuja, ze geometria k-kontaktowa dostarcza systematycznych narzedzi geometrycznych do opisu dyssy-
pacji, ttumienia, czlonéw Zréodlowych oraz praw bilansu w klasycznych teoriach pola. Wyniki te znaczaco
poszerzaja zakres zastosowan geometrii k-kontaktowej przedstawionych w istniejacej literaturze.

Stowa kluczowe

geometria k-kontaktowa, teoria Hamiltona—Jacobiego, geometria kontaktowa, réwnania Hamiltona—De
Dondera—Weyla, niekonserwatywne teorie pola, dyssypacyjne réwnania rézniczkowe czastkowe,
geometryczna teoria pola, termodynamika nieréwnowagowa.

Tytul pracy w jezyku polskim

Teorie Hamiltona—Jacobiego w geometrii kkontaktowej i ich zastosowania
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Introduction

Geometric methods provide a natural framework for the formulation and analysis of physical systems
[1, 7, 89]. In classical Hamiltonian mechanics, symplectic geometry gives an intrinsic description of
conservative dynamics, while contact geometry extends this viewpoint to systems involving dissipation,
thermodynamic variables, or more general non-conservative effects (see [80] and references therein). In
field theory, the presence of several independent variables leads to the use of further geometric structures,
such as k-symplectic, k-cosymplectic, multisymplectic, and, more recently, k-contact geometries [52, 72,
110]. In fact, k-contact geometry appeared as a generalisation of contact geometry to deal with non-
conservative field theories [110].

Among the classical tools of Hamiltonian mechanics, the Hamilton—Jacobi theory plays a distinguished
role [1, 7, 25, 64, 65, 75, 113]. Besides providing a method for integrating Hamiltonian systems, it
establishes a deep relation between dynamics, geometry, and first-order partial differential equations. Its
geometric formulation in terms of Lagrangian submanifolds and projected Hamiltonian dynamics has
motivated extensions to time-dependent systems, classical field theories, contact Hamiltonian systems,
and other generalised geometrical settings [61]. This topic has attracted considerable interest in recent
years. To mention just a few representative contributions, Grabowska and Grabowski developed a contact
Hamilton—Jacobi theory based on homogeneous symplectic geometry and line bundles [37]. De Leén,
Lainz and Muiiiz-Brea formulated a Hamilton—Jacobi theory for contact Hamiltonian systems [61], while
de Leén, Lainz, Lépez-Gordén and Rivas further studied Hamilton—Jacobi theory and integrability for
both autonomous and non-autonomous contact systems [60]. Hamilton—Jacobi theory has also been
extended to classical field theories within several geometric frameworks. Multisymplectic formulations
were developed in [63, 71], while the theory was formulated in the k-symplectic and k-cosymplectic settings
in [64, 75]. Further extensions include Hamilton—Jacobi theory for gauge field theories [76]. Nevertheless,
a systematic Hamilton—Jacobi theory for non-conservative field theories within the k-contact framework
remained largely undeveloped. This approach is particularly relevant since k-contact geometry provides
an appropriate framework for describing dissipation.

The use of k-contact geometry in this thesis is not motivated by the search for a further formal
generalisation of symplectic or contact geometry. Rather, it arises from a structural requirement of non-
conservative field theories. While k-symplectic and k-cosymplectic formalisms provide natural geometric
descriptions of conservative classical fields, they do not intrinsically encode dissipation, source terms, or
balance laws. In the k-contact setting, these effects are incorporated directly into the geometry through
the contact variables and the associated Reeb directions. Thus, dissipation is not introduced as an
external perturbation of a conservative model, but becomes part of the geometric dynamics itself. At the
same time, k-contact geometry retains the structure required by field theories and reduces to ordinary
contact Hamiltonian mechanics when k& = 1. In this sense, it provides a natural field-theoretic counterpart
of contact mechanics rather than merely an additional layer of generality.

This feature is particularly relevant for Hamilton—Jacobi theory. In conservative field theories, the
Hamilton—Jacobi equation is naturally tied to the underlying symplectic or multisymplectic structure.
For non-conservative systems, however, the corresponding geometric formulation must also account for
the evolution of the dissipative variables and for the modification of the usual conservation laws. The

ix



X Chapter 0. Introduction

k-contact framework provides precisely the additional geometric structure needed to formulate these
effects intrinsically, while preserving the geometric interpretation of Hamilton—Jacobi solutions in terms
of Legendrian or maximally coisotropic structures compatible with the corresponding dynamics.

The main purpose of this Doctoral Dissertation is to develop Hamilton—Jacobi theories for k-contact
Hamiltonian systems and to investigate their application to non-conservative field equations. Particular
attention is paid to the geometric mechanisms by which dissipation and balance laws can be encoded
through the additional contact variables, as well as to the relation between Hamilton—-Jacobi equations
and the corresponding k-contact Hamilton—-De Donder—Weyl equations. The dissertation also studies
a broad range of physically motivated examples, showing that k-contact geometry provides a flexible
language for the geometric treatment of dissipative partial differential equations. It also recovers or
provides a new interpretation of some previous Hamilton—Jacobi theories, including those for contact and
k-symplectic systems [61, 64].

The core of this Doctoral Dissertation is based on two research papers:

e J. de Lucas, J. Lange, X. Rivas, C. Sardén, “Hamilton—Jacobi theory for non-conservative field
theories in the k-contact framework”. Journal of Physics A: Mathematical and Theoretical, 2026.
DOI:10.1088/1751-8121 /ae9b8¢. Preprint: arXiv:2604.27670.

This work develops a Hamilton—Jacobi theory for non-conservative classical field theories in the
framework of co-oriented k-contact geometry. A central contribution is the introduction of evolution
k-contact k-vector fields and the corresponding evolution Hamilton—-De Donder—Weyl equations,
providing a field-theoretical counterpart of the evolution formalism appearing in ordinary contact
Hamiltonian mechanics [62].

Two different families of Hamilton—Jacobi theories are developed. The first one is a z-independent,
or action-independent, formulation in which the dynamics is projected onto the configuration man-
ifold. The second is a z-dependent, or action-dependent, formulation in which the dissipative
variables are retained as part of the base manifold of the projected dynamics. Both approaches are
studied for the Hamiltonian and evolution k-contact descriptions. The distinction between them
leads to different geometric objects: in the canonical k-contact model, the z-independent formula-
tion is naturally related to Legendrian submanifolds, whereas maximally coisotropic submanifolds
appear in the z-dependent theory.

The article also analyses several structural properties specific to k-contact Hamiltonian systems. In
particular, for £ > 1, a Hamiltonian function does not uniquely determine its associated Hamiltonian
k-vector field. This freedom, which has to be handled with technical conditions, is interpreted
geometrically and incorporated into the formulation of the Hamilton—Jacobi problem. Complete
solutions and integrable k-contact Hamiltonian systems are introduced in terms of appropriate
foliations, extending ideas familiar from symplectic and contact Hamilton—Jacobi theories. The
relation with previous contact and k-symplectic approaches to Hamilton—-Jacobi theories is analysed.

The resulting formalism is illustrated through several non-conservative partial differential equa-
tions. These include the damped telegrapher/Klein-Gordon equation, a dissipative Hunter—Saxton
equation, a non-regular dissipative first-order field model, and a covariant model inspired by ex-
tended irreversible thermodynamics. In the latter case, the contact variables can be interpreted
as components of an entropy current, and a Maxwell-Cattaneo model is recovered together with a
non-negative entropy production law. The applications also show that Hamiltonians with nonlinear,
and in particular quadratic, dependence on the dissipative variables substantially enlarge the range
of systems that can be described within the k-contact framework.

e J. de Lucas, J. Lange, M. Krych, “A Guide to Applications of k-Contact Geometry in Dissipative
Field Equations”. Accepted for publication in Journal of Physics A: Mathematical and Theoretical,
2026. Preprint: arXiv:2605.13313.


https://iopscience.iop.org/article/10.1088/1751-8121/ae9b8c
https://arxiv.org/abs/2604.27670
https://arxiv.org/abs/2605.13313

Chapter 0. Introduction xi

This work develops an application-oriented study of k-contact geometry for dissipative field equa-
tions. Its purpose is to demonstrate that the k-contact Hamiltonian formalism is not restricted to
a small number of specially designed examples, but provides a systematic geometric framework for
constructing and analysing broad classes of non-conservative partial differential equations.

A variety of dissipative field models are formulated as k-contact Hamiltonian systems, with partic-
ular attention to the construction of the corresponding Hamiltonians and to the role played by the
dissipative variables. The analysis shows how different forms of dependence on the dissipative vari-
ables generate different types of damping, attenuation, source terms, and balance laws. In this way,
the article provides a catalogue of models on which the Hamilton—Jacobi techniques developed in
the previous work can be applied. The analysis also considers additional terms in the Hamiltonian
that are not linear in the dissipative variables and shows how such nonlinear terms allow for the
description of non-autonomous systems of partial differential equations via k-contact geometry.

Our new examples also clarify the relation between the geometric data of a k-contact Hamiltonian
system and the physical partial differential equations obtained after eliminating the momentum
variables. Consequently, the work provides both a collection of relevant applications and a method-
ological guide for identifying new physical systems admitting a k-contact description.

The two papers are strongly complementary. The first develops the geometric k-contact Hamilton—
Jacobi theory and establishes its fundamental structural properties, while the second demonstrates the
applicability of the k-contact framework through a systematic collection of non-conservative field equa-
tions. Together, they show that k-contact geometry can be used not merely as an abstract generalisation
of contact geometry, but as an effective geometric language for dissipative classical field theories.

A primary objective of this research is therefore to extend the Hamilton—Jacobi theory from conserva-
tive Hamiltonian systems to field theories in which dissipation or other non-conservative effects form an
intrinsic part of the dynamics. This requires several conceptual modifications. In contrast with ordinary
contact mechanics, k-contact Hamiltonian systems involve families of vector fields rather than a single
Hamiltonian vector field, and the associated Hamiltonian k-vector fields are generally non-unique. More-
over, different choices of projection lead naturally to different Hamilton—Jacobi problems. Understanding
these phenomena and incorporating them into a coherent geometric theory constitutes one of the main
contributions of this dissertation and involves several technically demanding proofs.

An equally important aim is to connect the abstract geometry with explicit differential equations
of physical relevance. The examples studied throughout this work show that k-contact Hamiltonian
systems can reproduce dissipative wave equations, nonlinear field equations, transmission-line models,
and thermodynamic balance laws for field theories. In particular, the thermodynamic applications suggest
that the additional dissipative variables can acquire a direct physical interpretation as entropy-related
quantities rather than being merely auxiliary geometrical variables. Moreover, the theory considers
Hamiltonians with additional terms that are not merely linear in the dissipative variables and explains
the relevance of this more general dependence.

Several directions for further research emerge naturally from the results of this dissertation. One im-
portant problem is the development of a more complete theory of integrability for k-contact Hamiltonian
systems, relating complete Hamilton—Jacobi solutions, invariant foliations, and reconstruction of integral
sections. It would also be useful to establish intrinsic criteria characterising when the Hamiltonian and
evolution k-contact descriptions yield equivalent projected dynamics.

Another natural direction concerns the thermodynamic models developed in this dissertation. In
these models, the interpretation of the dissipative variables as entropy density and entropy flux provides
a particularly promising setting for further investigations.

Further extensions may involve higher-order field theories, more general k-contact structures beyond
the canonical models considered here, singular and constrained systems, and the relationship with mul-
tisymplectic and jet-bundle descriptions of classical field theory. In this regard, the theory of [82] could
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be used to extend our formalism to study more general PDEs.

In summary, this Doctoral Dissertation develops a Hamilton—Jacobi framework for non-conservative
field theories based on k-contact geometry and demonstrates its applicability to a broad family of dissipa-
tive physical models. The results contribute to the interaction between differential geometry, geometric
mechanics, partial differential equations, and mathematical physics.

There are also other papers related to the scientific development underlying this Doctoral Dissertation,
although they are not part of its principal content:

1. J. Lange, B.M. Zawora, “Reduction of exact symplectic manifolds and energy hypersurfaces”. Pro-
ceedings of the 7th International Conference on Geometric Science of Information, Lecture Notes
in Computer Science, vol. 16035, pp. 328-336, Springer, 2025.

2. J. de Lucas, J. Lange, X. Rivas, “A symplectic approach to Schrédinger equations in the infinite-
dimensional unbounded setting”. AIMS Mathematics 9 (2024), 27998-28043.

A brief description of these complementary works is as follows.

The article “Reduction of exact symplectic manifolds and energy hypersurfaces” develops two re-
duction procedures for Hamiltonian systems defined on exact symplectic manifolds endowed with Lie
group symmetries. One approach is formulated directly at the level of the exact symplectic manifold,
whereas the second is based on the contact geometry naturally induced on appropriate energy hypersur-
faces. The equivalence between both reduction procedures is established by means of suitable versions
of the Marsden—Meyer—Weinstein reduction theorem. The constructions are illustrated through explicit
examples and clarify the relationship between exact symplectic reduction and contact geometry.

This work received one of the eight prizes awarded at the 7th International Conference on Geometric
Science of Information (GSI 2025), which had around two hundred participants. The Prize Committee
highlighted, in particular, the mathematical content connecting symplectic reduction with contact struc-
tures and the clarity of its presentation. Besides its independent interest, the work is conceptually related
to the present dissertation through the close interaction between symplectic and contact geometries that
underlies many of the k-contact constructions considered here.

The article “A symplectic approach to Schrédinger equations in the infinite-dimensional unbounded
setting” concerns the geometric formulation of Schrédinger equations using infinite-dimensional symplec-
tic geometry. In particular, it studies the difficulties caused by the presence of unbounded operators and
develops a rigorous symplectic approach appropriate to this infinite-dimensional setting.

Although these works are not directly concerned with k-contact geometry, they form part of the
broader geometric background of this dissertation and reflect the application of geometric methods to
dynamical equations beyond the standard finite-dimensional framework.

These complementary works reflect additional results obtained during the scientific formation associ-
ated with this Doctoral Dissertation. They illustrate the broader role of symplectic and contact methods
in geometric mechanics and mathematical physics and provide useful perspectives for possible future
extensions of the k-contact formalism.

The dissertation is divided into four main chapters.

Chapter 1, entitled On k-contact geometries, introduces the geometric structures required in the
subsequent developments. It begins with the symplectic, Poisson, and contact frameworks arising in
classical mechanics and then reviews the k-polysymplectic and k-polycosymplectic descriptions of classical
field theories. These structures motivate the introduction of k-contact geometry, its Reeb vector fields,
canonical models, adapted coordinates, Hamiltonian k-vector fields, and the corresponding Hamilton-De
Donder-Weyl equations. This chapter fixes the notation and provides the geometric foundations used
throughout the dissertation.

Chapter 2, entitled Classical Hamilton—Jacobi theory, reviews the classical Hamilton—Jacobi theory
and its geometric formulation in symplectic mechanics. It introduces the Hamilton—Jacobi equation,
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complete solutions, and their relation with canonical transformations and the integration of Hamiltonian
systems. Particular attention is paid to the interpretation of Hamilton—Jacobi solutions in terms of
Lagrangian submanifolds and projected dynamics. This chapter establishes the concepts and notation
that are subsequently extended to the k-contact setting.

Chapter 3, entitled Hamilton—Jacobi equations in the k-contact setting, constitutes the theoretical
core of the dissertation. It first analyses regular k-contact Hamiltonian systems and their relation with
higher-order systems of partial differential equations. It then develops the z-independent and z-dependent
Hamilton—Jacobi theories, both for the Hamiltonian and evolution k-contact formulations. Particular at-
tention is devoted to the geometric characterisation of admissible sections, the non-uniqueness of Hamilto-
nian k-vector fields, complete Hamilton—Jacobi solutions, and the corresponding notions of integrability.

Finally, Chapter 4, entitled New k-contact physical models, is devoted to applications of the k-contact
geometric framework to physically relevant non-conservative field equations. The examples include dissi-
pative wave and Klein—Gordon-type equations, telegrapher-type models, nonlinear dissipative equations,
and thermodynamic systems. These applications illustrate how the abstract k-contact formalism produces
explicit partial differential equations and how the dissipative variables encode attenuation, source terms,
and balance laws. They also demonstrate the practical scope of the k-contact Hamiltonian formalism
and the geometric methods developed in the previous chapter.
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Chapter 1

On k-contact geometries

Geometric formulations of physical theories have consistently uncovered fundamental structural features
that are less apparent in purely analytic approaches [1, 6, 7, 41, 72]. For example, in classical mechanics,
symplectic geometry provides the natural language for Hamiltonian systems, encoding conservation laws
and phase space dynamics in a coordinate-free manner [41]. However, many physically relevant systems
fall outside the scope of strictly symplectic frameworks. These include, in particular, systems involv-
ing dissipation or thermodynamic variables, which are naturally described within contact geometry, a
framework that captures non-conservative behaviour [29, 73].

In recent years, further generalisations of contact geometry have been developed to address increasingly
complex settings. Among these, k-contact geometry provides a natural extension of classical contact
geometry to the study of systems with several interacting contact-type structures [110]. This framework
is particularly well suited to the geometric description of field theories, multi-time dynamical systems,
and geometric generalisations of Hamilton—Jacobi theory [83].

Roughly speaking, a k-contact manifold can be understood as a smooth manifold equipped with a
family of k& one-forms satisfying compatibility and non-degeneracy conditions that generalise the standard
geometric contact form [32]. While classical contact geometry is governed by a single maximally non-
integrable distribution described as the kernel of a contact form, the k-contact setting replaces this with a
collection of such structures, leading to a richer and more intricate geometric behaviour. This additional
complexity allows the simultaneous encoding of multiple parameters or interacting subsystems within a
unified geometric framework.

The main purpose of this chapter is to introduce the fundamental concepts and notions regarding
k-contact geometry that will be used throughout the development of Hamilton-Jacobi theory in this
generalised setting. A natural way to motivate the structure of this chapter is to present k-contact ge-
ometry as the culmination of a sequence of increasingly rich geometric frameworks arising from classical
mechanics and field theory. Accordingly, the chapter begins with a review of symplectic and contact
geometry, since these provide the classical geometric language for conservative autonomous, conserva-
tive non-autonomous, and dissipative dynamical systems, respectively. In particular, many of the con-
structions and intuitions appearing later in the k-contact setting are generalisations of structures first
encountered in these geometries.

The next natural step is the geometric formulation of classical field theories. For this reason, we
briefly introduce k-polysymplectic and k-polycosymplectic manifolds. These structures provide the ap-
propriate geometric setting for first-order classical field theories and establish the conceptual and technical
framework required for the introduction of k-contact geometry.

Finally, k-contact geometry is presented as a natural counterpart of contact geometry within the
k-symplectic and k-cosymplectic formalisms [29, 110, 111, 127]. Introducing the preceding structures
first allows the fundamental ideas, notation, and geometric mechanisms to emerge progressively, making
the transition to the k-contact setting more transparent. Moreover, many properties of k-contact man-
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ifolds are most naturally understood through comparison with their k-cosymplectic and polysymplectic
counterparts.

Special attention is devoted to the role of Reeb vector fields in the k-contact setting, as well as to
the construction of adapted coordinate systems, which are essential for applications and explicit compu-
tations [110]. The relationships between k-contact geometry and other geometric frameworks, such as
k-cosymplectic, polysymplectic, and multisymplectic geometries, are also discussed.

Throughout this text, the following assumptions are adopted unless stated otherwise. All geometric
objects are assumed to be smooth and defined over the real numbers. Every manifold considered here
is connected, finite-dimensional, Hausdorff, and paracompact. In particular, these conditions guarantee
the availability of partitions of unity and ensure that locally constant functions are globally constant.
We also assume that structures are defined globally on the underlying manifolds. These assumptions are
introduced primarily for clarity and convenience, allowing us to concentrate on the central geometric ideas
without being distracted by technical subtleties that are not essential to the discussion or applications.
Finally, for a manifold M, we write Q¥(M) for the space of differential k-forms and X (M) for the space
of vector fields on M.

1.1 Fundamental geometric structures

This section recalls the fundamental geometric structures from classical mechanics that will be used
throughout this dissertation. We first introduce the basic notions of symplectic and Poisson geometry
and then turn to contact geometry, emphasising the concepts and notation required for the subsequent
development of the k-contact framework.

1.1.1 Symplectic and Poisson geometry

Symplectic geometry provides the natural geometric framework for many areas of mathematics and
physics, most notably classical Hamiltonian mechanics [1, 35, 91]. The importance of symplectic geometry
in the present context stems from its close relationship with contact geometry, which will be discussed in
subsequent sections. We begin by recalling the basic notions and fundamental properties of symplectic
manifolds. We also establish the notation and conventions used throughout the thesis.

Definition 1.1.1. A symplectic manifold is a pair (P,w), where P is a manifold and w € Q?(P) is a
closed and non-degenerate differential two-form, called a symplectic form.

The non-degeneracy condition for w € Q2(P) means that the bilinear form wj, : T,P x T,P — R is
non-degenerate for every p € P. This implies that the tangent space T, P is even-dimensional at each
point p € P. Consequently, every symplectic manifold has even dimension, say dim P = 2n, for n € N.
Moreover, w induces a vector bundle isomorphism w’ : TP — T*P, given by w’(v,) := wy(vp,-) € TP
for every p € P and each v, € T,P.

Another consequence of the non-degeneracy of a symplectic form is that every symplectic manifold is
canonically orientable. Let (P,w) be a symplectic manifold of dimension 2n. Since w is a two-form, its
n-fold exterior product w”™ = w A --- Aw (n factors) is a differential 2n-form on P. The non-degeneracy
of w is equivalent to the fact that w™ is nowhere vanishing. Consequently, p := w™/n! defines a volume
form on P, called the symplectic volume form. The volume form p determines a canonical orientation on
P, known as the symplectic orientation.

Let (P,w) be a symplectic manifold, and consider a subspace V,, C T,P, for p € P. We define a
symplectic orthogonal complement of V,, by

VPJ‘W =A{wp, € T,P | wp(wp,vp) =0, Vv, € Vp,}.
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Then, V, is called ésotropic if V,, C (Vp)l‘w. Meanwhile, we say that V), is coisotropic if (Vp)lw C V.
On the other hand, if (V,,)*« =V, then V,, is Lagrangian. A submanifold N C P is called (co)isotropic
(resp. Lagrangian) if T,N C T,P is a (co)isotropic (resp. Lagrangian) subspace for all p € N.

Now, given a submanifold NV C P, we consider the subspace T,N C T,P at each point p € N.
Using the symplectic orthogonal complement of T,,IV, we classify submanifolds of a symplectic manifold
as follows [1, 17].

Definition 1.1.2. Let (P,w) be a symplectic manifold. A submanifold N C P is called
o isotropic if T,N C (T,N)t« for all p € N,
o coisotropic if (T,N)*« C T,N for all p € N,
e Lagrangian if (T,N)+« = T,N for all p € N.

Equivalently, N is isotropic if the restriction of the symplectic form to N vanishes, namely w|y = 0.
A Lagrangian submanifold is therefore a maximal isotropic submanifold. In particular, if dim P = 2n,
then a submanifold N C P is Lagrangian if and only if it is isotropic and dim N = n.

Theorem 1.1.3 (Darboux theorem [1]). Let (P,w) be a symplectic manifold. Then, around every point
p € P, there exist local coordinates {q*,p;}, with i = 1,...,n, such that

w = idqi A dp;.

i=1

The coordinates {q*,...,q",p1,-..,pn} are called Darbouz coordinates.

In Darboux coordinates {¢,p;}i—1,... n the volume form is given by
p=dg" Adpy A--- Adg™ Adp,.

Darboux coordinates are far from unique. Darboux’s theorem asserts only the local existence of coordi-
nates in which the symplectic form assumes its canonical expression. These facts reflect the absence of
local invariants in symplectic geometry. That is, locally, all symplectic manifolds of the same dimension
are locally indistinguishable.

Cotangent bundles constitute one of the most important classes of symplectic manifolds. Indeed,
given a manifold @, its cotangent bundle T*@ is naturally equipped with the canonical one-form, whose
exterior derivative defines a symplectic form on 7*@Q. Moreover, cotangent bundles provide the natural
geometric framework for Hamiltonian mechanics, where points of T*(Q represent states of a mechanical

system in terms of positions and momenta.

Definition 1.1.4. Let @ be a smooth manifold and let 7 : T*Q) — @ denote the natural projection of
its cotangent bundle. The canonical one-form, also called the Liouwville form, is the differential one-form
0g € Q1 (T*Q) defined by

(0Q)a, (Va,) = (g, Ta,7(va,)), Yg€Q, Vo €T Q, Vva, € Ty, T7Q.

Here, (-,-) denotes the natural pairing between covectors and vectors. The canonical two-form (or sym-
plectic form) on T*Q is the differential two-form wg € Q*(T*Q) given by wg = —dfg.

In local coordinates {q’,p;}i=1... adapted to T*Q, the Liouville one-form and the canonical sym-

.....

plectic form [1] on T*@ are given by
b = Zpidqi, wg = —dlg = qui A dp;.
i=1 i=1

The symplectic manifold (T*Q,wq) plays a significant role in classical mechanics and has numerous
physical applications [1, 89].
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Definition 1.1.5. A vector field X € X(P) is Hamiltonian if there exists a function f € C°°(P) such
that
txw =df.

The function f is called a Hamiltonian function associated with X.

Since the symplectic form w is non-degenerate, for every f € C°°(P) there exists a unique vector field
Xy € X(P) satisfying tx,w = df. We call Xy the Hamiltonian vector field associated with f. The set of
all Hamiltonian vector fields on (P,w) is denoted by Ham(P,w). Hamiltonian vector fields preserve the
symplectic structure. It is worth noting that the Hamiltonian function of a Hamiltonian vector field can
be defined as tx,w = —df, but this approach is more appropriate for mathematical works [125].

The symplectic form also induces a natural algebraic structure on C°°(P).

Definition 1.1.6. A Poisson bracket on a manifold P is a bilinear map {-,-} : C°(P)xC®(P) — C*>°(P)
such that (C*(P),{-,-}) is a Lie algebra and the Leibniz rule is satisfied, namely

{figh} ={f,g}h +g{f,h},  Vf,g,h € CZ(P).

Given a symplectic manifold (P,w), the bracket

{fag}w = W(vaXg)7 f7g € COO(P)a

defines a Poisson bracket on C*°(P). Bilinearity and skew-symmetry follow directly from the corre-
sponding properties of the symplectic form w, while the Jacobi identity is a consequence of the closedness
condition dw = 0 [1, 101]. Therefore, {-,-},, defines a Lie bracket on C*°(P).
To show that {-,-}, is a Poisson bracket, it remains to verify the Leibniz rule. Let f,g,h € C*°(P).
Since
tx,,w=d(gh) =gdh+hdg=gix,w+hix,w,

the non-degeneracy of w implies that X, = g X5 + hX,. Consequently,

{fvgh}w = w(Xfanh) = gw(Xf7Xh) + hW(Xfan) = g{fa h}w + h{f,g}w

Thus, {-,}., satisfies the Leibniz rule and therefore defines a Poisson bracket on C'*°(P).
One has that (x; x,) = Lx,tx, — tx,Lx, for every f,g € C°°(P) (see [1, p. 121]). Combining this
with Cartan’s formula, it follows that

L[Xf»Xg]w = ‘CXfLX.qw - LXQ'CXfw = L:XfLng = d(Ldeg) = d{ga f}w

and thus Xy, 5y = [Xy, Xg]. In other words, the mapping f € C*(P) — —X; € Ham(P,w) is a Lie
algebra morphism relative to the Lie bracket {-,-}, in C*°(P) and the commutator [,-] of vector fields
in X(P).

The construction above shows that a symplectic manifold induces a Poisson bracket on the algebra of
functions on the manifold. This observation motivates the introduction of Poisson manifolds, for which
a Poisson bracket is taken as the fundamental geometric object [125]. In this sense, Poisson geometry
provides a natural generalisation of symplectic geometry, allowing for brackets that need not arise from
a non-degenerate symplectic form.

Definition 1.1.7. A Poisson manifold is a pair (P, {-,-}) where P is a smooth manifold equipped with
a Poisson bracket {-, -} : C®°(P) x C*(P) — C*(P).

The Poisson bracket on a manifold can be equivalently described in terms of a bivector field. Indeed,
since the bracket satisfies the Leibniz rule in each argument, the value of {f, g} at a point depends only
on the differentials df and dg. Consequently, there exists a unique bivector field A € V?(P) such that

{f,9}(p) = Ap ((df)yp, (dg)p), for all f,g € C*(P) and every p € P.
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The bivector field A is called the Poisson bivector (or Poisson tensor) associated with the Poisson
structure. Conversely, any bivector field A € V?(P) defines a bracket on C*°(P) by

{f.9} = A(df,dg),  f,g€C=(P),

where the above expression is understood pointwise. This bracket is automatically bilinear, skew-
symmetric, and satisfies the Leibniz rule. The Jacobi identity is equivalent to the condition [A, A]s = 0,
where [, -|s denotes the Schouten—Nijenhuis bracket [125]. Thus, a Poisson structure may be equivalently
described either by a Poisson bracket or by a bivector field A satisfying [A, A]s = 0.

As shown above, every symplectic manifold (P,w) defines a Poisson bracket {-, -}, on C*°(P). Recall
the vector bundle isomorphism w® : TP — T*P, given by wb(v) = 1w, and define A := — (wb)_l :
T*P — TP. The corresponding bivector field A € V?(P) is given by

Ale, B) := B(A(a)),  a,BETP.

In particular, A(df,dg) = {f, 9}w, where f,g € C°(P), so A is precisely the Poisson bivector associated
with the symplectic form w. With a slight abuse of notation, we also denote by w” the induced morphism
of C°°(P)-modules

W’ X(P) — QY(P), X+ ixw.

In terms of these maps, the Hamiltonian vector field X associated with f € C>°(P) satisfies
W(Xp)=df,  A¥Hdf) = —X;.

Thus, the symplectic form and the corresponding Poisson bivector encode the same Hamiltonian dynam-
ics, and their associated bundle maps are related by A* = —(w”)~1.

To conclude, every symplectic manifold is naturally a Poisson manifold, but the converse is not true
in general, since a Poisson bivector may be degenerate and therefore need not arise from a symplectic
form.

1.1.2 Contact geometry

Contact geometry can be regarded as the odd-dimensional counterpart of symplectic geometry and pro-
vides a natural geometric framework for systems with dissipation, thermodynamics, and non-conservative
dynamics. Standard references include [15, 32].

Let M be a manifold of dimension 2n+1, where n € N. A distribution D C T'M of corank one is locally
described as the kernel of a differential one-form n € QY(U), where U C M is an open neighbourhood
of each point x € M. Then, a distribution D is said to be maximally non-integrable if, for every local

n

defining form 7, the differential form n A (dn)™ is nowhere vanishing on every neighbourhood U C M.

Equivalently, n A (dn)™ defines a volume form on U. In this case, 7 is called a contact form on U.

Definition 1.1.8. A contact manifold is a pair (M, D) where M is a smooth manifold of dimension 2n+1
and D is a corank one maximally non-integrable distribution on M. We call D a contact distribution on
M.

When the distribution is globally defined as the kernel of a one-form, one obtains the notion of a
co-oriented contact manifold.

Definition 1.1.9. A co-oriented contact manifold is a pair (M, n), where 7 is a differential one-form on
M such that (M, kern) is a contact manifold. We call 5 a contact form on M.

In much of the modern literature, the distinction between contact manifolds and co-oriented contact
manifolds is often overlooked, and the latter are simply referred to as contact manifolds. In particular,
every contact manifold can locally be regarded as a co-oriented contact manifold, which explains why this



6 Chapter 1. On k-contact geometries

distinction is not relevant when studying local aspects of dynamical systems on contact manifolds [80].
However, when global structures are considered, it is useful to keep the distinction explicit. Throughout
this work, unless explicitly stated otherwise, a contact manifold will always mean a co-oriented contact
manifold (M, n).

It is important to note that a contact distribution does not determine a unique contact form. If 5 is a
contact form and f € C°°(M) is nowhere vanishing, then f7 is also a contact form and defines the same
contact distribution ker(fn) = ker . Consequently, a contact structure is represented by an equivalence
class of contact forms differing by multiplication by a non-vanishing function.

Moreover, the non-degeneracy condition of a contact form yields a distinguished splitting of the
tangent bundle. More precisely, a differential one-form 7 on a (2n + 1)-dimensional manifold M is a
contact form if and only if TM = kern & ker dn.

Every co-oriented contact manifold (M, 7) admits a canonical vector field that encodes a distinguished
direction transverse to the contact distribution and plays a crucial role in contact dynamics.

Definition 1.1.10. Let (M, n) be a contact manifold. The unique vector field R € X(M) satisfying
tpn =1, trdn =0,
is called the Reeb vector field associated with 7.

It follows from the above definition that the distribution ker dn is generated by the Reeb vector field.
Using Cartan’s formula we have the following proposition.

Proposition 1.1.11. If R denotes the Reeb vector field of a contact manifold (M,n), then
5317 = 0, ,CR(dn) =0.

The Reeb vector field therefore generates a flow that preserves both the contact form 7 and its
differential dr.
A fundamental result in contact geometry is the contact analogue of Darboux’s theorem.

Theorem 1.1.12. (Darboux theorem for contact manifolds [33]) Let (M,n) be a co-oriented contact
manifold with dim M = 2n + 1. Then, around every point x € M, there exist local coordinates {q*,p;, 2},
with i =1,...,n, called Darboux coordinates, in which the contact form takes the canonical form

n=dz— sz'dqi-

i=1
Furthermore, in these coordinates the Reeb vector field is R = %.

The Darboux theorem shows that all contact manifolds of the same dimension are locally equivalent.
Let (M, n) be a co-oriented contact manifold. Let us define a vector bundle isomorphism b, : TM —
T*M by
by (v) = to(dn) + (Lom)n, ve T, M.

Its inverse is denoted by 4, = b, 1. In particular, the Reeb vector field can be expressed by R = t,(n). A
one-form 7 is a contact form precisely when the map b,, is a vector bundle isomorphism.

Definition 1.1.13. A contact Hamiltonian system is a triple (M, n, h), where (M, n) is a co-oriented con-
tact manifold and h € C°°(M) is a function, called the contact Hamiltonian (or simply the Hamiltonian
when the contact structure is understood from the context).

Every contact Hamiltonian system (M, n, h) admits a unique vector field X}, called the contact Hamil-
tonian vector field associated with h, characterised by the conditions below.
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Proposition 1.1.14. For every contact Hamiltonian h, there exists a unique vector field X, € X(M)

determined by the conditions
tx,dn = dh — (Rh)n, tx,m = —h,
or equivalently Lx,n = —(Rh)n, tx,n = —h, or
by(Xn) =dh — (Rh + h)n.

In Darboux coordinates, the contact Hamiltonian vector field X} takes the form
n

oh 9 "/ Oh oh\ 8 oh d
Z ap aq Z <6qi +piaz> (97]% + <;pzap - h> % (111)

i=1 v

Therefore, an integral curve ¢(t) = (¢*(t), pi(t), 2(t)) of X}, satisfies the so-called contact Hamilton equa-
tions, that is, the system of ordinary differential equations

d¢*  Oh dp; oh oh ;
_ _ D E : =1,...,n.
dt ap,L? dt (8(]2 +p’baz)7 plapl 7 ? ’ 7n

i=1

The equations for ¢* and p; reduce to the classical Hamilton equations whenever the Hamiltonian does
not depend on the contact coordinate z. More precisely, unlike symplectic Hamiltonian mechanics, the
contact Hamiltonian function is generally not conserved along its own flow. Indeed, X (h) = —(Rh)h.
Consequently, whenever Rh # 0, the energy-like quantity h changes along trajectories. This property
makes contact geometry particularly suitable for modelling dissipative systems. A function f € C*°(M)
is called a dissipated quantity if Xp(f) = —(Rh)f [80]. Such quantities decay (or grow) according
to the same law as the Hamiltonian itself. Therefore, the extra z-dependence introduces dissipative
terms, allowing contact Hamiltonian systems to describe friction, damping, thermodynamic processes,
and irreversible phenomena within a unified geometric framework. Thus, contact geometry extends the
reach of symplectic mechanics beyond conservative dynamics.

Definition 1.1.15. Using the notation introduced above, the vector field
En,=hR+ X € X(M)
is called the evolution contact Hamiltonian vector field associated with the Hamiltonian h : M — R.

Indeed, if {q¢*, p;, z} are Darboux coordinates on M, then by (1.1.1),

oh 8 ",/ dh oh\ o " 9h
=2 G~ (G TP ) o L g

1=

The integral curves of E}, satisfy

dg'  0h dp;  (0h  Oh dz <~ 0Oh
dt — ap;’ dt __(6qi+pzaz>’ _ij

Evolution vector fields were introduced in [122].

1.2 Fundamentals on geometric field theory

The geometric description of classical field theories requires structures adapted to systems of partial
differential equations. In this section, we recall the main geometric notions and formalisms that will be
used later in the development of k-contact Hamiltonian field theory.
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1.2.1 Distributions, k-vector fields and integral sections

The concept of k-vector fields provides one of the fundamental geometric tools for the study of systems
of partial differential equations. In particular, they furnish an appropriate framework for describing the
geometric structure underlying such systems and play a central role in the k-symplectic, k-cosymplectic,
and most importantly, k-contact formalisms [72]. For completeness, we briefly recall the basic notions
and results that will be used throughout this work.

A distribution on M is a subset D C TM such that, for every x € M, the fibre D, = DNT, M
is a vector subspace of T, M. We call dim D, the rank of D at x € M. A distribution D is smooth
if, for every © € M, there exists a neighbourhood U C M of x and vector fields X1,..., X, € X(U)
such that D, = (Xi(y),...,X,-(y)) for every y € U. Note that r does not need to coincide with
dim D,. A distribution D is said to be regular if it is smooth and of constant rank. Similarly, a
codistribution on M is a subset C' C T*M such that C;, = C' N'T3;M is a vector subspace of T M for
every x € M. Meanwhile, the annihilator of a distribution D is the codistribution D° = | | ., D3, where
DS ={a e Ti:M | afv) =0for all v € D,y}. The rank of the codistribution D° at x € M is called the
corank of D at x.

A distribution D on M has a constant rank m if and only if D has constant corank n — m, where
dim M = n. We denote this by writing rk D = m, and cork D = n — m. It is important to note that if D
is not regular, then D° may not be smooth.

Using the canonical identification E** = F for a finite-dimensional vector space F, it follows that
(D°)° = D. We denote by I'(D) the space of vector fields on M taking values in the distribution
D. Throughout this dissertation, we simply write ‘distribution’ rather than ‘generalised distribution’
Although the latter terminology is common in the literature for arbitrary distributions that are not
assumed to be smooth or of constant rank, our terminology should cause no confusion.

Consider a differential one-form n € Q'(M). Then, 5 spans a co-distribution C = (n) = {(n,) | = €
M} € T*M. Then, C has rank one at every point where n does not vanish. The annihilator of C is the
distribution kern C TM. The distribution C° has corank one at every point where n does not vanish,
and zero otherwise.

Consider the Whitney sum of k copies of the tangent bundle of M, namely @k TM =TM ®yp ) P
TM, where the fibre product is taken over M. Then, we have the natural projections

pra:EBkTM%TM, prM:EBkTM—>M, a=1,....k,
where pr® is the projection onto the a-th component of the Whitney sum.

Definition 1.2.1. A k-vector field on M is a section Z: M — @k TM of the vector bundle pr,; :
@ T™M — M.

The space of k-vector fields on M will be denoted by X*(M). In case of k = 1 we simply write
XY (M) = X(M). A k-vector field Z € X*(M) defines a commutative diagram

@ TMm
z e (1.2.1)
M7 TM

where Z, = pr®oZ with o =1,...,k.
Thus, in view of diagram (1.2.1), a k-vector field Z € X¥(M) is equivalently described by a family of
vector fields Z1,...,Zy € X(M), where

Zo =préo4, a=1,...,k.

Accordingly, we make an identification Z = (Z1, ..., Zx).
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Definition 1.2.2. Let ¢: U C R*¥ — M be a smooth map. The first prolongation of ¢ is the map
¢ U CRF — @F TM defined by

¢'(t) = (¢(t);Tt¢ (;ﬂ’) T <£k

where t!,...,t* denote the standard Cartesian coordinates on R¥.

)) = (B 04(1),  teRY,

The notion of an integral section provides the natural generalisation of an integral curve to the setting
of k-vector fields.

Definition 1.2.3. An integral section of a k-vector field Z = (Zy,...,Zy) € X¥*(M) is a map ¢: U C
RF — M such that ¢ = Z o ¢, that is, T¢ (%) =Zso¢ for a=1,.... k. We say that k-vector field
Z € X*(M) is integrable if and only if every point of M is in the image Im¢ of an integral section of Z.

Let {1,...,2,} be local coordinates on M. Consider a k-vector field Z = (Zy,...,Z;) € XF(M)
with local expression Z, = Y"1 | Z% 5% for @ = 1,...,k. Then, ¢: U C RF — M is an integral section

rra
of Z if and only if its coordinates form a solution of the system of partial differential equations
0¢* :
af)a:Z(’Xogb, 1=1,...,n, a=1,...,k. (1.2.2)

The system of PDEs (1.2.2) is integrable if and only if [Z,, Zs] = 0 for o, 8 = 1,...,k (see [58] for
details). These conditions are equivalent to the integrability of the k-vector field Z.

Let us consider the distribution generated by the components of Z, denoted by DZ := span{Z,..., Zy}.
Assume that DZ has constant rank. The notion of integrability for a k-vector field is more restrictive
than that for its associated distribution. In fact, DZ is integrable if and only if it is involutive, that is,

k

[Za7Z,8]:Zf;//jZ"/a Oé,ﬁzl,...,k;,
y=1

for some smooth functions fgﬂ € C*(M). By contrast, the k-vector field Z is integrable if and only
if the vector fields 71, ..., Z, commute pairwise. Whenever Zy, ..., Z; are linearly independent, this is
equivalent to f;’ﬁ =0 for a, 5,7 =1,...,k. Consequently, every integrable k-vector field determines an
integrable distribution, whereas the converse does not hold in general.

Throughout this dissertation, the symbol Z is reserved for an arbitrary k-vector field. Other boldface
letters will be used to denote distinguished classes of k-vector fields, such as Hamiltonian and evolution
k-vector fields, which will be introduced in the subsequent sections.

1.2.2 Geometric preliminaries for field theory

This section reviews the preliminaries needed for the geometric formulation of Hamiltonian field theories
(see [9, 72, 110]). Throughout this thesis, we fix the canonical basis {ey,...,ex} of R¥ where k is a
positive integer. The dual basis on R** will be denoted by {e,...,e"}.

Let Qf(M,R*) denote the space of R¥-valued differential /-forms on M and consider 8 € Q(M,RF).
k

a1 0% ® eq for some unique differential ¢-forms

This form can be represented uniquely as 8 = 3
6',...,0% € QY(M). Unless otherwise stated, all algebraic operations on RF-valued forms are under-
stood componentwise. We say that 8 € Qf(M,R¥) is non-degenerate if ker 6 := ﬂizl ker 0% = {0}. The

contractions of a vector field Z € X(M) and a k-vector field Z € X¥(M) on M with 8 € Qf(M,R¥) are
given, respectively, by

& k
170 = szaa ®eq € QY M, RYY, 170 = ZLZQQO‘ e Q).

a=1 a=1
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Meanwhile, the exterior derivative of 8 € Qf(M,RF) is given by

k
d6 =) " do* @e, € QT (M, RF).

a=1

Furthermore, given two R¥-valued differential forms 19 = 22:1 V¥ ®eq € Q9 (M, RF) and v = 22:1 re®

ea € Q2 (M,RF), we define their componentwise exterior product by

k
DAv =Y (9" Av*)®eq € QT (M RF),

a=1

while the exterior derivative of the above reads
d@Arv)=ddArv + (1) 9 Adv e QT (M, RY) .

Likewise, the Lie derivative of an RF-valued differential form 6 € Qf(M,RF) along a vector field

Z € X(M) is defined by
k
L70 = Lz6"®eq € Q(MR).
a=1

Consequently, Cartan’s formula extends naturally to RF-valued differential forms, namely £,0 = 1,d6 +
d (LZ 9)

Moreover, the Lie derivative satisfies the usual Leibniz rule with respect to the exterior product. More
precisely, if 9 € Q% (M,R*) and v € Q% (M, R¥), then

Lz (OAV) = (Lz9)Av+IA(Lyv) € QT2 (M, RY).

The above definitions are useful for simplifying the description of our methods. A point-wise analogue
can be defined similarly. In particular, these definitions apply to the contraction of elements of E or
E ®RF with E* @ R for a vector space E. Note that we will freely switch between the intrinsic notation
introduced above and the corresponding componentwise expressions whenever convenient. The intrinsic
notation is preferred in statements of results, whereas componentwise expressions will be used when they
simplify computations and applications.

1.2.3 k-Polysymplectic geometry

The geometric treatment of first-order classical field theories requires generalisations of the structures
arising in symplectic geometry that are adapted to systems of partial differential equations. Among these
approaches, k-symplectic geometry, also referred to as k-polysymplectic geometry, was introduced by A.
Awane [9, 10] and later employed in the geometric description of first-order classical field theories by
M. de Ledn et al. [66-68] and L.K. Norris [93, 98] (see also [72]). The resulting geometric structure
agrees with the polysymplectic structures considered by G.C. Giinther [42], but should be distinguished
from other approaches to polysymplectic geometry, such as those developed by G. Sardanashvily et al.
[34, 120] and I.V. Kanatchikov [49]. Since closely related but non-equivalent geometric structures occur
in the literature under similar names, the terminology adopted in this dissertation is fixed explicitly in
Definition 1.2.4.

The k-polysymplectic framework provides a geometric formulation of several classes of partial differ-
ential equations arising in classical field theory. In particular, it has been used to describe the Euler—
Lagrange and Hamilton—-De Donder—Weyl equations and their associated dynamics, including those of
first-order regular autonomous field theories [24, 64, 72, 74]. Tt also provides tools for the geometric
study of symmetries, conservation laws and reduction in field theories [9, 42, 90, 114]. Beyond this field-
theoretic setting, k-polysymplectic geometry has also been applied to systems of ordinary differential
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equations and, in particular, to the study of their superposition rules [86]. This constitutes a different
use of the framework from its usual application to partial differential equations in classical field theory.

The purpose of this subsection is to introduce the k-polysymplectic structures required throughout
this dissertation and to relate them to the polysymplectic and k-symplectic terminology found in the
literature. This distinction is necessary because the same or similar terminology has been used for
different, non-equivalent geometric structures. In particular, the foundational works of Giinther [42] and
Awane [9] illustrate the different conventions that have appeared in this context.

Definition 1.2.4. A k-polysymplectic form on a manifold P is a closed, non-degenerate R¥-valued dif-

ferential two-form
k

w= Zwa ® eq € Q*(P,RF).
a=1
A manifold P endowed with a k-polysymplectic form w is called a k-polysymplectic manifold and is
denoted by (P,w). If, moreover, there exists & € Q'(P,R*) such that w = d@, the k-polysymplectic
structure is said to be ezact.

The term ‘k-polysymplectic manifold’ is sometimes shortened to ‘polysymplectic manifold’ in the
literature (see, for instance, [90]). Since ‘polysymplectic manifold’ is also used for a distinct geometric
structure, which will be introduced below, we retain the prefix ‘k-’ throughout this dissertation whenever
the distinction is relevant.

Equivalently, a k-polysymplectic structure on P can be described by a family of closed two-forms

wh, ..., wk € O%(P) whose kernels have trivial intersection. Indeed, for w = Zi:l w® ® eq, the non-
degeneracy condition is
k
kerw = ﬂ ker w* = 0.
a=1

Throughout this dissertation, RF-valued differential forms will be denoted by bold symbols. We now
recall the more restrictive notions of polysymplectic and k-symplectic structures that will be used in
what follows.

Definition 1.2.5. Let P be an n(k + 1)-dimensional manifold.

o A polysymplectic form on P is an R*-valued differential two-form

k
w= Zwa @ eq € N2 (P,RY),

a=1
where w!, ..., w* € Q2(P) are closed and satisfy the non-degeneracy condition

k
kerw = ﬂ ker w® = 0.

a=1
A manifold endowed with such a form is called a polysymplectic manifold and is denoted by (P, w).

e A k-symplectic structure on P consists of a polysymplectic form w together with an integrable
distribution V' C TP of rank nk satisfying

Wy =0.
The triple (P,w, V) is then called a k-symplectic manifold, and V is referred to as its polarisation.

Moreover, a polysymplectic or k-symplectic structure is said to be ezact if there exists 8 € Q(P,R¥)
such that w = dé.
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The notion of a k-symplectic manifold given above agrees with that introduced by A. Awane [9, 11].
It is also locally equivalent to the standard polysymplectic structure considered by C. Giinther [42]. The

two notions are globally equivalent when an atlas of compatible Darboux charts exists.

Moreover, the
k-symplectic structure is globally equivalent to the integrable p-almost cotangent structure introduced by
M. de Leén et al. [66, 67]. For k = 1, Awane’s definition reduce to that of a polarised symplectic manifold,
that is, a symplectic manifold endowed with a Lagrangian distribution [74].

In Giinther’s terminology, a polysymplectic manifold is obtained by considering the differential forms
entering a k-symplectic structure without requiring the additional distribution V. A standard polysym-
plectic manifold, on the other hand, is a polysymplectic manifold admitting local Darboux coordinates
and is therefore locally equivalent to a k-symplectic manifold. The role of the polarisation V is precisely
to ensure the existence of an atlas of compatible k-symplectic Darboux coordinates, while the existence
of such an atlas determines the corresponding polarisation (see [9, 38] and [110, p. 57]).

Theorem 1.2.6 (Darboux theorem for k-symplectic manifolds). Let (P, w, V') be a k-symplectic manifold.

Then, around every point p € P, there exist local coordinates {q*, p®}, withi=1,...,n anda=1,...,k,
such that
W= Sl ndtwen. V= (50).
a=1i=1 Op;

Such coordinates are called k-symplectic Darboux coordinates.

The following canonical construction provides the fundamental example of a k-symplectic manifold
and will be used repeatedly throughout this dissertation.

Example 1.2.7 (Canonical model for k-symplectic manifolds). Let @ be an n-dimensional manifold and
consider the Whitney sum
k
DT Q=TQ a0 - o TQ.
Denote by 7©: @k T™Q — T*Q, for a« = 1,...,k, the projection onto the a-th factor, and by
TQ: @k T*Q — @ the natural projection onto the base. Local coordinates {¢'} on @ induce natu-
ral coordinates {¢%, p%} on EB" T*Q, withi=1,...,nand a=1,... k.

Let 6 € QY(T*Q) be the Liouville one-form on the cotangent bundle and let w = —df be the cor-
responding canonical symplectic form. These forms induce the canonical RF-valued forms on @k T™Q
given by 0 = Zizl(ﬂa)*ﬂ ® eq, and wy = —dO. In the induced natural coordinates, they take the
form

dg" A dp$ @ eq.
1

k n
O,=> > pidf'®es, wp=)

n
a=1i=1 a=1i=

Therefore, setting Vj, = ker Tmg, the triple (@k T"Q, wg, Vk) defines a k-symplectic manifold. Moreover,

the natural coordinates {q*, p¢} are k-symplectic Darboux coordinates. A

Given a k-polysymplectic manifold (P,w), the vector bundle morphism

k k k
bo: (V1,...,0%) € @TP — ZLva(w,ea) = ZLUQQ)Q eT*P,
a=1 a=1

induces a morphism of C°°(P)-modules, namely b, : X*(P) — Q!(P). The morphism b, is surjective,
since the annihilator of its image is contained in ﬂZ:1 kerw® = kerw = 0.

It is not clear, however, what Giinther means precisely by an atlas of canonical charts, and, in particular, which
compatibility conditions are imposed on different Darboux charts.
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1.2.4 w-Hamiltonian functions and vector fields

This subsection introduces the notions of Hamiltonian vector fields and Hamiltonian functions associated
with a k-polysymplectic structure.
Definition 1.2.8. Let (P,w = 22:1 w*® ey ) be a k-polysymplectic manifold. A vector field X € X(P)

is called w-Hamiltonian if it is Hamiltonian with respect to each of the presymplectic forms w', ..., w"

)

, W
that is, txw® is closed for every @ = 1,...,k. The space of w-Hamiltonian vector fields on (P,w) is
denoted by X, (P).

The closed one-forms ¢xw® need not admit globally defined potentials. They are, however, locally
exact. Since this dissertation is primarily concerned with local aspects of the theory, this possible global
obstruction will not play a role in what follows.

It is convenient to collect the local Hamiltonian functions associated with the different components
of w into a single R¥-valued function. This leads to the following notion (see [9, 86] for further details).

Definition 1.2.9. Let (P,w = 22:1 w® ® eq) be a k-polysymplectic manifold. An R¥-valued function
h = 22:1 h® ® eq € C°(P,RF) is called an w-Hamiltonian function if there exists a vector field
Xp € X(P) satisfying vx, w = dh, or, equivalently, tx, w* = dh®, for « = 1,...,k. In this case, h is said

to be associated with Xp. The space of w-Hamiltonian functions on (P, w) is denoted by CZ°(P).

When the k-polysymplectic form w is clear from the context, w-Hamiltonian vector fields and functions
are also referred to as k-Hamiltonian. In [94], a k-Hamiltonian system associated with an RF-valued
Hamiltonian function h is described by the corresponding vector field Xp. A related terminology was
introduced by A. Awane [9], who refers to h as a Hamiltonian map of a vector field X when X is, in
addition, an infinitesimal automorphism of a distribution on which the presymplectic forms defining the
k-symplectic structure vanish.

Notice that, whenever it exists, the vector field X}, associated with an w-Hamiltonian function h is
unique. Indeed, if X and X}, satisfy the defining condition, then

k
Xp — Xp, € ﬂ ker w® = kerw = 0.
a=1
The following results summarise some basic properties of w-Hamiltonian functions and vector fields.
Further details can be found in [86].

Proposition 1.2.10. FEvery w-Hamiltonian vector field admits at least one associated w-Hamiltonian
function. Conversely, every w-Hamiltonian function determines a unique w-Hamiltonian vector field.
Moreover, the space CX(P) associated with a k-polysymplectic manifold (P,w) carries a Lie algebra
structure. Its vector space operations are defined componentwise by

k k
htg:=> (h"+g%) ®eq, Arhi=) A" @eq,

a=1 a=1

where h = Zk h* ® eq,g = ny:l g ® ey € CX(P), and X € R. The corresponding Lie bracket

a=1
{ }o: CF(P) x CZ(P) = CZ(P) is given by
k
{h7g}w = Z{ha’ga}w” ® eq,
a=1
where {-, -} o denotes the bracket associated with the presymplectic form w®, for a =1,... k.

In contrast to the Lie bracket, the componentwise product

k
hxg= Z(ho‘ga) ® eq

a=1
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does not, in general, define an w-Hamiltonian function [86, p. 2239]. Consequently, (CX(P),*, {+, }w)
does not generally form a Poisson algebra. Moreover, for a fixed h € C2(P), the map

{h, }o: CZ(P) — CZ(P), g+ {g,h}s,

is not, in general, a derivation with respect to x. These properties distinguish the k-polysymplectic
setting from the usual Poisson framework. Nevertheless, {h, g}, = 0 whenever g is locally constant. The
following result records another property of this Lie algebra.

Proposition 1.2.11. Let (P,w) be a k-polysymplectic manifold. Every w-Hamiltonian vector field Xp
acts as a derivation of the Lie algebra (CX(P),{:, }w) according to

Xnf ={fh}w,  feCZ(P),

where h is an w-Hamiltonian function associated with Xp.

1.2.5 k-Polycosymplectic geometry

The geometric description of non-autonomous field theories leads naturally to structures that extend the
k-polysymplectic framework by incorporating the dependence on space-time variables. In this context,
k-polycosymplectic geometry generalises the cosymplectic formulation of non-autonomous mechanics [1]
to field theories whose Lagrangian or Hamiltonian functions may depend explicitly on the space-time
coordinates [69, 70]. Non-autonomous field theories can be formulated in terms of both k-polycosymplectic
[95] and k-cosymplectic structures [69]. Further details on the k-symplectic and k-cosymplectic formalisms
can be found in [39, 72, 96], while their relationship with the multisymplectic formalism is discussed in
[109].

We begin with the notion of a k-polycosymplectic structure. Let {eq,...,er} be the canonical basis
of R* and write

k k
T:ZTa@)em w:Zwa(X)ea,
a=1 a=1
where 7% € Q' (M) and w® € Q*(M).

Definition 1.2.12. A k-polycosymplectic structure on a manifold M is a pair (T,w), where 7 € Q' (M, R¥),
and w € Q%(M,R¥) are closed R¥-valued differential forms satisfying

k
rkkerw:rk(ﬂ kerwa> =k, ker w Nker ™ = 0.

a=1
A manifold endowed with such a structure is called a k-polycosymplectic manifold and is denoted by
(M, 1,w). If, moreover, dim M = k + n(k + 1) for some n € N, then (7,w) is called a polycosymplectic
structure, and (M, T,w) is called a polycosymplectic manifold.

Definition 1.2.13. A k-cosymplectic structure on a manifold M is a triple (7,w, V), where (7,w) is a
polycosymplectic structure on M and V C TM is an integrable distribution of rank nk satisfying

7|y =0, wly oy = 0.
A manifold endowed with such a structure is called a k-cosymplectic manifold and is denoted by (M, T,w, V).

If w is exact, that is, w = d@ for some 8 € Q'(M,RF), the corresponding k-polycosymplectic,
polycosymplectic or k-cosymplectic structure is said to be ezxact.

The additional distribution appearing in a k-cosymplectic structure gives rise to a Darboux theorem
analogous to that of k-symplectic geometry.



Chapter 1. On k-contact geometries 15

Theorem 1.2.14 (Darboux theorem for k-cosymplectic manifolds). Let (M, T,w, V) be a k-cosymplectic
manifold. Then, around every point x € M, there exist local coordinates {t*, q",p®}, withi =1,...,n
and o =1,...,k, such that

k n

k
w:Zqui/\dp?@ew T:z_:ldto‘@)eou V=<ai?>

a=1 i=1

Such coordinates are called k-cosymplectic Darboux coordinates.

An important feature of a k-polycosymplectic structure is the existence of a distinguished family of
vector fields determined by (7,w). These vector fields provide the analogue of the Reeb vector field in
cosymplectic geometry [18] and will also be useful in relating k-polycosymplectic and k-polysymplectic
structures.

Proposition 1.2.15. Let (M, T,w) be a k-polycosymplectic manifold. There exists a unique family of
vector fields Ry, ..., Ry, € X(M), called the Reeb vector fields, satisfying

LR, T = €q, tr,w =0, a=1,... k. (1.2.3)

Proof. Set D = kerw = ﬂ];:l ker w®. By Definition 1.2.12, D has rank k£ and D Nker T = 0. Hence the
restriction 7|,: D — RF is injective. Since both D, and R have dimension k, it is an isomorphism at

every ¢ € M. Consequently, for each o = 1,...,k, there exists a unique vector field R, taking values
in D such that 7(R,) = eq. Since R, € D = kerw, one also has (g, w = 0. Thus, the vector fields
Ry,..., Ry satisfy (1.2.3), and their uniqueness follows from the fact that 7|, is an isomorphism. O

1.2.6 k-Polycosymplectic Hamiltonian systems

This subsection introduces the Hamiltonian description of non-autonomous field theories within the k-
polycosymplectic framework. The additional one-form 7 accounts geometrically for the independent
variables, while the Hamiltonian dynamics is described by a suitable k-vector field.

Definition 1.2.16. Let (M, T,w) be a k-polycosymplectic manifold and let h € C°°(M). The quadru-
ple (M,T,w,h) is called a k-polycosymplectic Hamiltonian system. Meanwhile, a k-vector field X =
(X1,...,Xp) € XF(M) is called a k-polycosymplectic Hamiltonian k-vector field associated with h if it

satisfies
k

ixw =dh — > (Rah)7,
a=1 (1.2.4)

LXyT = €g, B=1,... k.

The space of k-polycosymplectic Hamiltonian k-vector fields associated with (M, 7T,w) is denoted by
XF (M, T w).

Ham

Unlike the Hamiltonian vector field associated with an w-Hamiltonian function in the k-polysymplectic
setting, a scalar Hamiltonian i does not, in general, determine a unique k-polycosymplectic Hamiltonian
k-vector field. This non-uniqueness becomes transparent in local coordinates.

Suppose that, in a neighbourhood of a point x € M, there exist k-cosymplectic Darboux coordinates
{t*, ¢, p¢}, withi =1,...,n and o = 1,..., k. In these coordinates, a k-vector field X = (X1,..., X)
can be written as

o 0 d
= 57 L 57
X, = (Xa) 517 + (Xa) o7 + (Xa); o
If X satisfies (1.2.4), then
. Oh b oh
B =P = 2 a_ 7
(Xa)” =0y,  (Xa) o > (Xo) o (1.2.5)
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Thus, the components (X, a)f are constrained only through the sum of their diagonal terms, which accounts
for the non-uniqueness of the Hamiltonian k-vector field associated with a given h.

Assume now that X is integrable and let ¢: U C R¥ — M be one of its integral sections. Locally,

B(s) = (12(), () p2(8)), s =(sh,...,sM) e T

The condition T (0/9s*) = X,, o ¢ together with (1.2.5) yields

B i kL ope
0 g, 0L _On| Opf _ Okl (1.2.6)
0s“ 9s  Ip |y el 00" | y(s)

These equations are the k-polycosymplectic Hamilton—-De Donder—Weyl equations associated with the
Hamiltonian function h.

Example 1.2.17 (Vibrating membrane under an external force). Consider a vibrating membrane whose

equilibrium configuration is described by Cartesian coordinates {x,y} and which is subjected to a time-

dependent external force f(t,z,y). Let M = R3 x @3 T*R be the corresponding phase space, endowed

with global coordinates {t, z,y, ¢, pt, p®, p¥}. Here, ( represents the transverse displacement of the mem-

brane from its equilibrium configuration, while p?, p*, p¥ denote the corresponding momentum variables.
Consider the Hamiltonian function h € C°°(M) given by

1 1

1
tmy:7t2_7x2_7y2_
ht, 2.y, ¢, 0" ") = S()° = 55 (0°)" = 55 (0")" = C f(t 2, y),

where ¢ > 0 is a constant determined by the physical properties of the membrane.
Let 1o: R® — M be a section locally written as

U(t,z,y) = (tz,9,C2,9),0 (6 2,9), 07 (L 2,y), 0 (L, 2,)).
Then, the k-polycosymplectic Hamilton—-De Donder—Weyl equations (1.2.6) take the form

o', o oy

E‘i‘aix‘f‘ oy = f(t,z,y),
9 v 0 1. 00 1y
at P or 2P oy 2P

Substituting the momentum variables from the second set of equations into the first one gives

0%¢ ¢ 0%
62 ((91.2 + 6y2) = f(tvxay)7

which is the equation governing a forced vibrating membrane.

ot?

As is customary in the literature [110], we use the same symbols {¢,z,y} for the coordinates on the
base and for the corresponding coordinates on the domain of the section 1. This convention will be used
throughout this dissertation.

The same system can also be expressed in polar coordinates {r,0}. In this case, consider the Hamil-

tonian
1 1 r2

.6 f) = 5 (092 = 5072 = Z09P ) = r p(ero)

For a section 1: R3® — M of the form

,(/)(t7 T, 9) = (ta T, 97 C(t7 T, 9),pt(t7 T, €>7pr(t7 T, 9)’p9(t7 T, 9))7
the corresponding Hamilton—De Donder—Weyl equations are

opt  op” o’
ot T or T og =m0,
o 1, %K 1 9 _ T

ot L o 2t e T 2Y




Chapter 1. On k-contact geometries 17

Eliminating the momentum variables yields

9% L (0% 19¢ 19\
FTER <8r2+r8r+r2892)f(t7r’9)’

which is the forced membrane equation expressed in polar coordinates. A

1.2.7 k-Contact geometry

Let us present the basic notions of k-contact geometry [29, 30, 84]. Note that k-contact geometry is a
generalisation of contact geometry developed to deal with dissipative first-order field theories [110]. The
main idea was to generalise the notion of a contact form as follows.

Definition 1.2.18. A k-contact form on an open subset U C M is a differential one-form on U taking
values in R¥, that is n € Q(U,R¥), such that kern C TU is a regular non-zero distribution of corank k
and kern @ kerdn = TU.

If n is a k-contact form defined on M, the pair (M, n) is called a co-oriented k-contact manifold, and
kerdn is called the Reeb distribution of (M,n). Moreover, if dim M = n + nk + k for some n,k € N
and there exists an integrable distribution V C ker § with rkV = nk, then (M, n,V) is called a polarised
co-oriented k-contact manifold. The distribution V is referred to as a polarisation of (M,n).

The previous formalism recovers contact forms for & = 1. Nevertheless, Definition 1.2.18 requires
kern # 0 to avoid studying the case kK = 1 on a one-dimensional manifold. In this instance, kern = 0 is
sometimes said to be maximally non-integrable [37], although it is an integrable distribution. Moreover,
accepting kerng = 0 involves dealing with several technical nuances in k-contact geometry, which is
undesirable (cf. [84]). Despite this, one should note that kern # 0 is a mere technical condition and
excludes an instance of no relevance in contact or k-contact geometry.

Theorem 1.2.19. Let (M,n = 22:1 n* ® ea) be a co-oriented k-contact manifold. There exists a
unique family of vector fields Ry, ..., Ry € X(M) such that

LRan’Bzég, LRudn’g:O, a,B=1,...,k.

The vector fields Ry, . .., Ry, commute with each other, that is, [Ry, Rg] = 0 fora, 8 =1,..., k. Moreover,
these vector fields form a basis of the Reeb distribution, namely kerdn = (Ry,..., Ry).

Since the Reeb distribution ker du is the intersection of the kernels of the closed two-forms dn?, ..., dn*
and has constant rank k, it is involutive and hence integrable by Frobenius’ theorem.

Definition 1.2.20. Given a k-contact manifold (M, n), the Reeb k-vector field of (M, n) is the integrable
k-vector field R = (Ry,...,R;) on M whose components are described in Theorem 1.2.19. The vector
fields Ry, ..., Ry are called the Reeb vector fields of the co-oriented k-contact manifold (M, n).

The following example will be used repeatedly throughout this thesis, serving as the principal model
of k-contact geometry considered hereafter. It also admits a natural interpretation in terms of first-order
jet bundles and arises in numerous applications to classical field theory [84].

Example 1.2.21. The manifold
k
Jok = @T*Q x R
carries a canonical k-contact manifold structure defined by the k-contact form

k
nQk = Z(dzo‘ —0Y) ® eq.

a=1
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Here, {z!,..., 2"} are the pull-backs of linear coordinates on R* to Jq.k via its canonical projection onto
R*. These coordinates are hereafter called dissipative variables due to their relation to dissipation in field
theories [110]. Note that Jq  also admits a natural projection onto @* T*Q. Moreover, each 6 is the
pull-back to Jg j of the Liouville one-form 6 on the a-th copy of the cotangent bundle T*( via the natural
projection Jgr — EBk T*Q ey T*Q. Additionally, Jg i admits a vertical distribution Vg . relative to
the natural projection onto @ x R¥ of rank k - dim @ contained in kerng . Therefore, (Jo.x, 0.k, Vo.k)
is a polarised co-oriented k-contact manifold. From now on, we assume @ to be n-dimensional.

Any choice of local coordinates {q',...,q"} on @, together with linear coordinates on R¥, induces a
natural coordinate system {¢’, p¥, 2%} on Jg x, with a = 1,..., k. In these coordinates,
= dz® — “dg’ €, d = dg® A dp$ €a , Rg = —,
moi= 3 (4= S oo amai= 3 (Sarna ) mo=

for 6=1,...,k, and

0 0 =50
kerngr = <5pi°"5'qi +ﬁz=:1pi(9zﬁ>

Example 1.2.22. Let us study the k-contactification of an exact k-symplectic manifold. More specifi-
cally, consider an exact k-symplectic manifold (P, w = 22:1 w* ® ey) with w = —d@, and the product
manifold M = P x R¥. Let {z1,..., zk} denote the pull-backs to M of linear coordinates on R¥, and let
0%, be the pull-back of #* from P to M in the canonical manner.

Define the R*-valued one-form

k
ne=» (dz* —0%) @ eq € Q' (M,RY).

a=1

Then, (M,ng) becomes a co-oriented k-contact manifold. Indeed, ker g has corank k and is non-zero,
while dng = —d@ for 0y = Y2 _, 6%, @ e,. Then,

0 0
kerd'r'o = <azl,,8zk>

has rank k, since (P,w) is k-symplectic. Hence, ng is a k-contact form on M.

The canonical k-contact form 7 j described in Example 1.2.21 is precisely the k-contactification of the
exact k-symplectic manifold (P = @k T"Q,wq.ir = 22:1 w@ ®eq), where wg denotes the pull-back to P
of the canonical symplectic form from the a-th copy of T*@Q via the natural projection from @k T*@ onto
its a-th copy of T*Q. Note that one can construct a canonical one-form 08¢ = 22:1 05 ®eq € QY(P,R¥)
from the pull-back 6, to P of the canonical Liouville form f¢ on the a-th copy of T*Q) in P. Moreover,
W,k = —dBQ.

A

Note that, for £ = 1, the construction presented in Example 1.2.22 reduces to the usual contactification
of an exact symplectic manifold. Indeed, let (P,w = —df) be exact and consider M = P x R endowed
with differential one-form n = dz — 0y, where 6); denotes the pull-back of 6 to M. Then

0

dn = —dbyy, kerdn<6>,
z

since —d@y, is the pull-back of a symplectic form w to M. Thus, n is a contact form on M, and (M, n)
is the usual (co-oriented) contactification of (P,w).
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Theorem 1.2.23 (k-contact Darboux Theorem [110]). Let (M, n,V) be a polarised co-oriented k-contact
manifold. Around every point of M, there exist local coordinates {q',p$,z%}, with 1 < i < n and

1 < a<k, such that
k n
o o1 0 0 0
?7=a§_:1<d2 —Zpidq>®ea, kerdn=<R1=821,...,Rk=M>, <8pl> L

=1 otk
These coordinates are called Darbouz coordinates of (M,n,V).

Note that we can formulate a local converse part of the above theorem. If a co-oriented k-contact
manifold (M, n) admits on an open neighbourhood U of p € M coordinates {q*, p%, 2%}, with 1 <i < n
and 1 < «a <k, so that n = Zizl (dzo‘ = > p2dg’ )®6m then 0|y gives rise to a polarised co-oriented
k-contact manifold (U, n|y,V = (9/0p%)).

By Theorem 1.2.23, the manifold Jg j introduced in Example 1.2.21 provides the canonical local model
for polarised co-oriented k-contact manifolds (see [84] for details). Moreover, the k-contactification of
P = @k T*Q endowed with its canonical exact k-symplectic structure, as described in Example 1.2.22,
realises precisely this canonical model.

We now introduce a vector bundle morphism that will be very useful in Chapter 3. Given a co-oriented
k-contact manifold (M, n), we can define a vector bundle morphism over M of the form y: @k TM —
T*M x R by

X(Z) = (tzdn, 1zn).

We say that a k-vector field Y on M is called an n-gauge k-vector field if it takes values in ker x.

Note that the vector bundle morphism Y is injective if and only if & = 1. In this case, a co-oriented
one-contact manifold (M, n) is a contact manifold. The morphism x will play a fundamental role in
the study of k-contact Hamiltonian systems. In particular, the k-contact Hamilton—De Donder—Weyl
equations for k-vector fields admit solutions for every Hamiltonian function, but these solutions are not
unique when k£ > 1 (see [44]).

Proposition 1.2.24. Let Jgo ; = @k T*Q x R* be endowed with Darboux coordinates {q' p¢, 2%}, and
letx € Jg . Consider Z = (Zu,...,2Z) € faly ToToks with Zo =1 | Z}, 0(?; +3 0, Z,@ (Z )fﬁ—k

zg:lZga%,fora: 1,...,k. Then

k k
keI“Xz{Z(Zl,'--,Zk)GEBkajQ,k Z5=0 Z ZZ@‘:O, il,...,n,ﬂl,...,k}.
a=1 a=1

In particular, ker x, C @" Vio(mq), and dimker x, = (n + 1)(k? — 1), where mg: Jor — Q is the
canonical projection and V (mwg) = ker Tng is its vertical bundle.

Proof. For the canonical k-contact form 7q 1, the two components of the morphism x are

n k
vzdngr =Y > (ZLdpf = (Za)§dq') . uzmor = Z (ZO‘ Zp"ZZ>
i=1 a=1 a=1

Hence, Z € ker x, if and only if both expressions vanish. By the linear independence of the one-forms
dg® and dp$, the first condition is equivalent to ZE, = 0, and Zk 1(Za)¢ =0, foralli =1,...,n and
B=1,...,k. Once Z! =0, the second condition reduces to Zi 12§ = 0. Therefore, Z € ker x, if and
only if Zj =0, -8 _ | (Za)¥ =0, and Sh_, Z& = 0.

The conditions Z! = 0 are precmely the conditions for T;mg(Z,) = 0. Thus, each Z, belongs to
Vz(mg), and consequently ker x, C e v, (rg). Within er v, (77@) the coefficients (Z,)? and Zf provide
nk?+k? = (n+1)k? independent parameters. The n conditions Z 1(Za)¥ =0, fori=1,...,n, together
with Za:l Z% =0, give n+ 1 independent linear constraints. Hence, dimker x, = (n+ 1)k* — (n+1) =
(n+1)(k* - 1). O



20 Chapter 1. On k-contact geometries

1.2.8 k-Contact Hamiltonian systems

This section reviews the Hamiltonian formulation of classical field theories with dissipation in the co-
oriented k-contact framework. Further details can be found in [84, 85, 110].

Definition 1.2.25. A k-contact Hamiltonian system is a triple (M,n, h), where (M, n) is a co-oriented
k-contact manifold and h € C>°(M) is called the Hamiltonian function. Let ¢ : U C R¥ — M, where U
is an open subset of R¥. The associated k-contact Hamilton—De Donder—Weyl equations are

k

k k
wa{,dﬁa = (dh Z([:Rah)na> o1, Zwéna =—hot, (1.2.7)

a=1 a=1 a=1

where ¢/ (t) = (Y1 (t),..., (1)) € @" TM denotes the first prolongation of 1 (see Definition 1.2.2).
The corresponding Hamilton-De Donder-Weyl equations for a k-vector field X = (Xq,...,X%) €
XF(M) are

k k k
txdn = Z tx,dn® = dh — Z(ﬁRah)na, XN = Z tx,n*=—h. (1.2.8)
a=1 a=1 a=1
A k-vector field X satisfying (1.2.8) is called a k-contact Hamiltonian k-vector field associated with
(M, n,h), or simply n-Hamiltonian k-vector field if h is understood from the context.
In k-contact Darboux coordinates, equations (1.2.7) become

dq  oh

w_aipfow’

i

°3\
Il
VY
[~]=
\'M:
hd +
& Q‘
Q
FQ‘:
\
~_
o
<

Likewise, if

Oh
Xg)l = =
( B) 8])?
k k

. oh . oh
> (X :_<aqi+z Zaza>7 i=1,...on, fB=1,... k. (1.2.9)
a=1 a=1
k k n

o o Oh
DX =)D P —h,
a=1 a=11=1 apl

The following result establishes the relationship between the Hamilton—De Donder—Weyl equations
for sections and for k-vector fields.

Proposition 1.2.26. Let X € X*¥(M) be an integrable k-vector field. Then, X satisfies (1.2.8) if and
only if every integral section of X satisfies (1.2.7).

It is important to emphasise that a k-vector field satisfying (1.2.8) need not be integrable and there-
fore need not admit integral sections through every point. Furthermore, equations (1.2.9) show that
a Hamiltonian k-vector field is, in general, not uniquely determined, since they prescribe only certain
combinations of components. Equivalently, if X is a k-contact Hamiltonian k-vector field associated with
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(M,n,h), then X +Y is also a k-contact Hamiltonian k-vector field for every n-gauge k-vector field Y,
that is, for every Y € ker .

Finally, we present an equivalent characterisation of the k-contact Hamilton—-De Donder—Weyl equa-
tions, which follows directly from applying Cartan’s formula to equations (1.2.8).

Corollary 1.2.27. The k-contact Hamilton-De Donder—Weyl equations (1.2.8) are equivalent to the
following conditions

(‘CRQ h)’la )

k
=1

k
Lxn = Z Lx,n* =1xdn+d(xn) =—
a=1

(e

k
xn =Y tx,n"=~h,
a=1

where X = (X1,...,X,) € XF(M).

Definition 1.2.28. The k-contact orthogonal of a vector subspace E, C kerm,, for x € M and a
k-contact manifold (M, n), is the vector subspace

Ein = {v, € kern, | dn(ve, wy) =0, Yw, € E,}.

Then, E, is isotropic if E, C EmL 7. Meanwhile, F, is Legendrian if E, is isotropic and it admits
an isotropic complement F, such that F, @& E, = kerm,. A distribution E C TM is isotropic (resp.
Legendrian) if every E,, with & € M, is isotropic (resp. Legendrian). A submanifold of M is called
isotropic (resp. Legendrian) if its tangent space at each point is isotropic (resp. Legendrian). A subspace
W, C T,M is called coisotropic if (W, Nkern,)*n C W, Nkern, and mazximally coisotropic if (W, N
ker 0, )tn = W, Nkern,.

The following lemma is necessary so as to stress why our results retrieve natural Hamilton—Jacobi
equations for contact Hamiltonian systems when k = 1.

Lemma 1.2.29. Let (M,n) be a contact manifold with dim M = 2n+1 and let N C M be a submanifold
of dimension n + 1 such that n|py ts nowhere vanishing. Then, N is coisotropic if and only if it is

maximally coisotropic.

Proof. Fix x € N and set W, := T,N Nkern,. Since ’71|T1N is a nonzero linear form on the (n + 1)-
dimensional space T, N, one has that T,V + ker 7, has dimension 2n + 1 and dim W, = n. On the other
hand, (ker 7z, dng|kern, ) is a symplectic linear space of dimension 2n, so dim Waf- =2n—dimW, =n. If
N is coisotropic, then VV;EL " C W,, and since both spaces have dimension n, they must be equal. The

converse is immediate. O

Example 1.2.30 (The damped wave equation). The dynamics of a vibrating string can be described
within the k-contact Hamiltonian framework [29]. Let {t,x} denote the standard coordinates on R2,
and take the configuration space to be @ = R. The corresponding phase space is @2 T*R x R2?, with
coordinates {u,p’,p”,s',s*}. Here, u represents the displacement of the string from its equilibrium
position, while p’ and p® are the momenta conjugate to u with respect to the independent variables ¢ and
x, respectively. As in Example 1.2.21, the canonical two-contact structure on @2 T*R x R? is given by

nt =dst — p'du, n® =ds® —pdu.
A Hamiltonian function h € C* (@2 T*R x Rz) describing a damped vibrating string is

1
2p

1

T\ 2 t
- — k
5 (0%)" + ks,

h(u,pt,pz,st’sw) = (pt)Z
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where p denotes the linear mass density, 7 the string tension, and k > 0 the constant damping coefficient.
A corresponding two-contact Hamiltonian two-vector field X = (X1, X?) is

¢
Tt St S S B
X = pBquAtathrAx@perBt@st Bxasr’

v 9 9 9 ®)* @) 9
x2—_P 9 29 _ptoAl B2 2 W) W) g _pt) 2
T Ou + topt (kp" + t)ap”” + L st < 2p 27 8 t) ost’

where A}, AL, B}, Bl, A? and B? are arbitrary smooth functions on M. For example, choosing

Tk(pt)?u

1 _
Be = pp*

) B?:Btz(st7px)7

and setting
Af =By =A; =0, A =-kp,

yields an integrable k-vector field X. The associated Hamilton-De Donder—Weyl equations are therefore

o1,
ot p’

ou _ 1.,

or L

opt  op® :

9Ly

o or P

ost  0s* 1. ,, 1, .,
95 O ) — —(p%)? — ks
ot + or 2p(p) 27'(p ) §

Substituting the first two equations into the third gives the damped wave equation
Pu 0% ou
o2 0x? ot

where ¢ = T . A
p

Example 1.2.31. Let us illustrate our previous theory by studying a damped double sine-Gordon
equation. Consider coordinates {t,z} on R? and let Q = R. The phase space is Jg 2 = (T*R®T*R) x R?
with coordinates {u,p’,p®, 2%, 2%}. The variable u represents a scalar field, while p' and p® denote
the conjugate momenta associated with the independent variables ¢ and x, respectively. The double
sine-Gordon equation appears in several physical contexts, for instance in long Josephson junctions and
related non-integrable field-theoretic models [50, 103, 124]. Let us consider the Hamiltonian function
hpsa € C®(JIr,2) given by

1 1
hpsa (u, p, p*, 2*, 2%) = 5 ((pt)Q - E(Pw)z) +a(l — cosu) +b(1 — cos 2u) + §(Zt)2> (1.2.10)
C

where ¢ > 0 and a,b € R are constants.
The Hamilton-De Donder-Weyl equations for the associated ng 2-Hamiltonian two-vector field read

xX

1
o = pt, Bpu = —=p", 00" + 0,p” = —(asinu + 2bsin 2u + z'p')
c
together with

1 1
Dot + 9,27 = 5((pt)2 - g(pmf) —a(l — cosu) = b(1 - cos2u) — 3 ()%

Using the first two equations in the third one, we obtain

Ut — gy + asinu + 2bsin 2u + zlu, = 0. (1.2.11)
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Hence, hpgg yields a damped double sine-Gordon equation with effective dissipation coefficient 2¢. One
may regard 2t = (¢, ) as a prescribed space-time dependent attenuation coefficient, while 2% is chosen
so that the balance equation for the dissipative variables is satisfied. In this way, (1.2.11) becomes

Ut — gy + asinu + 2bsin 2u + At, x)u, = 0.

Therefore, the quadratic term %(2’5)2 in the Hamiltonian allows one to encode variable dissipation directly

within the two-contact formalism in a non-autonomous manner. A

1.2.9 Evolution k-contact k-vector fields

We now generalise contact evolution vector fields [62] to the k-contact setting. This construction will be
used in the development of the k-contact Hamilton—Jacobi theory in Chapter 3.
On a co-oriented one-contact manifold (M, n), an evolution vector field is a vector field E on M that
satisfies the equations
vpdn =dh — (Lrh)n,  ten=0,

for a certain h € C*°(M). In fact, E is uniquely determined from h because kern @ kerdn = TM.
Meanwhile, for the k-contact setting with k& > 1, an evolution k-contact k-vector field is defined as
follows.

Definition 1.2.32. An evolution k-vector field associated with a k-contact Hamiltonian system (M, n, h)
is a k-vector field E on M satisfying

E k k
wpdn =Y g, dn® =dh =Y (Lr,h)n™,  wn =Y tgn* =0. (1.2.12)
a=1 a=1 a=1
The above equations for a fixed h € C*°(M) are called the evolution k-contact Hamilton-De Donder—Weyl
equations for k-contact vector fields. If h is understood from the context, we refer to E as an n-evolution
k-vector field.

The main difference between the system (1.2.12) and the k-contact HHIDW equations for n-Hamiltonian
k-vector fields is that tgm = 0 instead of tgnp = —h. The following result is a simple modification of [44,
Proposition 3.5] to the evolution k-contact realm.

Proposition 1.2.33. Evolution k-contact Hamilton-De Donder—Weyl equations (1.2.12) admit solutions.
They are not unique if k > 1.

Proof. Consider the mapping p: E € @ TM — tgdn € T*M . One has that tr. p(E) = 0 for ev-
ery Ry,...,Rg. Hence, Imp C (kerdn)°. Moreover, Im p = (kerdn)°, otherwise, (Im p)° would have
dimension bigger than k& and (Im p)° Nkern # 0. But (Imp)° C ker dn and

(Imp)° Nkern C kerdnNkern =0,

which is a contradiction. Therefore, for every h there exists some k-vector field E such that p(E) =
dh — Zizl(ﬁpm h)n®. Then, (E1 — (tgn) R, ..., E)) is an n-evolution k-vector field for h.

If K > 1 and E is a solution to the evolution k-contact HADW equations, then any functions
15y [ € C°°(M) satisfying 22:1 fa = 0 give another solution E + (f1 Ry, ..., frRk). O

Consider a k-vector field E = (E1, ..., Ey) € X¥(M). Its local expression in Darbouz coordinates in a
co-oriented polarised k-contact manifold (M, n, V) reads

n

=> (Ea)' aq

i=1
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Moreover, equation (1.2.12) implies that

&
™
Nl

<
Il
Q‘

. oh o~ Oh
(Ea); —<8qi+2_:1piaza>v i=1,...,n, B=1,...,k.
n k

oh
(Ba)® = Z Zp;’a? )

a=1 j=1la=1 J

Thus, the first two sets of equations coincide with those of the Hamiltonian formulation, whereas the last
equation differs by the absence of the term —h.
The following observation is immediate from the local expressions above, so we only record the state-

ment.

Lemma 1.2.34. Let E = (E4,..., Ey) be an n-evolution k-vector field. Then, E' = (E1,...,E}) with
E,=FE.— ) (Es)’Rg, a=1,... .k,
BF#a

satisfies the same k-contact Hamilton—De Donder-Weyl equations as E. In particular, E' is again an
n-evolution k-vector field for the same Hamiltonian function.

We now turn to the corresponding equations for integral sections, which provide the PDE formulation
of the evolution dynamics.

Definition 1.2.35. Given a k-contact Hamiltonian system (M, n, h), the evolution k-contact Hamilton—
De Donder—Weyl (HIDW) equations are

k k k

Z Ly dn® = (dh - Z(ﬁRah)no‘> o1, z Lyr ™ =0, (1.2.13)
a=1 a=1

where solutions are maps v¢: D C R¥ — M, where D is an open subset of R¥.

In Darbouz coordinates for some (M,n,V), one may write ¥(t) = (¢*(t), p$(t), 2%(t)) and equations
(1.2.13) read

dq"  Oh
GG *@Oﬁ)a
k k
opy Oh o Oh
— ot (aqi +;pi aza> 4 (1.2.14)
k k. n
0z“ oh
T_Zzpa o ¢7
a=1 ot a=1j=1 ! 8pj
fori=1,...,nand g =1,...,k.
k

Lemma 1.2.36. Let (P,w = ) _,w® ®ey) be an exact k-symplectic manifold, with w = —d@, and
let (M =P xRF np= Z§:1 N ® eq) be its induced k-contactification. Let p: M — P be the canonical
projection and H € C*(P), set h == H o p, and let X = (X1,...,Xk) be a k-symplectic Hamiltonian
k-vector field for H, i.e. Z];:l tx,w* =dH. Then, there exists a unique k-vector field E = (Ey, ..., E))
on M such that pyEq = Xo, tp,n® =0 and tp, dz? =0 for every a, B =1,...,k with a # . It is given

by
)

0z’
where )~(a denotes the lift of X, to M tangent to the P-factor. Moreover, E is an m-evolution k-contact
k-vector field for h.

Eo = Xo 4 p*(0%(X.)) a=1,...k, (1.2.15)
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Proof. Consider the vector fields E, defined by (1.2.15). By construction, p.E, = X, and tp,_ dz? =0
for every 3 # a. Since n® = dz® — p*#®, one has dn® = p*w®. Moreover, 3/0z” takes values in ker dn®
for every a, 5. Hence, we obtain

k k k
Z tg, dn® = Z Lkvup*wo‘ =p* (Z anwa> =p*(dH) =dh.
a=1 a=1 a=1

On the other hand,
e, " = vz (d2% = p %) 4 p"(0%(Xa)) tojozen® -

Since X, is tangent to the P-factor, one has L5 dz® = 0, while L5 p0% = p*(0*(Xa)) and 19/5.0n* = 1.
Therefore, tg, n“ = 0 for every «, and thus 22:1 tg,Mn* = 0. Hence, E is an evolution k-contact k-vector
field for A.

Finally, let F = (F},..., Fx) be another k-vector field on M such that p.F, = X,, tp,n* = 0 and
LFadzﬁ =0 for every 5 # «a. Then, F, — )Z'a is vertical with respect to p, so F,, = )?a + 22:1 fg@/azﬁ
for certain functions f2. Since n%(9/92°) = 05, the conditions ¢, n* =0, for o = 1,..., k, yield

0=n"F,) =—p*(0*(Xa)) + f¥, a=1,... k.

Thus, f¢ = p*(0%(X,)) for a = 1,..., k. The conditions ¢t dz? = 0 for 3 # « force all off-diagonal
coefficients to vanish, that is, fB 0 whenever B # a. Then, the conditions ¢y, n* =0 for a =1,...,k,
determine uniquely the remaining diagonal coefficients. Hence, F,, = E, fora =1,... k. O

1.2.10 Dissipation laws

In the k-contact setting, one is frequently interested in dissipative systems admitting quantities that are
no longer conserved but still evolve according to a specific law [20]. As a motivation, recall that if X}, is a
contact Hamiltonian vector field on P, then Lx, h = —(Rh)h and more generally, a dissipative quantity
is a function F' € C°°(P) that satisfies Lx, ' = —(Rh)F. This shows that, in the contact case, the
Hamiltonian evolves according to a dissipation law governed by the Reeb dynamics.

Guided by this fact and the corresponding notion of conservation law in field theory, one may
introduce the concept of dissipation law for a k-contact Hamiltonian system (M,n,h). For a map
F = (FY,...,F¥): M — RF, two related notions are defined. First, F satisfies the dissipation law
for sections if, for every solution 1 of the k-contact HIDW equations, the divergence of F o1 satisfies

k
div(F o)) = Z [(Rah)F] 0.

Note that ¢ : U C R¥ — M and Fo :t € U C R¥ — F(1(t)) € RF ~ T;RF can be understood as a
vector field, while R* can be endowed with the standard volume form € = dt' A ... A dt* giving rise to
the divergence of F o 1.

It is also worth analysing the meaning of the above expression. When the right-hand side is zero,
this expression is what is called a local conservation law for systems of PDEs, where F' o 1) is called the
conserved current [42, 99, 100]. Meanwhile, the right-hand side measures how the left-hand side differs
from a local conservation law, which is recovered, in particular, when A is invariant under all the Reeb
vector fields, that is, when L, h =0 for every a =1,... k.

Second, F satisfies the dissipation law for k-vector fields if, for every k-vector field X = (X1,..., Xx)
solving the geometric HADW equations for k-vector fields, one has

k

k
> Lx,F* ==Y (Roh)F
a=1

a=1
It can be proved that if F' satisfies the dissipation law for sections, then the above identity holds for every
integrable k-vector field X satisfying the geometric Hamilton—De Donder—Weyl equations. Conversely, if
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the identity holds for a given integrable k-vector field, then its integral sections satisfy the corresponding
divergence law.

The following results explain how infinitesimal dynamical symmetries generate dissipation laws (see
[29, Proposition 6.6 & Proposition 6.10]).

Definition 1.2.37. An infinitesimal dynamical symmetry of a k-contact Hamiltonian system (M, n, h)
is a vector field Y on M such that
,Cy’r] = 0, ,Cyh =0.

Theorem 1.2.38. IfY is an infinitesimal dynamical symmetry, then F' = —.yn satisfies the dissipation
law for k-vector fields.

Hence, infinitesimal dynamical symmetries generate dissipation laws, in analogy with the role played
by symmetries and conservation laws in conservative theories, but now adapted to the k-contact frame-
work.



Chapter 2

Classical Hamilton—Jacobi theory

In its original form, Hamilton—Jacobi theory offers a method for solving Hamilton’s equations, i.e. the
system of first-order ordinary differential equations of motion describing a mechanical system [1, 7, 36].
The classical approach is to find a canonical transformation leading to constants of motion, so that
Hamilton equations become trivial. The idea underlying Hamilton—Jacobi theory is to replace the study
of trajectories in phase space with the search for a function S(q, P, t), called Hamilton’s principal function,
which serves as a generating function for a canonical transformation and satisfies the Hamilton—Jacobi

&g+h(q7&g’t> :07
dq

equation

ot

where h(q,p,t) is the Hamiltonian function of the system. In this way, the problem of solving a system
of ordinary differential equations is replaced by that of solving a first-order partial differential equation.
Once a complete solution S is found, the dynamics of the system can be recovered by differentiation [7,
19, 113].

From a geometric point of view, Hamilton—Jacobi theory can be naturally formulated within the
framework of symplectic geometry [19, 113]. In what follows, we shall primarily restrict our attention to
autonomous systems, described by a time-independent Hamiltonian h. In this setting, the phase space
is modelled by the cotangent bundle T*M of the configuration space M, equipped with its canonical
symplectic form w. The Hamilton-Jacobi equation then takes the form

a8
hig=2)=E,
(q 3Q>

where E is a constant. In the geometric formulation, solutions of the Hamilton—Jacobi equation are
associated with Lagrangian submanifolds of the phase space that are invariant under the Hamiltonian
flow and transversal to the fibres of the cotangent bundle. More generally, a complete solution, depending
on a suitable set of parameters, gives rise locally to a foliation of the phase space by such Lagrangian
submanifolds. Each leaf of this foliation is obtained as the image of the differential of S for a fixed value of
the parameters [19, 113]. This geometric formulation will constitute the main setting for the subsequent
developments in this chapter. The non-autonomous case requires a suitable extension of this framework
and will be briefly addressed separately.

The chapter is organised as follows. In Section 2.1, we first review the classical Hamilton—Jacobi
theory on cotangent bundles, starting from its formulation in terms of canonical transformations and
establishing its relation with the Hamilton—Jacobi equation. Some representative examples are presented
in Section 2.2. In Section 2.3, we introduce the geometric formulation of Hamilton—Jacobi theory on
symplectic manifolds [19]. We first consider the generalised Hamilton—Jacobi problem and then recover
the classical Hamilton—Jacobi problem by imposing the appropriate conditions. This allows the classical
theory on cotangent bundles to be understood as a particular instance of a more general geometric
construction. The relation between the two formulations is further illustrated through examples. Finally,

27
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in Section 2.4, we briefly discuss the modifications required for non-autonomous Hamiltonian systems
and the corresponding time-dependent Hamilton—Jacobi theory.

2.1 The classical Hamilton—Jacobi method

Let M be a smooth manifold of dimension n. Consider the phase space T*M equipped with adapted
coordinates {q*, p; }i=1.....n, where {q'};,—1, ., stand for the configuration variables and {p; };—1, .., denote
their conjugate momenta. Consider a Hamiltonian function h : T*M — R, which determines the dynamics
of the mechanical system. The corresponding Hamilton’s equations are

d¢'  Oh dp;  Oh

Now consider a time-dependent canonical transformation that maps the original Darboux coordinates

(q(@),p(t), i=1....n

{q",p:;} into a new set of Darboux coordinates {Q?, P;} (for more details on canonical transformations,
see [36]). Locally, such a transformation can be generated by a function S = S(¢%, P;,t). If S is taken to
be a generating function of this type, then
oS , 0S
pi = 87]“ Q' = 37]32-’
Under this transformation, the Hamiltonian in the new coordinates Q?, P; takes the form
oS oS oS
K="—"—+h|¢,....q", —,...,— ).
ot (q T 5 5(]”)

The objective is to choose the generating function S so that the transformed Hamiltonian K vanishes

oS oS oS
—+h{d,. . = — ) =
ETi (q, 4 5 ’aqn> 0

This is the Hamilton—-Jacobi equation for the autonomous Hamiltonian system, and a solution S is

1=1,...,n.

identically, that is,

called Hamilton’s principal function. With this choice of S, the transformed Hamiltonian vanishes and,
consequently, the new canonical variables Q?, P; are constant. The original trajectories are then recovered
by inverting the canonical transformation,

qi = qZ(Q,P,t)’ Di :pl(Qapvt)a

and provide the solutions to Hamilton’s original equations. Therefore, instead of solving a coupled system
of ordinary differential equations, one reduces the problem to solving a single partial differential equation
for the function S. In many physically relevant situations, this reformulation proves considerably more
effective.

A standard separation ansatz assumes that the principal function can be decomposed as

S(qlaPut) = W(qza-Pz) - tE?

where E is a constant, interpreted as the total energy of the system, and W is called Hamilton’s charac-
teristic function [36]. Substituting this expression into the transformed Hamiltonian equation yields

ow ow

hig,....",—,...,— | =F

Oq* oq"
This equation is known as the time-independent Hamilton—-Jacobi equation. Since it is the form most
frequently encountered in applications, it is often referred to simply as the Hamilton—Jacobi equation.

Various constructive methods exist for determining the canonical variables {Q?, P;}. In particular,

suppose that P; are conserved quantities and that Hamilton’s characteristic function W (q?, P;) satisfies
the time-independent Hamilton—Jacobi equation. Then, using S = W — tFE, the relations

08 08
- aqia Q’L - TPZ"

DPi
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determine the canonical transformation. Consequently, the functions

q(t) = q(Q, P,t),  p(t) =p(Q,P;t),

provide the general solution of the original Hamiltonian system.

2.2 Examples of the classical Hamilton—Jacobi method

To complement the preceding theoretical discussion, we now consider several classical examples of the
Hamilton—Jacobi method. These examples demonstrate how the Hamilton—Jacobi equation can be em-
ployed to obtain solutions of classical dynamical systems and reveal the connection between the principal
function and the system’s trajectories. Through these examples, we highlight the effectiveness of the
method in reducing the complexity of the equations of motion. The following cases were selected to
present different aspects of the Hamilton—Jacobi approach and its role in classical mechanics.

Example 2.2.1. Consider a particle of mass m moving in a constant gravitational field directed along the
z-axis. The configuration space is R® with coordinates {z,y, z} and the phase space becomes T*R3 with
coordinates {x,y, 2, g, Py, p-}. The potential energy is V(x,y,2) = mgz and the Hamiltonian function
reads

1
h(xvyazvpmapy»pz) = % (pi +p§ +p§) + mgz.

Since the Hamiltonian function does not depend explicitly on time, the system is conservative and the
total energy F is constant. For such systems, the Hamilton—Jacobi equation can be written in terms of
characteristic function W, namely

e |(5) + (5r) (5

The goal is to find a function W that satisfies this equation. Once W is known, the particle’s trajectory

+mgz = E.

can be obtained directly. Notice that the Hamiltonian is a sum of terms involving x, y, and z separately.
This suggests trying a separable solution of the form

W = Wa(z) + Wy (y) + W (2).
Substituting this into the Hamilton—Jacobi equation gives
1| (oW, 2+ oW, 2+ oW, \?
2m Ox dy 0z

Since x and y do not appear explicitly in the potential energy, their corresponding momenta must be

+mgz = E.

constants of motion. In that case we say z and y are cyclic coordinates. We therefore introduce the

separation constants
AW, LA

Toda Yo dy
Physically, those constants are simply conserved momenta in the z- and y-directions, that is, p, = k, and
py = ky, which is also consistent with Hamilton equations. Substituting these into the energy equation
yields

_dw,
P = dz
where for definiteness, we restrict our consideration to the positive branch of p,, corresponding to the

\/Zm(E —mgz) — k2 — k2, (2.2.1)

particle’s upward motion. The above expression shows how the vertical momentum changes with height
because gravity acts only in the z-direction. From the above relation, integration immediately gives

T Yy z
Wz(z):/ ky da, Wy(y):/ ky dy, Wz(z):/ \/2m(E—mgz)—k§—k:§dz.
x Y Z0o

0 0
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Therefore, the complete characteristic function reads

T y z
W:/ kydx + k:ydy—i—/ \/Zm(E—mgz)—k’%—k;;dz.
Zo Yo 20

The Hamilton—Jacobi formalism tells us that differentiating W with respect to the separation constants
produces new canonical coordinates. For the energy parameter we obtain

oS / mdz
Cg=—+= -,

OB \/ 2m(E — mgz) — k2 — k2

and similarly
kydz ky dz
Co=a—x0— ) =Y =Y~
20 \/Qm (B —mgz) — k2 — k2 ) \/Qm (B —mgz) — k2 — k2

If the particle is located at (zo, o0, 20) at t = to, then C; = Cy = 0 and Cg = —ty. Now, the new
canonical coordinates are @, = Cy,Qy = Cy, Qg = Cg, P, = k3, Py = k,, Pe = FE with respect to which

the transformed Hamiltonian function is identically zero. In terms of the original canonical coordinates,
the above relations yield

x(t):xw%(pto), y()fyo+k(t7t) z(t)fzo+pmﬂ(t—to)f%g(t—to),

where p,, = /2m(E — mgzy) — k2 — k:g For completeness, we also give the corresponding evolution of
the canonical momenta. Although the formula for p, can be recovered from the Hamilton—Jacobi relation
(2.2.1), in this example, p. is most easily obtained directly from Hamilton’s equations. This gives

pz(t) = ka, py(t) = ky, p=(t) = pzy — mg(t — to).
Thus, we recover the familiar equations of motion for a particle in a uniform gravitational field. A

Example 2.2.2. Let us consider a one-dimensional harmonic oscillator with energy E. In canonical
coordinates {¢q,p} on T*R, the Hamiltonian function reads

2
P 1
h(q,p) = o + §mw2q2,

where w = 4/ % Similarly to the previous example, due to the conservative nature of the system, we can
write the Hamilton—Jacobi equation in terms of the characteristic function W = W (g, E), which becomes

1 fow\® 1 L,
— (== - =F.
2m<8q>+2qu

Choosing the positive branch, we obtain
dWw
= V2mE — m2w?¢?,
dg

and differentiating with respect to E yields

0. 95 _ow E/QL_t_l arcsin /™ 0 aresin /2 ) 4
PTOET 0B T T N2E ), | mee | w 2F 1 2p 1) "
2F

Choosing for simplicity the initial condition ¢(tg) = go = 0 yields Cr = —to and the above relation can

q(t) =1/ 72752 sin (w(t — to)),

while the canonical momentum is given by

p(t) = V2mE cos (w(t — tp)).

be rewritten as
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2.3 Geometric Hamilton—Jacobi theory on symplectic manifolds

Having introduced the Hamilton—Jacobi method in terms of canonical transformations and generating
functions, we now reformulate it in geometric terms. This formulation reveals the underlying geometric
structures and provides a natural setting for subsequent generalisations of the Hamilton—Jacobi problem.
Indeed, the time-independent Hamilton—Jacobi equation

. OW
h<q7aql> (2.3.1)

admits a natural geometric interpretation on the cotangent bundle T*M of the configuration manifold
M. Let w: T*M — M denote the canonical projection and let w be the canonical symplectic form on
T*M, which in Darboux coordinates {¢‘, p;} is given by

w = Z dq’ A dp;.
i=1
Let us consider a time-independent Hamiltonian function h : T*M — R. Let P C R™ be an open set of
parameters, with P = (Py,..., P,) € P, and consider a smooth function W : M x P — R. For each fixed
P € P, define Wp : M — R by Wp(q) = W(q, P). Here, W is the characteristic function introduced in
Section 2.1. For each fixed value of P, its differential defines a one-form, or equivalently a section of the
cotangent bundle,
dWp : M — T*M.

The Hamilton—Jacobi equation (2.3.1) is then equivalent to
hodWp =F,
and hence to
d(hodWp) =0.
This suggests replacing dWp by a closed one-form vp € Q'(M) and considering the condition

d(ho~yp) =0. (2.3.2)

By Poincaré’s lemma, every closed one-form is locally exact. Thus, for every ¢ € M, there exists a
neighbourhood U C M and a function Wp € C°°(U) such that

"yP|U = dWP

Consequently, equation (2.3.2) provides a geometric formulation of the classical time-independent Hamilton—
Jacobi equation.
To understand the dynamical meaning of this formulation, let X, € X(T*M) be the Hamiltonian
vector field associated with h, defined by
tx,w = dh.

Given a one-form v € Q'(M), regarded as a section v : M — T*M, the Hamiltonian vector field can be
projected onto M along . This defines the vector field

X :=TroX,oyeX(M),

where T7 : TT*M — TM is the tangent map of the canonical projection. Thus, the following diagram

commutes:

"M — X 7T M
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The aim of the Hamilton—Jacobi method can then be expressed geometrically as follows. One seeks a
suitable one-form  such that the dynamics of X} on T*M can be recovered from the lower-dimensional
dynamics of X} on M. More precisely, if ¢(t) is an integral curve of X}, one requires its lift

voq(t) = (q(t),p(t))

to be an integral curve of Xj. In this case, once ¢(t) has been obtained by integrating X, the corre-
sponding momentum is recovered directly from

For the classical Hamilton—Jacobi problem, the one-form + is additionally required to be closed and
is therefore locally of the form v = dW. The function W then provides a local solution of the time-
independent Hamilton—Jacobi equation.

2.3.1 The generalised Hamilton—Jacobi problem

The preceding geometric formulation of the Hamilton—Jacobi equation involves two distinct features: the
reduction of the Hamiltonian dynamics from T*M to M, and the closedness of the one-form defining this
reduction. It is useful to separate these two requirements. We first ask whether there exist a one-form
v € QY(M) and a vector field X € X(M) such that every integral curve of X, when mapped to T*M by
~, becomes an integral curve of the Hamiltonian vector field Xj. At this point no closedness condition is
imposed on «. This gives the generalised Hamilton—Jacobi problem. The usual Hamilton—Jacobi problem
will subsequently be recovered by restricting to closed one-forms v which locally have the form v = dJS,
leading back to the classical time-independent Hamilton—Jacobi equation.

Definition 2.3.1. The generalised Hamilton—Jacobi problem for a Hamiltonian system (T*M,w, h) is to
find a differential one-form v € Q(M) and a vector field X € X(M), such that, if ¢ : I CR — M is an
integral curve of X, then yo ¢ : I CR — T*M is an integral curve of X},. In other words,

Ft)=Xog(t) = (100)()=Xno(yoo)(t), Vel
Then, we say that the pair (X,~) is a solution to the generalised Hamilton—Jacobi problem.

There are several equivalent ways of characterizing a solution to the generalised Hamilton—Jacobi
problem. The following result (see [19, 113]) provides both dynamical and geometric interpretations of
such a solution, relating the defining condition to the invariance of Im+, the behaviour of integral curves,
and a differential condition involving . We include a detailed proof of these equivalences, following the
proof strategy outlined in [113].

Theorem 2.3.2. Let (T*M,w,h) be a Hamiltonian system, with Hamiltonian vector field Xy, and let
7w T*M — M be the canonical projection. Let v € QY(M) and X € X(M). Then, the following
statements are equivalent:

1. the pair (X,~) is a solution to the generalised Hamilton—Jacobi problem;
2. the vector fields X and X, are ~y-related, that is
Xpoy=TyoX. (2.3.3)
In consequence, X = Tm o X}, o~ and it is completely determined by X5 and y;
3. the submanifold Im~y C T*M is invariant under the flow of Xp, and X = Tmwo X} o7;

4. the integral curves of Xy with initial conditions in Im~y project by m onto integral curves of X ;
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5. the identity txdy = —d (v*h) holds for X = Tm o X} 0.

Proof. First, let us prove the equivalence 1 < 2. Let I C R be an interval, and let ¢ : I — M be an
integral curve of X. By the chain rule,

(Y0 @) (1) = Towyy (¢'(1) = Toryv (X(6(1)),  tel

Hence, if Tyo X = X}, 07, then (yo @) (t) = Xn(v(4(t))), so yo ¢ is an integral curve of Xj,. Conversely,
suppose that, for every integral curve ¢ of X, the curve o ¢ is an integral curve of X;. Given ¢ € M,
choose ¢ such that ¢(0) = ¢q. Then,

Ty (X(q)) = (v0 ) (0) = Xn(7(q)).

Since ¢ € M was arbitrary, Ty o X = X}, oy, meaning that X and X} are v-related, and conditions 1
and 2 are equivalent. Moreover, composing both sides of equation (2.3.3) with T gives

TroTyoX =Two Xy o07.
Since 7oy = idyy, it follows that Tw o Ty = Idpps. Therefore,
X =TrmoXpon7,

and X is uniquely determined by v and Xp,.

Now, let us prove 2 = 3. Assume that X}, and X are y-related. Thus, X}, 0oy(g) = Ty o X (g) for all
q € M. Since 7 is a smooth section of 7, it is an embedding onto its image, and hence T, ;) Imy = ImT 7.
Therefore, X5,(v(q)) € Ty (gImy and X, is tangent to Im+y, or equivalently, Im~y is invariant under the
local flow of Xj,. Let us prove the converse implication 3 = 2. Assume that X}, is tangent to Im-~.
Then, for every ¢ € M, X3, (7(q)) € Ty(gImy = ImT,y. Therefore, there exists X(q) € T, M such that
Xn(v(q)) = Tyy(X(q)). Moreover, since Ty is injective, this vector is unique. Applying T, 7 to both
sides, we obtain

X(q) = Ty@m (Xn(v(9))),

where we used T, (ym o Ty = idt p. Thus, X = Tro X, oy and Xj, 0oy = Tyo X. Hence, conditions 2
and 3 are equivalent.

Next, we prove 2 = 4. Assume that X and X}, are y-related. Let ® : I C R — T*M be an integral
curve of X}, satisfying ®(0) = v(qo) € Imy for some gy € M, and let ¢ : J C R — M be an integral
curve of X such that ¢(0) = go. By condition 2, the curve v o ¢ is an integral curve of Xj,. Moreover,
(v 0 9)(0) = 7v(go) = ®(0). By the uniqueness of integral curves, ®(t) = v(¢(t)) for every t € I'NJ. In
particular, ®(t) € Im~, and applying 7 yields

Therefore, every integral curve of X; with an initial condition in Im~ remains in Im~ and projects onto
an integral curve of X.

Conversely, let us prove 4 = 2. Fix ¢ € M, and let ® : I C R — T*M be the integral curve of X
satisfying ®(0) = v(q). By condition 4, the curve ¢ := 7w o ® is an integral curve of X, and ® remains in
Im~. Since ¢(0) = 7(y(q)) = g, we have ¢’'(0) = X (g). Moreover, because ®(t) € Im~y and 7w oy = idyy,

Differentiating at t = 0, we obtain

Xn(7(q)) = @'(0) = Tg7(¢(0)) = Tgv(X(q))-

Since ¢ € M was arbitrary, X oy = T~ o X. This proves the equivalence of conditions 2 and 4.
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Finally, we prove 2 < 5. First, assume that X and X are v-related. Recall that w = —d6, where 6 is
the canonical one-form on T*M. Since 7 is a differential one-form on M, it satisfies v*6 = . Therefore,

V'w=7"(=df) = =d(770) = —d.
Thus, for every ¢ € M and Y, € T,M one has

_d'Yq(an Y:;) = ('Y*W)Q(an Y:]) = Wx(q) (Tq'Y(Xq)a Tq’Y(Yq))
= Wxy(q) (Xh<'7(Q))a Tq'Y(Yq» = dhw(q)(Tq'Y(Yq)) = d(h © ’Y)q(Yq)a

where in the second line we used equation (2.3.3). Hence, tx(dvy) = —d(h o) = —d(v*h), which is
precisely condition 5.

It remains to prove 5 = 2. For this purpose, define D, := X;(v(q)) — Tgv(Xy) € Ty (oT*M. By
assumption, X = Tw o X}, o, and since Tw o Ty = Idp,s, we have

T’y(q)W(Dq) =Tygm (Xn(v(9)) — Tygm (Tgv(Xq)) = Xg — Xg =0.
In other words, D, € ker T, ()7, so D, is vertical. Moreover, for every ¢ € M and Y, € T, M,

W'y(q)(Dq’ Tq'V(Yq)) = W'y(q)(Xh(’Y(q»v Tq’Y(Yq)) - w'v(q)(Tq'Y(Xq)> TqV(Yq»
=d(hov)q(Yy) — (v'w)q(X,Yy)
= d(ho7)q(Yy) + dvg(Xg, Yo)
=0.

Hence, wq)(Dy, Tyv(Yy)) = 0 for all Y, € T, M, and therefore D, € (ImTq'y)L“. Recall that T g Imy =
ImT,v and furthermore,
T T"M = Ty (g Iy ® ker Ty g7

The vertical subspace ker T, )7 is Lagrangian with respect to the canonical symplectic form, so ker T ()™ =
(ker Ty (g)7) ¢ Since D, is vertical, it follows that w.(q)(Dg,v) = 0 for all v € ker T,y (4)m. Together with
D, e (ImTq'y)J'“, and the direct-sum decomposition, this gives w.(q)(Dg,v) = 0 for all v € Ty T*M.
By the non-degeneracy of w, it follows that D, = 0. Since ¢ € M is arbitrary, X, oy = Ty o X. Thus,
conditions 2 and 5 are equivalent. O

2.3.2 The classical Hamilton—Jacobi problem

We now impose the additional geometric structure characteristic of the classical theory on the generalised
Hamilton—Jacobi problem. Recall that the geometric reformulation of the time-independent Hamilton—
Jacobi equation (2.3.1) led naturally to a closed differential one-form ~, which locally can be written
as v = dW. In formulating the generalised Hamilton—Jacobi problem, the closedness assumption was
dropped in order to isolate the underlying dynamical condition. The preceding characterisation further
shows that, although the generalised problem was initially formulated in terms of a pair (X, ), the vector
field X is in fact completely determined by -, namely

X =TwoXpon.

Thus, the essential object to be determined is the differential one-form ~. Restoring the closedness
condition on « brings us back to the setting from which the geometric formulation originated and leads
to the classical Hamilton—Jacobi problem.

Definition 2.3.3. The (classical) Hamilton-Jacobi problem for a Hamiltonian system (T*M,w, h) con-
sists in finding a differential one-form € Q*(M) which solves the generalised Hamilton—Jacobi problem
and, in addition, satisfies

dvy =0.

Such a differential one-form + is called a solution to the (classical) Hamilton—Jacobi problem.



Chapter 2. Classical Hamilton—Jacobi theory 35

The additional closedness condition imposed on ~ has important geometric consequences.

Lemma 2.3.4. Let v € QY(M). Then, the submanifold Tm~y C T*M is Lagrangian if and only if 7 is
closed.

Proof. In the proof of Theorem 2.3.2, we have already seen that v*w = —d~y, where w is the symplectic
form on T*M. Hence, v*w = 0 if and only if dy = 0. Since v: M — T*M is an embedding onto its image,
we have ImT~y = TIm~. Therefore, v*w = 0 is equivalent to saying that w|imy = 0, so 7 is closed if and
only if Im~y is isotropic. Moreover, dim Im~y = dim M = % dim T* M, so that Im~ is a maximally isotropic
submanifold of T*M. Consequently, Im~ is isotropic if and only if it is Lagrangian. This concludes the
proof. O

Furthermore, by the Poincaré lemma, every point ¢ € M has an open neighbourhood U C M such
that
Vo =dW

for some W € C*°(U). Thus, W is a local generating function for the Lagrangian submanifold Im+, in
the sense that locally

fLW}
aqt )’

This allows the geometric formulation to be related directly to the generating function W appearing

Imy = {(q,p) eT*U : p; =

in the time-independent Hamilton—Jacobi equation. Consequently, the equivalent formulations obtained
for the generalised problem admit a natural specialisation to the classical case, as summarised in the
following theorem.

Theorem 2.3.5. Let v € QY(M) be a closed differential one-form and let W be a local function such
that v = dW. Then the following statements are equivalent:

1. v is a solution to the classical Hamilton—Jacobi problem;

2. the Lagrangian submanifold Im~vy C T*M is invariant under the flow of the Hamiltonian vector field
Xh 5

3. the identity d(y*h) = 0 holds for -y, or equivalently, h o dW is locally constant.

Proof. The result follows directly from Theorem 2.3.2 by imposing the closedness condition dy = 0.
Indeed, in this case the condition 5 of Theorem 2.3.2 reduces to d(y*h) = 0. Moreover, by Lemma 2.3.4,
the condition dvy = 0 is equivalent to Im+vy being a Lagrangian submanifold of T*M. Hence, condition 3
of Theorem 2.3.2 gives the invariance of the Lagrangian submanifold Im+~ under the flow of X},. Finally,
since locally v = dW, one has

Y*h=ho~y=hodW,

and therefore d(y*h) = 0 is equivalent to h o dWW being locally constant. Thus, all three statements are
equivalent. O
2.3.3 Examples

We shall now revisit the examples from Section 2.2 and formulate them in the framework of symplectic
geometry.

Example 2.3.6. Now, let us consider the problem given in Example 2.2.1 in a geometric manner. We
start with the configuration manifold M = R3 with coordinates {x,y, 2}, and the phase space is the
cotangent bundle T*R? equipped with canonical coordinates {z,y, 2, p, py, p-} and symplectic form

w=dx Adp; +dy Adpy +dz Adp..
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The associated Hamiltonian vector field X}, is defined by ¢x,w = dh. For the Hamiltonian function
introduced at the beginning of this example, we obtain
_ Dz 0 py O p. 0 0

x, =Pz 9 Py 9  PzY
h m8x+m8y+m8z mgapz’

which is simply Hamilton’s equations written as a vector field on phase space. The problem of solving
Hamilton—Jacobi equation reduces to finding a closed one-form v € Q!(R3), whose image Imy C T*R3 is
invariant under Xj. Writing

v = Yodx + vy dy + 72dz,

the condition dy = 0 implies locally v = dW for some generating function W. The Hamilton-Jacobi
equation is then h oy = FE, that is,

1
%(7§+v§+73)+mgz:E.

Because the Hamiltonian A is invariant under translations in x and y, it is natural to choose constant
horizontal momenta, that is, v, = P, and v, = P,. Then, v, is obtained from the above equation and
by selecting the upward branch we obtain

'y:Pmdac—l—Pydy—F\/2m(E—mgz)—Pf—Py2dz.

It follows directly that dv = 0, since the coefficient of dz depends only on z. Now consider a submanifold
L = Im~ C T*R3, which geometrically is a common level set given by p, = P,, p, = P,, and h = E,
and consequently dim L. = 3. By straightforward calculation, it also follows that w|;, = 0, and L is a
Lagrangian submanifold of T*M. Now, projected vector field X; = T'w o X}, o v becomes

X’Y:&E_F&g_k\/Zm(Efmgz)—Pf—PyQQ
™ m oz moy m 0z’

and simple integration yields the integral curves of X}/, and hence the corresponding solution already
obtained in Example 2.2.1. A

Example 2.3.7. Now, let us consider the one-dimensional harmonic oscillator introduced in Example
2.2.2 from a geometric point of view. The configuration manifold is M = R with coordinate {q}, and the
phase space is the cotangent bundle T*R equipped with canonical coordinates {q,p} and a symplectic

form
w =dg A dp.
The Hamiltonian function is )
P 1
h(q,p) = o + imquQ,

where w = y/k/m. The associated Hamiltonian vector field X}, defined by tx,w = dh, is given by

p 0 2 0
_r v iy
Xh—m . mw g

Thus, the Hamilton’s equations for the harmonic oscillator read

do _p o dp 2,
dt m’ '

The geometric Hamilton—Jacobi problem consists in finding a closed one-form v € Q!(R) whose image
Im~ C T*R is invariant under the Hamiltonian vector field Xj. Writing

v =(q)dq,
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where v, € C*(R), we observe that dy = 0 automatically, since every one-form on the one-dimensional
configuration manifold is closed. Hence, locally, v = dW for some generating function W. The Hamilton—
Jacobi equation is then expressed geometrically as

ho~y=E,
which gives
Vi 1o,
—4 4 = =F.
om 2

Consequently,
Y4(q) = £V 2mE — m2w?q?.

Choosing, for definiteness, the positive branch, corresponding locally to motion with positive momentum,

v =2mE — m2w2q¢?dq.

we obtain

This one-form is defined in the region

gl < 2F
q mw? )
with the endpoints corresponding to the turning points of the oscillator.

Consider now the submanifold L = Imy C T*R. It is given locally by

p=+/2mE — m2w3q?,

and therefore lies in the energy level set

2

_ * p 1 2 2

hlEz{, eTR: 2 2 :E}.

(E) = {(a:p) o, T 5w e
Since dimL =1 = %dim T*R and w|;, = 0, the submanifold L is Lagrangian. Geometrically, it corre-
sponds to one local branch of the constant-energy ellipse in phase space. In contrast to Example 2.3.6,
a single graph Im~ cannot describe the entire periodic orbit globally, since the momentum changes sign
at the turning points. The positive and negative branches of «y therefore provide local Hamilton—Jacobi

descriptions of the two portions of the motion.
The projected Hamiltonian vector field X = T'w o X}, oy on the configuration manifold becomes
V2mE — m2w2q¢? 0
X, = —.
m

Jq

Its integral curves satisfy

Y LB A,
and by direct integration, we recover ¢(t), and the corresponding phase-space trajectory is obtained from
(q(t),p(t)) = v(q(¢)), as in Example 2.2.2. Thus, the geometric Hamilton-Jacobi formulation reproduces
the familiar harmonic-oscillator trajectory. In this description, the characteristic function appearing in
Example 2.2.2 is replaced by the closed one-form v, whose image gives a local Lagrangian submanifold
contained in the constant-energy level set, while the dynamics on configuration space is generated by the

projected vector field X
A

2.4 Time-dependent classical Hamilton—Jacobi

So far, we have considered Hamiltonian systems determined by a time-independent Hamiltonian function
h : T*M — R. We shall now briefly extend the geometric formulation of Hamilton—Jacobi theory to
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explicitly time-dependent Hamiltonian systems (see [107]). In this case, the Hamiltonian is a smooth
function A : T*M x R — R, and, for every fixed ¢t € R, we denote by

he: T*M — R, hi(q,p) = hiq,p,t),

the corresponding Hamiltonian at time .

Let (T*M,w) be the canonical symplectic manifold. For every ¢t € R, the function h; determines a
Hamiltonian vector field Xy, € X(T*M) defined by ¢ x,,,w = dhy. Consequently, the dynamics is described
by a time-dependent vector field X}, : R x T*M — TT*M. In canonical coordinates {¢, p;}, its integral
curves satisfy the time-dependent Hamilton’s equations

d¢? B oh dp; oh .

In analogy with the time-independent case, consider now a time-dependent family of differential one-
forms v, € Q' (M), or, equivalently, a smooth map

V:MXRHT*Ma (q;t)'—>7t(Q),

such that m o v, = idy; for every t, where w : T*M — M denotes the canonical projection. The
corresponding projected time-dependent vector field on the configuration manifold is defined by

X,;Y; i=Tmo Xy, ov.

Contrary to the autonomous case, the submanifold Im~; C T*M is now allowed to evolve with time.
Moreover, the Hamiltonian vector field X3, need not be tangent to Im~y, at a fixed value of ¢. Instead,
the motion of the family Im ~; itself has to be taken into account.

Let ¢ : I C R — M be an integral curve of the projected time-dependent vector field, that is,

¢'(t) = Xy, (6(1)).

We require that its time-dependent lift ¢ — ~:(¢(t)) be an integral curve of the original Hamiltonian
system. Differentiating this curve gives

d 0
pn (’Yt(¢(t))> = %W(t)) + Tpyre(¢' (1)),
where we denote by
8% L d
E(Q) T dr

the tangent vector to the curve ¢ — v (g). Hence, a time-dependent analogue of the ~y-relatedness

('Yt(q)) € T’Yt(Q)T*M’ qgeM

condition appearing in the autonomous Hamilton—-Jacobi problem is

B
Xp, 0y =T 0 X' + %. (2.4.1)

This leads naturally to the following formulation.

Definition 2.4.1. The generalised time-dependent Hamilton—Jacobi problem for a Hamiltonian system
(T*M,w, h) consists in finding a time-dependent family of differential one-forms ~; € Q'(M) such that

all

Xp, 09t =Ty o X)) + TR

where X;: = T7 o Xp, o v:. In this case, we say that v is a solution to the generalised time-dependent
Hamilton—-Jacobi problem.
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The geometric meaning of this condition is analogous to that of the time-independent problem. If ¢
is an integral curve of X}, then v;(¢(t)) determines an integral curve of the Hamiltonian dynamics on
T*M. Thus, the problem of integrating the Hamiltonian system can again be reduced to the integration
of a vector field on the lower-dimensional configuration manifold M.

To recover the classical Hamilton—Jacobi equation, we impose, as in the time-independent case, the
additional condition

dy: =0

for every t. By Poincaré’s lemma, the one-form -, is then locally exact, and hence there exists a time-
dependent function S : M x R — R such that

v = dS;, Si(q) :== S(q,1).

Since each ~; is closed, its image Im~; C T*M is a Lagrangian submanifold. Consequently, a time-
dependent solution may be regarded as a one-parameter family of Lagrangian submanifolds whose evo-
lution is compatible with the Hamiltonian dynamics.

For a closed family 7, condition (2.4.1) is equivalent locally to

oS
d (6t +ht0d5t> =0.

Therefore, on each connected neighbourhood, there exists a function ¢ : R — R depending only on time

such that 99
S T (@ dSi(a), 1) = e(t).

Since adding a function depending only on time to S does not change the one-form d.S;, the function ¢(t)
can be absorbed into the definition of S. Thus, one obtains the standard time-dependent Hamilton—Jacobi

equation
oS oS
—+h|qg,—,t] =0. 2.4.2
ot * (q a4 ) (24.2)
In local canonical coordinates this equation reads
aS oS oS
—+hlg,. . " —,. .., —,t]=0.
8t + (q ) ’q )aq17 78(1”’ )

The relation with the time-independent theory discussed in the preceding sections follows immediately.
Suppose that the Hamiltonian has no explicit time dependence, h = h(q,p), and consider a solution of
the separated form S(q,t) = W(q) — Et, where E € R is constant. Then,

oS
—=-F ds; = dw,
at ) t )
and equation (2.4.2) reduces to
hodW = E,

which is precisely the time-independent Hamilton—Jacobi equation considered in Section 2.3. Hence,
the autonomous Hamilton—Jacobi theory can be regarded as a particular case of the time-dependent
formulation in which the evolution of the family of Lagrangian submanifolds can be encoded by a separated
principal function S(q,t) = W(q) — Et.

The geometric interpretation therefore remains essentially the same in both settings. In the au-
tonomous case, a solution is represented by a fixed Lagrangian submanifold ImdW C T*M invariant
under the Hamiltonian flow. In the explicitly time-dependent case, this fixed submanifold is replaced by
a time-dependent family

Ly =ImdS; C T*"M,

whose evolution is compatible with the time-dependent Hamiltonian dynamics. This provides the natural
extension of the geometric Hamilton—Jacobi formulation to non-autonomous Hamiltonian systems.



40

Chapter 2. Classical Hamilton—Jacobi theory




Chapter 3

Hamilton—Jacobi equations in the
k-contact setting

The primary objective in this chapter is to extend Hamilton—Jacobi theory to k-contact manifolds. This
framework provides a natural geometric description of systems with multiple dissipation mechanisms
and, more generally, of non-conservative dynamics depending on several contact variables. From this
perspective, the proposed Hamilton—Jacobi formalism extends its contact counterpart (see [37, 61]), in
analogy with the extension of the symplectic Hamilton—Jacobi formalism to the k-symplectic setting for
field theories (cf. [64]).

The geometric structures underlying k-contact Hamiltonian systems have been introduced in Chap-
ter 1 and will not be reviewed here. Instead, we focus on the development of Hamilton—Jacobi theory in
this setting, considering both 1¢ -Hamiltonian and evolution k-vector fields. In addition, we distinguish
between the z-independent setting, in which the projected dynamics is defined on @, and the z-dependent
setting, in which the dissipative variables are retained and the projected dynamics is defined on Q x R¥.
We study these formulations and analyse their relation with the k-contact Hamilton—-De Donder—Weyl
equations.

Throughout this chapter, the term Hamilton—Jacobi problem, without further qualification, refers to
the problem associated with ng r-Hamiltonian k-vector fields. When useful for emphasis or comparison
with the evolution formulation, we also refer to it as the Hamiltonian Hamilton—Jacobi problem. The
problem associated with 7q r-evolution k-vector fields is referred to as the evolution Hamilton-Jacobi
problem. The same convention applies to the corresponding equations, solutions, and formulations, as
well as to related terminology used throughout the chapter. We use the notation introduced in Section 1.2.

3.1 Regular k-contact Hamiltonian systems and higher-order
PDEs

In this section, we study a class of k-contact Hamiltonian systems and the corresponding HIDW equations,
with particular emphasis on their relation to higher-order systems of PDEs and their applications [110].

We begin by introducing the notion of regularity for canonical k-contact Hamiltonian systems. This
extends the usual regularity condition for Hamiltonian functions in symplectic and contact geometry
and, at the same time, provides the Hamiltonian counterpart of the notion of regularity for k-contact
Lagrangian systems considered in [110].

Definition 3.1.1. We say that (Jg .k, NQ.k, h) is regular if the fibre derivative Fh : @k TQ x RF —
@k TQxR*, given in canonical coordinates by Fh(q, p$t, 2%) = (%, Oh/Op%, 2%), is a local diffeomorphism.
If Fh is a global diffeomorphism, then (Jg k, ng k. 1) is said to be hyperregular.

Whenever the underlying k-contact structure (Jo.x,ng.%) is clear from the context, we will simply
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say that the Hamiltonian function A is regular or hyperregular. As in the classical Hamiltonian setting,
regularity is characterised by the non-degeneracy of the Hessian with respect to the momentum variables.
Equivalently, regularity ensures that the relations between the momenta and the corresponding velocity-
type variables can be locally inverted. The analogous statement for the Lagrangian setting can be found
in [110, Proposition 3.2].

Proposition 3.1.2. Given (Jgk, NQ.k, 1), the following conditions are equivalent:
1. h is reqular;
2. The Hessian matriz (32h/3p?8pf) is non-singular at every point;

3. The relations v, = Oh/Op$ can be solved locally for the variables p® as smooth functions of
(¢’ ve,, 2%).

We now consider an application of k-contact geometry to the study of higher-order systems of PDEs.
We restrict our attention to Hamiltonian functions that depend affinely on the dissipative variables, a
class that arises naturally in a variety of models and applications (cf. [40, 110-112]). For Hamiltonians of
this form, the following result shows that integral sections of both 7g ;-Hamiltonian and ¢ i-evolution
k-vector fields associated with the same Hamiltonian function project onto maps whose components
satisfy the same second-order system of PDEs. In particular, the resulting system depends only on the
Hamiltonian function and not on the choice of a particular k-vector field. This property will be useful in
the subsequent study of PDEs within the k-contact framework.

Theorem 3.1.3. Let h € C™(Jg.x) be a regular Hamiltonian of the form

k
(g’ pfs2%) = g(d',pf) + Y Aaz®, (3.1.1)
a=1
where Aq,..., A € R are constants. Then the projection onto Q of any integral section of an nq k-

Hamiltonian k-vector field X, satisfies a second-order system of partial differential equations. More
precisely, let pY = P(q,vg) denote the local inverse of the fibre derivative, defined by vé = (?h/(?pf =
8g/(‘3pf. If¥(t) = (qi(t),p?(t),za(t)) is an integral section of Xy, then its projection onto Q, namely
q(t) = (ql(t), ol q"(t)) satisfies

k k
1o} o dg o .
Za?(Pz <Q7U5))+ aql (Q7PJ'B(Q7U’Y)) +ZAOCP’L (Q>Uﬂ) =0, i=1,....n, (312)
a=1 a=1

where vg = dq/0tP. In particular, this system does not involve the dissipative variables (2*). More-
over, the projection of every integral section of an mq i-evolution k-vector field associated with the same

Hamiltonian function h satisfies the same system (3.1.2).

Proof. We first consider an integral section 9 (t) = (q*(t),p(t), 2*(t)) of an nq ;-Hamiltonian k-vector
field X},. The local k-contact HIDW equations give

dq"  Oh I
T AP YY il R DL = R
For the Hamiltonian (3.1.1), one has
on oy on_og oh_
of "ol or e Bw

Thus, the HADW equations reduce to

d¢" g - opy dg . o L
6tﬁ_ap§°w’ e = aqi+ZAapi o, i=1,...,n. (3.1.3)

a=1 a=1
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By regularity of h, Proposition 3.1.2 implies that the relations vé =0dg/ 8pf can be inverted locally with
respect to the momenta. Hence, p{ = P (q,vg). Since g does not depend on z“, neither does this inverse
fibre map. Replacing p$ with P?(g,vg) in the second equation of (3.1.3) yields precisely (3.1.2). This
proves, in particular, that the projected second-order equations are independent of the variables z%. It
remains to compare this result with the evolution formulation. Let ¢ now be an integral section of an
1Q,x-evolution k-vector field associated with h. For a Hamiltonian that is affine in the dissipative variables
with constant coefficients, the local evolution Hamilton—De Donder—Weyl equations for ¢ and p¢* reduce
to the same equations as in (3.1.3). Thus, both formulations induce the same first-order subsystem for
(¢, p%). Applying once more the local inverse p& = P (q,vg) gives the same second-order system of
PDEs (3.1.2) for the projected variables ¢'. O

Note that the resulting second-order system of PDEs (3.1.2) is determined solely by the Hamiltonian
h. In particular, it is independent both of the choice between the Hamiltonian and evolution formulations
and of the particular k-vector field representing either formulation.

As an illustration, consider the damped vibrating membrane on an elastic foundation studied in [83],
with Hamiltonian

((P)? = ¢ 2(p")> — ¢ 2(p")?) + Zu® + A2,

h(u,p',p",p¥, 2", 27, 2Y) = 2

N =

the corresponding PDE

Upt — € (Ugy + Uyy) + Aug + ku =0

can be recovered as a particular instance of the second-order system (3.1.2). Indeed, the Hamiltonian
has precisely the affine dependence on the dissipative variables required in Theorem 3.1.3. It follows that
the projection of any integral section of either an 1¢g p-Hamiltonian or an mg r-evolution k-vector field
associated with this Hamiltonian satisfies the damped membrane equation above.

Theorem 3.1.4. Leth € C*(Jg.k), and consider two nq ,-Hamiltonian k-vector fields X = (X1,..., X)
and Y = (Y1,...,Y)) associated with h. Then, X —Y € kerx. Consequently, X —Y is mq-vertical.
The analogous statement holds for any pair of ng.i-evolution k-vector fields corresponding to the same
Hamiltonian h.

Proof. Since X and Y are associated with the same Hamiltonian h, the defining equations for ng x-
Hamiltonian k-vector fields imply that their images under x coincide, that is x(X) = x(Y). Using
the fibrewise linearity of y, we therefore obtain x(X —Y) = x(X) — x(Y) = 0. Hence, X — Y takes
values in kery. By Proposition 1.2.24, ker y C @k V(mgq), where V(mg) = ker Tmg. Consequently,
(@k Tﬂ'Q) (X—-Y) =0,s0 X —-7Y is mg-vertical. The same argument applies to two nq i-evolution
k-vector fields associated with h, since their defining equations likewise yield the same image under x. [

Proposition 1.2.33 and [44, Proposition 3.5] guarantee the existence of ng ;-Hamiltonian and 7¢ k-
evolution k-vector fields, respectively, for every (Jg .k, NQ.k, ). Together with the preceding result, this
immediately yields the following corollary.

Corollary 3.1.5. Let h € C>*(Jg,k). The set of ng x-Hamiltonian k-vector fields associated with h is
a non-empty affine space modelled on T'(kerx). The same is true for the set of ng k-evolution k-vector
fields associated with h.

Although the discussion above concerns second-order systems of PDEs, the framework can also be
applied to higher-order equations after an appropriate order-reduction procedure. By introducing suitable
derivatives of the dependent variables as additional variables, a higher-order system may be rewritten as
a system of lower-order equations, together with the corresponding compatibility conditions. Whenever
the resulting system admits a regular k-contact Hamiltonian description of the type considered above,
the preceding construction can then be applied.
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3.2 The k-contact Hamilton—Jacobi equations in the z-independent
framework

We now introduce two Hamilton—Jacobi theories for k-contact Hamiltonian systems. The underlying idea
is to study the Hamilton-De Donder-Weyl equations associated with

(jQ,lan,kvh'); JQk = @k T*Q X Rka

by restricting an 7n¢ r-Hamiltonian k-vector field to a suitable submanifold of Jg ; projecting onto Q.
An important feature of the case k > 1 is that the Hamiltonian k-vector field need not be tangent to this
submanifold. This leads naturally to a weaker notion of relatedness between k-vector fields, which will
play a crucial role in the Hamilton—Jacobi theory developed below.

Let mg: Jo.r = @k T*Q x R¥ — @ be the canonical projection, and consider a section 7 of 7g. In
adapted coordinates, it is written as

v Q — Jok
a=(¢") — (d',7(2),7* ()

For a smooth map f: M — N, we use the notation
B Tf: @ TM — @ TN,  (vi,...,0) — (Tf(v1),..., Tf(wvy)).

Let Z = (Z, ..., Zx) be a k-vector field on Jg . Since 7 is a section of 7, the restriction of Z along
~ determines a k-vector field on @, defined by

7" = (@kTﬂ'Q) oZon.

We shall refer to Z” as the k-vector field on @ induced by Z along ~.
In general, the k-vector field Z o~y along v need not coincide with the image of Z” under @k T~. This
motivates the following weaker notion of relatedness.

Definition 3.2.1. Let v: Q@ — Jg, be a section of mg, and let Z be a k-vector field on Jg . The
k-vector fields Z and Z7 are said to be almost y-related if

Zory— (@k Ty) 0Z" € kery (3.2.1)
along v(Q). Moreover, if
Zoy= (@ Tv)o2,
then Z and Z"7 are said to be y-related.

The almost ~-relation admits an equivalent description in terms of the quotient by ker x. To see this,
let []y: @k TJIor — @k TJo.x/ ker x be the canonical quotient projection. By Proposition 1.2.24,
every element of ker x is mg-vertical. Consequently, ker xy C ker <@k T 7TQ>. It follows that @k Trg is
constant on the equivalence classes determined by ker x, and therefore induces a well-defined map

—_~—

" Trg: @ TIgu/kerx — B"TQ,

given by

& Tro (7)) = (@' Tro) (2)

Likewise, we denote by [@k T'y] =[]yo0 <@k Tv) the map from " TQ to B" TJq.x/ ker x.
X
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With this notation, condition (3.2.1) is equivalent to the commutativity of the diagram

Jo.k = pF TJq,k/ ker x
5 D ro| | D],

Q —2— @'T1Q

where [Z], =[], o Z.
For k > 1, almost ~y-relatedness is, in general, weaker than ~y-relatedness. Indeed, condition (3.2.1)

allows Z o~y — (@k Tfy) o Z” to be a non-zero element of ker xy. Thus, the restriction of Z to Imy need

not coincide with the lift of Z7 by EBk T~. On the other hand, ker x = 0 when k = 1. Hence, the almost
~-relation reduces to the usual y-relation in the contact case.

Since v is a section of 7g, its image Im vy is an embedded submanifold of Jg . In particular, if Xy, is
an 1¢,-Hamiltonian k-vector field associated with h given locally by (1.2.9), then its projection along ~y
is locally given by

Z—O’y a=1,...,k, q€Q.
8pZ

The same expression holds for the projection of an nq ;-evolution k-vector field Ej, associated with h.

We now turn our attention to those sections v: @ — Jg  whose images are Legendrian submanifolds
of the k-contact manifold (Jg k,ng,k). This condition may be regarded as the k-contact counterpart of
the Lagrangian condition appearing in the symplectic formulation of Hamilton—Jacobi theory, discussed in
Chapter 2. Indeed, in the classical symplectic setting, sections of T*@Q) — ) whose images are Lagrangian
are locally given by exact one-forms. As we shall see, the analogous role in the present setting is played
by holonomic sections of Jg .

To make this relation more transparent, recall the interpretation of Jg 1 as a first-order jet bundle
JHQ,Q x R¥) of sections of the bundle 7: @ x RF — @Q (see [99, 121]). A local section of this bundle is
determined by a smooth map ¢ = (¢!,...,0%): @ — R*. Two local sections o and & are said to have the
same first jet at € @ if they have the same value and the same first derivative at z, that is, o(z) = (),
and do(z) = do(z). The corresponding equivalence class is denoted by jlo. Thus, a point of the first
jet bundle J*(Q, Q x RF) records the value of a section together with its first-order derivatives at a given
point of Q. Since do(z) = (do'(2),...,do*(z)) € @" T:Q, there is a canonical diffeomorphism

JHQ,Q xRY) — @' T*Q xR*,  jlo— (x,do%(z),0%(x)).

Accordingly, the coordinates (¢%, p$, 2%) on Jg r may be interpreted as first-jet coordinates: the variables
(2%) represent the values of the components of a section, whereas (p$) represent their first derivatives
with respect to (¢*). This jet-bundle interpretation motivates the notation Jok = @k T*Q x RF. It also
provides a natural notion of holonomicity.

Definition 3.2.2. A section v: Q — Jg i of mg is said to be holonomic if there exist functions
¥ € C*°(Q), a« =1,...,k, such that

Y(q) = (¢, dv*(q),7*(q))-

Note that in terms of the local representation y(q) = (qi, 78(q), v (q))7 the condition of holonomicity
is equivalently expressed as

o
*(q i=1,....n, a=1,... k.
vi'(q) = 8q()

The following result characterises holonomic sections in terms of the k-contact geometry of Jg x, and
will be used later in the development of the Hamilton—Jacobi theory.
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Theorem 3.2.3. Let v: Q — Jg,r be a section of mg, locally represented in adapted coordinates by
v(q) = (qi,’yf“(q),fy”‘(q)). Then the tangent bundle of its image is locally spanned by

_ Oy oy* 0
o= (Gt DS Sy X k)

i=1,...,n

Moreover, the following conditions are equivalent:
(i) ~v is holonomic;
(if) Im Ty C kerng k;
(iii) Im~y is a Legendrian submanifold of (Jq k, NQ.k)-
Proof. Since v is a section of mg, its tangent map is locally given by

P LGS 87 P
Tv(a) ZZ@QJ% Z 9z’

a=1j=1

which yields the standard local expression for T Im ~.
Recall that the canonical k-contact form on Jg reads nmox = Sor, (dz® — Y0, p¥dg’) @ eq.

Hence,
k

YQr =) <dv°‘ > dqi> ® eq-
i=1

a=1

Suppose first that (ii) holds. Since Im Ty C kerng x is equivalent to v*n¢ , = 0, we obtain

d’y“zZ’yé‘dqi, w=1,...k
i=1

Alternatively, in local coordinates, the above condition may be written as

= o
7 6(]1 ’

p=1,...k i=1...n (3.2.2)

By definition, these relations are the holonomicity conditions for . Thus, (ii) implies (i).
Conversely, if v is holonomic, then (3.2.2) holds, and substitution into the expression for y*ng i gives
v*Nnq,k = 0. Therefore, Im Ty C kerng k, and hence (i) implies (ii). Thus, (i) and (ii) are equivalent.
We now prove that a holonomic section has Legendrian image. By (3.2.2) and the symmetry of mixed
partial derivatives,
ot _ oy
og) g

Since dng . = — ZZ=1 Yo dp Adg' ® eq, its pull-back by v is

Y dngr = Z Z % qu A dg ®e, = Z Z (ZZZJ )dqj A dgt ® ey

p=lij= 1 u liy=1

p=1,....k 4j=1,...,n (3.2.3)

It follows from (3.2.3) that y*dng r = 0. Together with TIm~ C kerg , this shows that TIm<~ is
isotropic, namely,
TIm~y C (TIm~y) e .

Furthermore, the vertical distribution Vg = (0/9p$) is isotropic and provides a complement to T Imy
in ker gk, so that kerng = TImy ® Vg ;. It follows from Definition 1.2.28 that Im+ is Legendrian.
This proves (i) = (iii).

Finally, suppose that Im + is Legendrian. Then, condition TIm~ C ker g i, follows immediately from
Definition 1.2.28. Thus, (iii) implies (ii), which proves the equivalence of the three conditions. O
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3.2.1 The Hamiltonian approach

Let us now formulate a z-independent Hamilton—Jacobi theorem for k-contact Hamiltonian k-vector fields.

We then discuss some of its consequences and applications.

Theorem 3.2.4 (z-independent k-contact Hamilton-Jacobi theorem). Let X}, be an ng x-Hamiltonian
k-vector field associated with h € C*®°(Jq.x), and let v: Q — Jg,i be a holonomic section. Assume that
the projected k-vector field X is integrable. Then the following statements are equivalent:

(a) Ewery integral section o of X! lifts via y to a solution vy oo of the z-independent ng ,-Hamiltonian
HdDW equations for h;

(b) hoy=0.
Proof. We first prove that (a) implies (b). Let o be an integral section of X} . By assumption,
(Yoo)(t) = (o' (1), 7 (o (), 7*(a(1)))
is a solution of the z-independent 1g r-Hamiltonian HADW equations. Hence,

o' _ oh

t 3p?

yoo (t)

k k
(7% 0 o) <8h oh .
y2rea)l (O] S ream | ), i=lem
= o t 0 ooy 521 02 oo (t)
k d(y*oo0) P Oh
Z 5 = ZZ(W;‘OO’)(t)a—a —hovyooa(t)
a=1 t a=1j=1 P; ~yoo (t)

Since v is holonomic, one has %’YT =~¥fori=1,...,nand a =1,...,k. Using the first family of

:
HdADW equations and the chain rule, we obtain

Comparison with the third HIDW equation gives h oy oo = 0. Since X] is integrable, through every
g € Q there exists a local integral section o of X} such that o(ty) = ¢ for some t;. Consequently,
ho~(q) =hovyoo(ty) =0. As ¢ is arbitrary, h oy = 0, which proves (b).

Conversely, suppose that ho~y = 0, and let o be an integral section of X;. We show that v oo satisfies
the z-independent nq r-Hamiltonian HIDW equations. Since v is holonomic, we have % =7 and the
symmetry of mixed partial derivatives yields

Mg Oy

- = —. 24
o0~ ¢ (3.2.4)

Moreover, h oy = 0 implies d(h o v) = 0, which in local coordinates reads

" ( on (0 N0~ 0h N

i=1 a=1j=1 a=1

Recall that the projection of an n¢g z-Hamiltonian k-vector field X, along v is locally given by

[ Oh )
(X}’Z)oc:z<apao’}/)aqi, a=1,...,k.



48 Chapter 3. Hamilton—Jacobi equations in the k-contact setting

Since o is an integral section of X}, it follows that

o0
ote

o
¢ Op

oyoo(t), a=1,...,k i=1,...,n (3.2.6)

This is precisely the first family of HADW equations for vy o o.
To verify the second family, using (3.2.4), (3.2.5), and (3.2.6), we obtain

k .
Z 8(’710600') - Zza’yz oo’ Zza'}/j oh
a=1 ote t a=1j=1 9q’ o(t) ot |, a=1j=1 (t)ap? ~oo (1)
__on| _§mo| on
9 ooy 4=1 99" loey 9% yoo(r)
oh u oh
= =Y Greo |
00 | ooy 1 ’ 92| opt)

for i =1,...,n. Thus, the second family of HHDW equations is satisfied.
Finally, holonomicity of v and (3.2.6) give

ZZ

a=1i=1

k

Za'y o0)

a=1

aq’

P 6h
Z::Z °9) 3291

14=1

(t) fyoo(t)

Since hoy = 0, this is exactly the third HIDW equation. Therefore, yoo is a solution of the z-independent
ng,,-Hamiltonian HAIDW equations. This shows that (b) implies (a) and concludes the proof. O

The preceding theorem also provides a geometric interpretation of the Hamilton—Jacobi equation
ho~ = 0. Indeed, if this condition is satisfied and o is an integral section of X}, then v o ¢ is a solution
of the z-independent 1 -Hamiltonian HADW equations for h, whose first prolongation takes values in
TIm~. Thus, X} determines, via v, dynamics along the Legendrian submanifold Im .

It is important, however, to distinguish this lifted dynamics from the restriction of the original k-
vector field X to Im+y. In the contact case k = 1, one has ker x = 0, and hence the almost -relation
reduces to the usual y-relation. Consequently, X;, oy = Ty o X}, so the lift of the projected dynamics
coincides with the restriction of X; to Im~y.

For k£ > 1, however, this equality need not hold. In this case, X} o~y and (@k Tv) o X} may differ by
a k-vector field taking values in ker y. This reflects the non-uniqueness of the k-vector fields representing
the k-contact Hamiltonian dynamics. For instance, if Xy, is an ng r-Hamiltonian k-vector field, then so
is X}, = X, +Z, where Z = (Z1,...,Zy) is a k-vector field whose components are given in Darboux

Z % a=1,...,k,
Ba

for arbitrary functions Z2 € C>(Jg.). Since Z takes values in ker x, the k-vector fields X;, and X,

coordinates by

are associated with the same Hamiltonian function h and induce the same projected k-vector field on Q.
Nevertheless, their restrictions to Im~ do not coincide in general.

Finally, let us emphasise that Theorem 3.2.4 requires only the integrability of the projected k-vector
field X, rather than that of the original k-vector field Xy,. This distinction is particularly relevant in
applications, where the Hamilton—Jacobi approach aims to construct solutions from integral sections of
the reduced dynamics on Q. In this respect, requiring the integrability of X is a weaker and, in general,
more manageable condition than imposing integrability on X, itself.

3.2.2 The evolution approach

We now establish the counterpart of the preceding Hamilton—Jacobi theorem for nq ;-evolution k-vector
fields in the z-independent setting.
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Theorem 3.2.5 (z-independent k-contact evolution Hamilton—Jacobi theorem). Let E; be an ng k-
evolution k-vector field associated with h € C*(Jg ), and let v: Q — Jox be a holonomic section.
Assume that the projected k-vector field E] is integrable. Then the following statements are equivalent:

(a) Ewery integral section o of E] lifts via v to a solution vy o o of the z-independent g i-evolution
HADW equations for h;

(b) d(ho~)=0.
Proof. We first prove that (a) implies (b). Let o be an integral section of E;] and suppose that
(voo)(t) = (o' (1), 75 (a(t), v (o ()
is a solution of the z-independent 7ng r-evolution HADW equations. Then,

o't

90| _ Oh
ots

t 3p?

v (t)

o =3 (Hhert o3 (hon) S5 (o) 9 |
o o " — O - .
" az 7 (9pj 9g 2= \0z2"7) agr |
Since « is holonomic,

N e 0RO
oq’ v OqJ Oq'’

i,j=1,...,n, a=1,... k.

Using these identities together with the first two families of the evolution HADW equations, we obtain

n k k
o oh 0 o0o)
SRS 91 E) SERELE =
i=1 a=1 yoo(t)  a=1 t
k
D09 | O oh oy ) .
+Z | Dad e ; dg*(o(t))
01| 007 |,y 02 gy 00 gy

a=1j=
- oye oh
3 (-erem | ) 2k
=1 a=1 ( aq aZ
Thus, d(h o )(o(t)) = 0. Since E] is integrable, for every ¢ € @ there exists a local integral section o
such that o(tg) = ¢ for some tg. Hence d(h ov)(¢q) =0 for every ¢ € @, and therefore d(h o) = 0. This
proves (b).

dq'(o(t)) = 0.

yoo(t)

We now prove the converse. Assume that d(h o) = 0, and let o be an integral section of E;}. We
show that vy o o satisfies the z-independent 1g x-evolution HADW equations.

The condition d(h o) = 0 reads locally
%Jrz LR alil P (32.7)
3p] oq’ 920 07 oq’ ¢ o

0=
Z<aq a=1

a=1 j=1
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By the local expression of an 1¢ j-evolution k-vector field,
" [ Oh )
E)), = — —, =1,...,k
) ;<5p? 07) ot
Since o is an integral section of E}, it follows that

do't
ot

_ on
¢ Op

oyoo(t), i=1,....,n, a=1,... k. (3.2.8)

Thus, the first family of the evolution HADW equations is satisfied.
Using holonomicity of v, (3.2.7), and (3.2.8), we obtain

DL o ou il B R o ol N R
a=1 o= t a=1j=1 o’ (®) ot |, a=1j=1 oq' U(t)ap;* Noo (£)
__onl | o
99 ooty 421 99" Loty 92 [y0m(t)
k
oh oh
=—5i  —2(feata | -
0q yoo(t)  a=1 9z oo (t)
This proves the second family of the evolution HIDW equations.
Finally, by holonomicity and (3.2.8),
iaw °0) _iiw d0'
a=1 o= t a=1i=1 0q' o(t) ot |,
k n
o oh
=Y o) Oas|
a=1i=1 D; ~yoo (t)

which is precisely the third family. Hence 7y o o is a solution of the z-independent 7¢ ;-evolution HADW
equations. This proves (a) and completes the proof. O

Remark 3.2.6. For k = 1, one has ker y = 0, and therefore the almost v-relation reduces to the usual
~y-relation. In particular, along Im, the lift of E] coincides with Ej,.

The evolution Hamilton—Jacobi equation d(h o) = 0 differs from the equation h o~y = 0 obtained
in the Hamiltonian formulation of the preceding section. This distinction admits a natural geometric
interpretation through the relation with the classical k-symplectic Hamilton—Jacobi theory.

Indeed, let (Pw = 22:1 w® ® e,) be an exact k-symplectic manifold, with w = —d@. Its k-
contactification is P x R*, equipped with the k-contact form ng = 22:1 (dz% — p*0%) ® e, where
p: P x RF — P denotes the canonical projection. Given H € C*(P) and a k-symplectic Hamiltonian
k-vector field X g associated with H, the function h := H op admits a canonically associated ng-evolution
k-vector field on P x R¥ whose projection onto P is Xp.

In the canonical case P = @k TQ, let vo: Q — @k T*@ be a section whose components ~§ are
closed one-forms. Locally, there exist functions S® € C°°(Q) such that

vy = dS9, a=1,...,k.
These functions determine a holonomic section
7:Q — Joks (@) = (0,76:(a), 5*(a))-
Since h = H o p and p o5 = 7y, it follows that h o5 = H o7y. Consequently,

d(ho7) =0 = d(H ov9) =0,
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which is precisely the classical k-symplectic Hamilton—Jacobi equation.

Thus, under k-contactification, the z-independent evolution Hamilton—Jacobi equation recovers the
classical k-symplectic Hamilton—Jacobi equation. Moreover, the corresponding projected k-vector fields
on () coincide, and hence their integrability requirements agree as well. This provides a geometric
explanation for the difference between the Hamilton—Jacobi equations in Theorems 3.2.5 and 3.2.4, and
shows why d(h o) = 0 is the natural Hamilton-Jacobi condition for n¢ ;-evolution k-vector fields.

3.3 The k-contact Hamilton—Jacobi equations in the z-dependent
framework

We now turn to a z-dependent version of the k-contact Hamilton—Jacobi theory. The main difference
with the previous setting is that the sections under consideration are defined over @ x RF, rather than
over (). This requires a corresponding modification of the notion of almost y-relatedness.

Let (Jok = @k T*Q x R¥, g i, h) be a k-contact Hamiltonian system, and consider a section of the
canonical projection mgyrr: Jox — @ X RF of the form

V:iQxRY — Tor,  (¢',2%) — (¢',7%(q,2), 2%).

Let Z = (Z1,...,Zy) be a k-vector field on Jg x, locally written as

Its projection along « is the k-vector field on @ x R¥ defined by

yARES (@k Tﬂ'Qka) o(Zo~).
In adapted coordinates, its components are

u , 3, b 0
Zg, ;Zl(Za) oY o + ;Zl(Za) °Y 5,5 a=1,...,k.

Recall that Z and Z” are said to be 7-related whenever

(@' Ty) oz =701,

In the z-independent theory, the ambiguity in the choice of a Hamiltonian k-vector field disappears
after projection onto @, since ker x is contained in the kernel of the corresponding tangent projection.
This is no longer true in the z-dependent setting. Indeed, in general, ker x ¢ ker (EBk T ﬂQka) . Conse-

quently, two representatives of the same Hamiltonian class may induce different k-vector fields on Q x R¥.
Nevertheless, their projections differ by the image of ker x. This leads naturally to a quotient description
of the projected dynamics. Let

[y @ TIor — @ TIg s/ ker x
denote the canonical quotient projection, and set
K= (@’“TWW) (ker x) € @ T(Q x R¥).

We denote the corresponding quotient projection by

[ D T(Q x RF) — " T(Q x R¥)/K.
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The projection @k Trgxrr induces a well-defined map between the corresponding quotient bundles,

D" Trgyrr: B TTgr/ kerx — B T(Q x R¥)/K,
defined by o
B Trguae (121y) = (@ Trguwr ) (2)]

Indeed, replacing Z by another representative differing from it by a section of ker x changes its projection
by a section of I, and therefore does not change its class in the quotient. Accordingly, the projected class
of Z along + is defined by

2]k := @" Trgups o [Z]y 0 7.

Definition 3.3.1. Let [Z], be a class of k-vector fields on Jg , and let [Z7]x be its projected class along
~v. We say that these classes are almost y-related in the z-dependent sense if there exist representatives
Z € [Z), and Z" € [Z"]k, such that

[Zon], = [(EBkTv) oT]){

Thus, almost v-relatedness requires the lift of a suitable representative of the projected class to agree
with a representative of the original dynamics along -y, up to a section taking values in ker y. This extends
the corresponding notion from the z-independent setting while taking into account that ker x is no longer
contained in the kernel of @k Troure-

Equivalently, [Z], and [Z"]x are almost y-related in the z-dependent sense if there exist representatives

Z c [Z), and Z" € [Z"]x for which the following diagram commutes:

jQ,k' % @k TJQ,k % @k TJQVk/keI‘X

@k T‘Il'Qka

QxR ——— A" T(Q x R¥) — @" T(Q x R¥) /K

To formulate a z-dependent Hamilton—Jacobi theorem, it remains to identify suitable geometric con-
ditions on the section . These conditions play the role of holonomicity in the z-independent theory and

will allow us to relate integral sections of the projected dynamics on @ x R” to solutions of the k-contact
HdADW equations.

Lemma 3.3.2. Let (Jg, = EBk T*QxR*,mq i) be the canonical k-contact manifold, and let v: QxR* —
Jok, (g, 2) = (qﬁf‘(q,z),z), be a section of the projection mgypr: Jor — @ X RE. Then Im~ is
mazximally coisotropic if and only if

k

o o o K o
Rk 89 _ 0% +3° 59 ii=1,...,n, a=1,...k (3.3.1)

g’ le% 028 Ogi

Moreover, for every fized z € R¥, consider the section v,: Q — @k T*Q, v.(q) = (q,’yia(q,z)). Its

image 1s isotropic with respect to the canonical k-symplectic structure wg  on @k T*Q if and only if

oj _ o
g’ Ogi’

Proof. We begin by determining the subspace of T Im «y contained in the contact distribution. In adapted

Li=1...,n, a=1... k. (3.3.2)
Darboux coordinates Jg i, one has

k o ov¢ 0
TIm7< Jrzz (’)qj @p‘wzza;ﬁap aZﬁ>i—1 "

a=1j=1 a=145=1 "~ ~*YIJ3 -7 [ i=1,...,
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It follows that TImy Nkerng ;. is locally spanned by the linearly independent vector fields

k k n k
d vy s ) 0
P gt o3 | g | g =l
B o’ ’ ’
—= b0z o et 0q* = 0z op§
For convenience, set

e L LY
A= S 4 Y0
J g’ 0zP

Fix © € Im~y and let v € ker(ng k).. In what follows, vector fields, differential forms, and functions
appearing in pointwise expressions are understood to be evaluated at x, unless otherwise indicated. Since
the vectors X1,...,X,, and ap% fora=1,...,kand j =1,...,n form a basis of ker(ng, i)z, there is a

J
unique decomposition v = Y27 _ a™X,,, + 325 _, S5y uf 5o for suitable coefficients ™ and uf'. Using
J
dng = >_r—; dg" A dpy¥, we obtain

« « « « a (o3
an,k(Xma Xi) = Af, — A d77Q,k (ap,gin> = *5551‘3'-
J

Consequently, the conditions dng (v, X;) =0for a =1,....kand i =1,...,n are equivalent to

n
uf =y a" (AG, — Ap) -
m=1
By Definition 1.2.28, these equations characterise (T Im ~y N ker nQ,k)i'"ka . This orthogonal space is con-
tained in (T Im~yNkerng k), precisely when u = 0 for every choice of the coefficients a™. Equivalently,

Ay = A5,

For a=1,....k, 4,7=1,....n
Since both (T Im~ Nker 77Q,k) 7Q.k and (TIm~y Nkerng k), have dimension n, this inclusion is then
necessarily an equality. Thus, Im ~ is maximally coisotropic if and only if (3.3.1) holds.

For the second assertion, fix z € R¥. The pull-back of the canonical k-symplectic forms by =, is

Vwg = Z <8qj(q’z)_8qi(q’z) dg* Ad¢’, a=1,... k.

1<i<j<n

Hence, viwgy = 0 for a = 1,...,k if and only if (3.3.2) is satisfied. This is precisely the condition for
Im -y, to be isotropic with respect to wgq , which completes the proof O]

In the contact case k = 1, the coisotropy condition used in the z-dependent contact Hamilton—Jacobi
theory turns out to be equivalent to the maximal coisotropy condition adopted here. The following lemma
makes this correspondence precise.

Lemma 3.3.3. Letv: QxR — Jo1 =T*Q xR, v(¢g,2) = (q, fyi(q,z),z), be a section of Toxr: Jo1 —
Q xR. Then, the restriction of the contact form ng 1 to TImy is nowhere vanishing. Consequently, Im
is coisotropic if and only if it is maximally coisotropic.

Proof. Let (¢',p;, 2) be adapted Darboux coordinates on Joa, so that ng1 = dz — 0 = dz — p; d¢'.
Since ’Y(qv Z) = (qa rY’L(qa Z)7 Z)a we have

Ovi 0
TW( ) Z 0z Op;’

w1 (2)

Thus, 7g,1|T1m~ is nowhere vanishing, and Lemma 1.2.29 implies that Im is coisotropic if and only if

Therefore,

it is maximally coisotropic. O
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Condition (3.3.2) also admits a useful local interpretation. For each fixed z € R¥, it states that the
one-forms

n
V?:Zrﬁa(qu)dql7 04217...,143,
=1

are closed. Hence, by the Poincaré lemma, locally there exist functions W(q, z) such that

8 [e%
(67 _ _ .
%(q,z)—iaqi (q,2), a=1,....,k, i=1,...,n.

In the z-dependent setting, it will be convenient to distinguish differentiation with respect to the
variables on @ from differentiation with respect to the dissipative variables z%*. We therefore introduce
an exterior derivative along the Q-variables, treating z € R* as a fixed parameter. This construction
extends the corresponding definition given in [61] in the contact case and will be used to formulate the
z-dependent k-contact Hamilton—Jacobi equations.

Definition 3.3.4. Let a: Q x RF — /\Z T*Q x R* be a section. For each fixed z € R*, define the /-form

¢
a,: Q — /\ T*Q, q— praer-g(a(q, 2)),

where pry.p. denotes the canonical projection. The exterior derivative of a at fived z is the section
doa: Q x RF —s A" T*Q x R¥ defined by

doalq, z) = (daz (9), z) )

3.3.1 The Hamiltonian approach

We now develop the z-dependent Hamilton—Jacobi theory for nq -Hamiltonian k-vector fields. Unlike
in the z-independent setting, the freedom associated with ker y is not eliminated by projection onto
Q xRF. Hence, different representatives associated with the same Hamiltonian h may give rise to different
projected k-vector fields on Q x R¥, although they determine the same z-dependent HIDW equations. It
is therefore natural to formulate the Hamilton—Jacobi problem in terms of the corresponding equivalence
classes, rather than by requiring a particular projected k-vector field to lift exactly to X, along Im . The
following theorem gives this formulation for maximally coisotropic sections and identifies the resulting
z-dependent Hamilton—Jacobi equation.

Theorem 3.3.5 (z-dependent k-contact Hamilton—Jacobi theorem). Let (Jka = @k T*Q x R* gk, h)

be a k-contact Hamiltonian system, and let v: Q@ x R¥ —s Jq i be a section of the canonical projec-
tion Toxrs: o — @ X RE such that Im~y is maximally coisotropic. Denote by [Xnly the equiva-
lence class, modulo ker x, of ng ir-Hamiltonian k-vector fields associated with h. Moreover, set K :=
(@k Tﬂ'Qka) (ker x) and denote by [X]]xc the corresponding projected class along ~y. Then the following
statements are equivalent:

(a) There exist representatives X € [Xp]y, X | € Xk, such that (@k T’y) (XV> and X o~ determine
the same z-dependent HIDW equations associated with h;

(b) There exists a smooth matriz-valued function C' = (Caﬁ) c O>® (Q % Rk,Mathk(R)) satisfying
trC' = Z];:l Cy“ = —h o~ and such that

k k
do(hoy) + ) Tuy* 0" + > Co’rp/9.0d(y70%) =0, (3.3.3)
B=1 a,B=1

where L' := 8(;;]) =dhly (Ty (%)) for B=1,... k.
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Proof. Choose adapted Darboux coordinates (¢*, p%, 2*) on Jg  and write v(g, 2) = (¢,7%(q, 2), 2). For
convenience, set U := (0h/0p$) o v. Moreover, by the chain rule,

9(ho) oh i 07
F,@—W ()O’Y+ZZUaaﬁ7 le’7k.

a=1i=1

Taking into account the gauge freedom induced by ker y and its projection onto @ x R¥, a representative
X" € [X]]x can be written locally as

n

Zaal+z ZvﬁUﬂ+C %, a=1,... .k

where C' = (C,”) satisfies trC = 22:1 Co® = —(h o). This trace condition corresponds to the
z-equation Zi:l N x(Xa) = —h.
Assume first that (a) holds. Applying T+ to the components of X", we obtain

k

)+

- 0
Z’yjﬁUJ—&—Cﬁ T’y(8 )

ZUZTy(

Consequently, the p§-components satisfy

LI ove
D (Tv(X2)e =22 U 67; Z (Z VULt ) %. (3.3.4)

a,f=1

By (a), there exists X € [Xj], such that (@"T7)(X") and X o v determine the same z-dependent
HdADW equations. In particular,

k
) _
Z Ty(X,)) pe = aqj oy — Z ol i 32“ 07, ji=1...,n. (3.3.5)

J

Since Im ~ is maximally coisotropic, Lemma 3.3.2 gives (3.3.1), namely

A E40
1 e AT Z"% a=1,.. .k

gt = Vi 98 T ol

ij=1,...,n.

Using these identities, the terms in (3.3.4) involving U! can be rewritten as

n

RIS R H IS

a=1i=1

Combining this expression with (3.3.5) and using the definition of I'g, we obtain

k
ho'y ﬂa’qu )
E Fﬁ’yj E Ca 8?207 ]:17...,71,.

a,f=1

On the other hand, y*0~ = >"1" | v dg® for a« =1,...,k, and hence

Lo02sd(770%) Z % dg'.

Therefore, the preceding system is precisely (3.3.3). This proves (b).
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Conversely, suppose that (b) holds, and choose a matrix C = (C,?) satisfying tr C = —(h o) and
(3.3.3). Define a representative of the projected class [X]]x by

Z az+; Z;WfUJ+Cﬁ a@ﬁ’ a=1,..., k.
1 \J

Its g-components are, by construction, U} = (9h/dp¢) o v, and therefore satisfy the corresponding g-
equations. Furthermore,

i (T’)’ XA{)) —icaa—(ho'y),

so the z-equation is satisfied as well.
Finally, using (3.3.3) together with the maximal coisotropy condition (3.3.1) and reversing the com-
putation above, we obtain

k
T .
g Ty(X4)) e = an oy — ZVJ 82’0‘ oy, j=1l...,n

J

Thus, (" Ty)(X") satisfies the same z-dependent HADW equations along Im~ as a representative
X € [X}]y. Hence, (a) follows. O

The preceding Hamilton-Jacobi condition admits a geometric reformulation that makes the role of
the projected gauge freedom more transparent. Before presenting this reformulation, it is useful to clarify
the role of some of the assumptions entering the z-dependent Hamilton—Jacobi theory.

First, the isotropy of the sections ~,: Q — @k T*Q, g — (qi,vf“(q,z)), for fixed z € R*, with
respect to the canonical k-symplectic structure is not required for the proof of the z-dependent Hamilton—
Jacobi equation itself. Indeed, the argument only uses the maximal coisotropy of Im~, through condi-
tion (3.3.1), in order to rewrite the momentum equations. The isotropy of the sections 7y, becomes relevant
only when one wishes to introduce local generating functions, since the condition 9y%/d¢’ = g /0q
ensures the local existence of functions W%(q, z) such that v¥(q, z) = OW*/dq".

Second, no integrability assumption on the k-vector fields involved is used in the proof of Theo-
rem 3.3.5. Integrability becomes relevant only when the theorem is interpreted in terms of integral
sections, and hence in terms of actual solutions of the corresponding Hamilton—De Donder—Weyl equa-
tions. In this case, one seeks integral sections of the projected system whose lifts through v provide
solutions of these equations. For this purpose, it is sufficient to require the integrability of the projected
representative X"

We now give an intrinsic reformulation of condition (b) of Theorem 3.3.5, which makes the role of the
projected gauge freedom more transparent.

Remark 3.3.6. Let {ej,...,e;} be the canonical basis of R¥, and let {e!,... e*} be its dual basis.
Define the R*-valued one-form and the (R¥)*-valued function

k k
VO = 0% € Q(QxRNRF),  Ti=> T,e* € CF(Q x R, (RM)").

a=1 a=1

Furthermore, define the End(R¥)-valued one-form Z, € Q'(Q x R*, End(R¥)) by
(Z,(Y))(v) = (,,vd(v*0))(Y), Y eX(QxRF), veRF

where vV denotes the constant vertical vector field on @ x R* associated with v € R*. With respect to
the canonical basis, one has

(Z"/)aﬁ = La/azﬁd(’y*ea)v O‘vﬁ: 1,...,k
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Since v*0* = 31", 7¢(q, z) d¢’, it follows that

o _ 0 ; B
(25) =2 5.a62)dd, e f=1. k

Thus, Z, encodes the vertical z-dependence of the pulled-back canonical form *6. Set
=, :=dg(hon) +([,70) € Q*(Q x R¥).
Then condition (b) of Theorem 3.3.5 is equivalent to the requirement =, € 7, (h), where
Toh) = {—tr(Ao 2,) | A € C®(Q x R:, End(RY)), tr(A) = —(ho)}.
Equivalently, there exists A € C(Q x R* End(R¥)), satisfying tr(A) = —(h o), and such that
do(hoy)+(I',v"0) +tr(Ao Z,) = 0.

Thus, the deviation from the equation dg(ho+y) + (I', v*0) = 0 is measured precisely by the affine family
T, (h), determined by Z., subject to the prescribed trace condition. The freedom in choosing A with fixed
trace corresponds to the freedom in the matrix C' = (C,”) appearing in Theorem 3.3.5. In particular,
any two such choices differ by a trace-free endomorphism. This provides a geometric manifestation of the
projected gauge freedom induced by ker .

Note that for &k = 1, one has End(R) = R, so the trace condition determines A uniquely, namely
A = —(h o). Consequently, 75(h) consists of a single one-form, and there is no remaining trace-free
freedom. Equation (3.3.3) therefore reduces to

dg(hov) +T'v"0 — (hov)igsa.d(v"0) =0, (3.3.6)

which is precisely the z-dependent contact Hamilton—Jacobi equation presented in [61]. Moreover, by
Lemma 3.3.3, when k& = 1, the condition that Im~ be maximally coisotropic is equivalent to the usual
coisotropy condition for the image of a section v: @ x R — T*@Q x R. As said before, the isotropy
condition for v, is not relevant for the proof of the Hamilton—Jacobi equation itself as used in [61], but
it is relevant if one wishes to introduce local generating functions, as performed in the cited work.

3.3.2 The evolution approach

The next result provides the z-dependent Hamilton—Jacobi theorem for evolution 7g ;-Hamiltonian sys-
tems. In contrast with the Hamiltonian case, the projected gauge term is trace-free, and the resulting
Hamilton—Jacobi equation therefore gives the corresponding evolution counterpart of equation (3.3.3).

Theorem 3.3.7 (z-dependent k-contact evolution Hamilton-Jacobi theorem). Consider the k-contact
Hamiltonian system (]ka = @k T*Q x R* ng .k, h) Let [Ey)y., denote the class of ng i-evolution k-
vector fields associated with h, modulo gauge terms taking values in ker xev := {Y € ker x | tyng,x = 0}.
Let v: Q@ x RF — Jo 1 be a section of Toxre: Jor — Q X RE, and assume that Im~y is mawi-
mally coisotropic. For each E € [Eyly.,, define EY := (@k TwaRk> (E 0 7). Moreover, set Koy =

(EBk Tﬂ'QXW) (ker Xev), and denote by [(Ep)"]k., the corresponding projected class. Then the following
statements are equivalent:

(a) There exist representatives B € [Ey),., and B € [(En)Vk., such that (@k Tv) (E'Y) and E o~y
determine the same z-dependent evolution Hamilton—De Donder—Weyl equations for h;

ev

(b) There exists a smooth matriz-valued function C = (Co?) € C* (Q x R¥, Matyx1(R)) satisfying
trC = ZI;:1 Co® =0 and such that

k k
do(hoy) + > Ty 0? + Y Co’1p0.6d(770%) =0, (3.3.7)
B=1 a,B=1

where L' := 8(;;]) =dhly (Ty (%)) for B=1,... k.
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Proof. Take adapted Darboux coordinates (q*,p%, z*) on Jg, so that the section 7 is locally given by

(g, z) = ( i,’yio‘( q,2), O‘). Set U} := W on, fora=1,....,kand i = 1,...,n. Using the chain rule

yields I'g = 6—3 o+ Za DY aazﬁ for 8 =1,...,k. Every representative E' = (E],...,E,) of
the projected class [(Ep)7]k,, can be written locally as

Z a@q Z%BUJ—&—C %, a=1,...k,

i=1 B=1 \j=1

for some smooth matrix-valued function C' = (C,”). Since ’y*ng)k =dzf - Y 1% dq¢', we have
Y g, k(ﬂ) C,”. As the projected gauge freedom is induced by ker v, the evolution condition
is preserved, and therefore 0 = 22:1 VNG & (F;) = 2221 Cy®. Hence, tr C = 0.

Assume first that (a) holds. Then there exist representatives E € [Ep]y., and E' € [(Ep)"]x.,
such that (@k T’y) <E’Y) and E o v determine the same z-dependent evolution Hamilton—-De Donder—
Weyl equations for h. In particular, their momentum equations coincide. Proceeding as in the proof of
Theorem 3.3.5, and using the maximal coisotropy condition (3.3.1) we obtain

M+§:rfy@+icﬂ%:o j=1....n.
I L A L e
Using v*0* = Y7 7§ d¢’, the above system is exactly (3.3.7). Thus, (b) follows.

Conversely, assume (b). Choose a representative E ' of [(Ej)]x.. having the local form above. By
the definition of the projected class, there exists a representative E € [E],,., whose projection along ~y
represents the same projected class. The g-components of (G}k T’y) <E7) are Ul = (0h/0p) o v, and
hence the g-equations of the evolution Hamilton—-De Donder—Weyl system are satisfied. Moreover,

>t (1 (B2)) = X0 (B2) - 3 -

so the evolution condition, and therefore the corresponding z-equation, is also satisfied.

Finally, reversing the preceding computation and using again the maximal coisotropy condition, equa-
tion (3.3.7) yields

k k
Z_;(M(El))pag:jovz_;v?;;ov, j=1,....n,

3
where (Tv(EZ)) denotes the coefficient of d/Jp§. Thus the momentum equations also coincide. It
pe

follows that (@k TV) <E7> and E o+ determine the same z-dependent evolution Hamilton-De Donder—
Weyl equations for h, proving (a). O

Remark 3.3.8. As in the Hamiltonian case, no isotropy assumption on the slices «, is required for the
Hamilton—Jacobi equation itself. Such an assumption becomes relevant only when one wishes to introduce
local generating functions.

Note also, that for k = 1, the trace-free condition implies C;* = 0, and equation (3.3.7) reduces to

9(hov)

F *0 = F:
dg(hov)+T~"0 =0, P

Moreover, by Lemma 3.3.3, the maximal coisotropy of Im~y is equivalent to its coisotropy. Thus, in the
contact case, the z-dependent evolution Hamilton—Jacobi equation takes the particularly simple form
above, with no residual gauge term.
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3.4 Integrable contact Hamiltonian systems and perspectives
for the k-contact case

As discussed in Chapter 2, complete solutions of the classical Hamilton—Jacobi problem give rise locally
to foliations of the symplectic phase space by Lagrangian submanifolds. Moreover, the image of each
Hamilton—Jacobi solution is invariant under the Hamiltonian flow. This geometric picture provides a
natural point of departure for considering complete solutions and integrability in the k-contact setting.

The results obtained in the previous sections reveal two different geometric situations. In the z-
independent theory, the image of a Hamilton—Jacobi solution is Legendrian, whereas in the z-dependent
theory the relevant geometric condition is maximal coisotropy. It is therefore natural to expect complete
solutions to give rise, respectively, to Legendrian and maximally coisotropic foliations.

We first consider the z-independent case.

Definition 3.4.1. A complete solution of the z-independent k-contact Hamilton—Jacobi (resp. evolu-
tion Hamilton—Jacobi) problem for the k-contact Hamiltonian system (Jg k,ng.k,h) is a local bundle
diffeomorphism ®: Q x RF(+1) — 75, such that, for every A € R¥(™+1 the map ®y: Q — Jgu,
given by ¢ — ®(g, ), is a solution of the z-independent k-contact Hamilton—Jacobi (resp. evolution
Hamilton—Jacobi) problem.

Since each ®, is a z-independent Hamilton—Jacobi solution, Im &, is an n-dimensional Legendrian
submanifold of Jg . Moreover, dim Jor = n + k(n + 1), so the k(n + 1) parameters of a complete
solution provide precisely the codimension required for the family F = {f N =Im Dy | NS Rk("ﬂ)} to
define, locally, a foliation of Jg 1 by Legendrian submanifolds. The corresponding construction in the
z-dependent setting reflects the coisotropic geometry underlying the Hamilton—Jacobi problem.

Definition 3.4.2. A complete solution of the z-dependent k-contact Hamilton—Jacobi (resp. evolution
Hamilton—Jacobi) problem for the k-contact Hamiltonian system (Jg k, 7M.k, ) is a local bundle dif-
feomorphism ®: Q x RF* x RF — Jqg.k such that, for every A € RF™ the map ®y: Q x RF — Jo.k
given by (g, z) = ®(q, A, 2), is a solution of the z-dependent k-contact Hamilton—Jacobi (resp. evolution
Hamilton—-Jacobi) problem.

In this case, each Im @) is an (n+k)-dimensional maximally coisotropic submanifold. Since dim Jg 1 —
(n + k) = kn, the number of parameters in Definition 3.4.2 again coincides with the codimension
of the corresponding leaves. Consequently, a complete solution determines locally a foliation F =
{]-",\ = Im &, | A€ Rk”} of Jg,r by maximally coisotropic submanifolds. Thus, while complete solu-
tions of the z-independent problem give rise to Legendrian foliations, their z-dependent counterparts
naturally lead to maximally coisotropic foliations.

This picture is consistent with the action-dependent Hamilton—Jacobi theory in contact geometry.
Consider a contact Hamiltonian system (T*Q x R,n,h). For a section 7: @ x R — T*Q x R, the
action-dependent Hamilton—-Jacobi equation can be written as

d(ho~)

d(ho) + =

v0 = (hovy)Lys.(v"0),

which is equivalent to (3.3.6). Accordingly, a complete solution of the action-dependent Hamilton—Jacobi
problem is a local diffeomorphism ®: @ x R” x R — T*Q x R such that, for every A € R™, the map
D) : QxR — T*Q xR, given by (g, z) — ®(q, A, 2), is a solution of the action-dependent Hamilton—Jacobi
problem. The corresponding family F = {F) :=Im®, | A € R"} defines locally a foliation of T*Q x R
by (n + 1)-dimensional coisotropic submanifolds. This is precisely the & = 1 instance of the geometric
picture described in Definition 3.4.2. Indeed, in this case maximal coisotropy of the image of a section
v: Q xR — T*Q x R is equivalent to coisotropy. Hence, in the z-dependent contact setting, complete
Hamilton—Jacobi solutions are naturally associated with coisotropic, rather than Legendrian, foliations.
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This observation also provides a link with the notion of integrability in contact Hamiltonian dynamics.
In the z-dependent setting, the relevant notion can be formulated in terms of an invariant coisotropic
foliation.

Definition 3.4.3. Let (M, 7, h) be a contact Hamiltonian system with dim M = 2n + 1. We say that
(M,n, h) is an integrable contact Hamiltonian system in the z-dependent sense if there exists a foliation F
of M by (n+ 1)-dimensional coisotropic submanifolds that is invariant under the flow of the Hamiltonian
vector field Xj,.

Motivated by the preceding discussion, we propose the following k-contact counterpart. Since a k-
vector field does not determine a single Hamiltonian flow, invariance is naturally expressed in terms of
the distribution generated by its components.

Definition 3.4.4. Let (Jg.k,MQ.k, h) be a k-contact Hamiltonian system. We say that it is an integrable
k-contact Hamiltonian system in the z-dependent sense if there exist a foliation F of Jg 1 by (n + k)-
dimensional maximally coisotropic submanifolds and an integrable ng r-Hamiltonian k-vector field X,
associated with h such that DX» ¢ TF.

The condition DX» C TF expresses the invariance of the foliation under the k-contact Hamiltonian
dynamics: the integral manifolds of D*"* are contained in the leaves of F. Thus, this definition provides
the natural k-contact analogue of invariance under the Hamiltonian flow in contact geometry. Whenever
a complete z-dependent Hamilton—Jacobi solution generates such a foliation, it provides the geometric
structure underlying this notion of integrability.

3.5 Applications

This section illustrates the Hamilton-De Donder—Weyl and Hamilton—Jacobi formalisms developed in
the previous sections through several representative field-theoretic examples. Throughout the section,
we consider a scalar field u = u(t,x), with (¢,2) € R?, and take the configuration space to be Q = R,
with coordinate u. The corresponding two-contact phase space is Jr 2 = @2 T*R x R2, with canonical
coordinates (u, p', p®, zt, 2%). The canonical two-contact form is

Nr2 = (d2' — p' du) ® e1 + (2" — p* du) ® eq,

and the corresponding Reeb vector fields are Ry = 0,¢, Ry = 0,=.
Consider a two-vector field Z = (Z;, Z,) on Jr.2 given locally by

) d 9
Zo=(Za)" 5 + > (Za)ﬁw+ > (Z‘l)ﬂ@’ a=tz.

B=t,x B=t,x
For later use, we briefly recall the projections associated with a section + of a two-vector field Z =
(Zi, Zy). In the z-independent setting, for a section v: @ — Jg,2, the projected two-vector field on @ is

YARES (@2 TTFQ) o (Z o). For a Hamiltonian two-vector field associated with h, its components take
the local form

zZ) = ((Za)“ o 7) % , a=t,x.

Thus, the projection of an nr 2-Hamiltonian two-vector field X, associated with Hamiltonian h reads

oh 0
X)) ==—ovy)=—, a=t,zx.
he (8})0‘ W) ou
In the z-dependent setting, a section is instead of the form v: @ x R? — Jr,2, and the relevant projected

two-vector field on @ x R2 is Z7 := (@2 Tﬂ'QXR2) o (Z o). Its components are locally given by

Zo = ((Za)u © '7) % + /B;w((Za)B o 'y) % , a=t,z.
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Meanwhile, the projection of an nr 2-Hamiltonian two-vector field X, associated with Hamiltonian A is
oh 0
)(’Y _ )( —
h’o‘_(aa ) + Z ho‘ ) 928" a=t,xz,

where the z-components satisfy

a;z(XZ,a)a = a;m(Xh,a)a oy = a;x v (aapil ° 7) —hoy.
In the following, we analyse the following representative examples:
o the damped telegrapher/Klein—Gordon equation;
e a dissipative Hunter—Saxton equation;
o a dissipative wave equation;

e an EIT-type thermodynamic model.

Before proceeding, we note that the maximal coisotropy condition simplifies considerably in the present
setting. Since dim Q = 1, condition (3.3.1) is automatically satisfied. Therefore, every section v: RxR? —
Jr,2 considered in the z-dependent Hamilton—Jacobi problem has maximally coisotropic image.

3.5.1 The damped telegrapher/Klein—-Gordon equation

We first consider the damped telegrapher/Klein—-Gordon equation
Upg — K Uge + AU + €u = 0, k>0, A>0, e€R. (3.5.1)

This equation includes, as particular cases, certain damped Klein—Gordon equations [88] and the classical
telegrapher equation describing the propagation of electric signals along a transmission line [108]. More
precisely, if u(x,t) denotes the voltage at position = and time ¢, then an infinitesimal segment of the
transmission line of length dx is modelled by a series resistance Rdx, a series inductance L dx, a shunt
conductance G dx, and a shunt capacitance Cdz, where R, L,G,C denote the corresponding physical
parameters per unit length.

Réx Léx
— AN/, 3000\ J
o —_Céx

Figure 3.1: Infinitesimal element of a transmission line.

The corresponding second-order telegrapher equation is
LC uy + (RC 4+ LG) us + RGu — gy = 0.

Assuming L, C > 0 and dividing by LC, we obtain

1, RO+IG - RG
Lc" LC c"~

Utt —

Hence, equation (3.5.1) reproduces the physical telegrapher equation under the identifications

oo L o BCHIG R G _ RG
ek T 1c Lo ‘T rc
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Thus, x is determined by the product LC, while A encodes the damping contribution arising from re-
sistance and leakage, and € represents the zeroth-order contribution due to the simultaneous presence
of resistance and conductance. In particular, in the lossless case R = G = 0, one has A = ¢ = 0, and
equation (3.5.1) reduces to the wave equation u; — Kz, = 0, with propagation speed /& = 1/v/LC.

Conversely, for given values of , A, €, the physical parameters satisfy LC' = 1/k, RC + LG = \/k,
and RG = e/k. Therefore, the triple (k, A, €) determines the combinations LC, RC + LG, and RG, but
does not determine the four parameters R, L, G, C separately. We now describe equation (3.5.1) within
the two-contact Hamiltonian formalism. Consider the Hamiltonian

hiar(u, pt, p*, 2", 2%) = % ((pt)2 — /i_l(pi)2) + %uQ + Azt (3.5.2)
The Hamiltonian hie is regular and affine in the dissipative variables. Moreover, its dependence on these
variables is entirely through z!. As discussed in Section 3.1, this has relevant consequences for the partial
differential equations satisfied by the dissipative variables and u(t, ).
Let ¢(t,z) = (u(t,z),p'(t,z),p"(t,z), 2" (t,x), 2" (t,z)) be a solution section of the Hamiltonian
Hamilton—-De Donder—Weyl equations associated with hte. The first set of equations gives

Ohiel " ONtel -1
_ _ - R 3.5.3
o P W= KD (3.5.3)

Ut

whereas the momentum balance equation becomes

8ht 1 aht 1 8ht 1
a t aw T _ € t € T € — )\ t .
ip' + Dpp ( R Wl e (eu + Ap")
Using p! = u; and p® = —ku,, we immediately recover

U — KUgy + AUy + eu = 0,

that is, equation (3.5.1). This is precisely the particular case of equation (3.1.2) determined by hye.
The variables z* and 2% complete the two-contact description, but they do not enter the resulting closed
second-order equation for u. In fact, since hye is affine in the dissipative variables, the Hamiltonian and
evolution Hamilton—-De Donder—Weyl formulations associated with the same Hamiltonian hye produce the
same equations for u, p*, p*, and hence the same second-order equation (3.5.1). The distinction between
the two formulations appears in the balance equations satisfied by z!(¢, z) and 2%(¢, z).

The affine dependence on the dissipative variables also illustrates the class of models considered in
Section 3.1. A different behaviour arises if one allows a nonlinear dependence on these variables. For
instance, consider

1 € A
hgel(uaptapzv Ztv ZT) = 5 ((pt)z - H_l(p£)2) + 5“2 + E(Zt)Z'
The corresponding Hamilton—De Donder—Weyl equations yield
utt—/fuxm—l—)\zt(t,x)ut—f—eu:O, k>0, A>0, e€R,

where zt

is itself governed by the balance equations for the dissipative variables. Thus, the two-contact
formalism provides a geometric mechanism for obtaining damped Klein—Gordon-type equations with
an effective damping coefficient Az!(¢,z) [88]. In this case, the behaviour of 2! is constrained by the
balance equation for the dissipative variables and is coupled, in particular, to z®. This provides a simple
mechanism for obtaining systems of PDEs whose coefficients depend on the dissipative variables and,
consequently, on the independent variables through their solutions. In what follows, however, we restrict

our analysis to the Hamiltonian e in (3.5.2).
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z-independent holonomic sections and projected integrable fields

A z-independent holonomic section v: R — Jg 2 is of the form

1) = (7 (), 7). @) W), ) = o), g = ),

We first consider the projected dynamics associated with the Hamiltonian hie. For both the ng o-
Hamiltonian and ng s-evolution formulations, the first Hamilton-De Donder-Weyl equations coincide.
By (3.5.3), the corresponding projected two-vector field Z” on R has components

0 0

z) = W’Z(W%a Z) = —H_lﬁ(u)%-

We restrict our attention to the case in which Z7 is integrable, so that its integral sections can be
used to construct solutions of the damped telegrapher equation through Theorems 3.2.4 and 3.2.5. In
particular, it is sufficient to require integrability of the projected two-vector field Z”, while integrability
of the corresponding two-vector field Z on Jg 2 is not required.

Since both components of Z" are multiples of 9, its integrability is equivalent to [(Z7), (Z7),] = 0.

Explicitly, this condition gives
d’}/m d’}/t
t u AT u —
) T () = 7k () L () = 0.

Hence, on any domain where v # 0,
d ((w)
= =0,
du \ 7§ (u)

RACI
Vi (w)
for some constant ¢ € R. Thus, 7% = cvZ. In what follows, we restrict ourselves to this case, excluding

and therefore

)

% = 0 from consideration. Let o: R? — @ = R be an integral section of Z7, and write
u(t,x) :=o(t, ).

Then
Uy = 75(”)7 Uy = _"{_1’73(’“’)'

Using 7% = ¢~Z, define locally

on a domain where v # 0. It follows that

0, (F(u(t,x))) = m —¢,  Ou(Flult,z)) = —r".

Consequently,
F(u(t,z)) = ct —rx 'z +C, u(t,z) = F 'ct—r'z+C),
for some C' € R, on any domain where F is invertible.
Whenever the corresponding z-independent Hamilton—Jacobi condition A 0 v = 0 is satisfied, an
integral section o of the projected dynamics lifts to a solution 1) = v o o. Its components are

Pt ) = A (ult2) = crt(ult,a)), P () = v (ult, ),

and
difyt At d,-}/z x

dU *’Yuﬂ dU :f}/u

Zt(t,’l}) = ’yt(u(tvx)% Zx(tvx) - Vi(u(t,z))a
Moreover, the relation v = ¢4 implies
7 (u) = ey*(u) + Co, (3.5.4)

for some Cj € R.
We now distinguish the Hamiltonian and evolution z-independent Hamilton—-Jacobi equations.
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Hamiltonian z-independent HJ equation and a solvable family

The Hamiltonian z-independent Hamilton—Jacobi condition is hge 0 v = 0, which explicitly reads

((Va))* = 571 (i ()*) + G + X' (u) = 0. (3.5.5)

DN =

As shown above, the projected two-vector field is integrable, on any domain where v, # 0, if and only if
vt = c~¥ for some constant ¢ € R. Using this relation together with (7*)" = ~/, differentiation of (3.5.5)
with respect to u gives

(® — kD5 (w) (V) (1) + AevE (u) 4 eu = 0. (3.5.6)

Equation (3.5.6) is a necessary compatibility condition for the Hamiltonian z-independent Hamilton—
Jacobi equation. Since it is obtained by differentiating (3.5.5), the original Hamilton—Jacobi equation
must still be imposed.

1

To obtain an explicit family of solutions, assume ¢? # x~! and consider the Ansatz v%(u) = au and

vt (u) = cau, where a # 0 is constant. Substitution into (3.5.6) gives
(& =k Ha? + A ca+e=0. (3.5.7)

The corresponding roots are

—Ae £ /A2c2 —4(c — Kk 1)e
a= :
2(c? — k1)

Thus, real solutions of this form exist whenever the discriminant is nonnegative and at least one of the
resulting roots is nonzero. Integrating (v*)" = ~%, (v*)’ =%, and using (3.5.4), we obtain
a ca
7 (u) = §U2+Ch Vt(u):7U2+CC1+Co7

where Cy, C;7 € R. Substituting these expressions into (3.5.5) and using (3.5.7), the terms proportional
to u? vanish and the remaining condition is A(cC; + Cp) = 0. Hence, when \ # 0, the constants must
satisfy Cy + c¢C7 = 0, whereas for A = 0, the combination Cy + ¢} is arbitrary. Therefore, provided
that A\(Co + ¢Cy) = 0, the above Ansatz defines a family of solutions of the Hamiltonian z-independent
N r,2-Hamilton-Jacobi equation.

The corresponding projected integral sections are obtained from

u
1
F(u) :/ ds = 1In |ul,

vi(s) a

up to an irrelevant additive constant. Hence,
F(u(t,z)) =ct — 'z +C,

and therefore

u(t, ) = ugexp(a(ct — k™ 'x)),

where ug # 0 is a constant. The induced lifted solutions ¢ =y o o are
p'(t,x) = cau(t,z), p*(t,x) = aul(t,x),

together with

2t x) = %u(t, z)% + cCy + Cy, 2(t,x) = gu(t, z)% + O,

where
AcCy + Cp) =0.
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Evolution z-independent HJ equation and a solvable family

We now consider the evolution formulation associated with the same Hamiltonian hi. Since the first
two Hamilton—-De Donder—Weyl equations coincide with those of the Hamiltonian formulation, they
yield the same damped telegrapher /Klein—Gordon equation for u(t,z). The difference between the two
formulations appears in the equation governing the dissipative variables. In the evolution formulation,
the Hamilton-De Donder-Weyl equations (1.2.14) read

o ahtel
B 8pt

ahtel
= )
op~®
ahtel t 8htel T 8htel

t r o __
Op" + Oxp® = (au TP TP G

uy o =p',  u, Y =—k"1p",

) o ,(/) = —(EU + )\pt)a

Oh Oh
+ tel T tel
opt TP Op~®

Ozt 4 0,2% = (p ) op =) —r1p")?
Thus, the equations for u,p’,p® are the same as in the Hamiltonian formulation, while the balance
equation for the dissipative variables 2!, 2% differs by the absence of the term —hyg 0 9.

Since the first Hamilton—De Donder—Weyl equations are unchanged, the projected two-vector field on
@ = R is also the same as in the Hamiltonian formulation, and hence so is its integrability condition.
Hence, 7% = ¢~* provided ¢ # 0. Consequently, the projected integral sections are again determined by

F(u(t,z)) =ct —rx 'z +C, u(t,z) = F '(ct—r 2+ C),

on any domain where F' is invertible. Whenever the evolution z-independent Hamilton—Jacobi condition
d(hte1 0y) = 0 is satisfied, the integral sections o lift via 7 to solutions ¢ = vy o o of the evolution HIDW
equations, whose components are

Pt 2) = y(ut,2)) = cy(ut.z)),  p"(tx) = (ult,2)),

and
xT

dy? d
do) =7t ), Flhn) =), L=k G =

The essential difference from the Hamiltonian formulation lies in the Hamilton—Jacobi equation. In
the evolution setting, the z-independent Hamilton—Jacobi condition is d(hte o) = 0. Since Q = R, this
is equivalent to

% E (Vo) = w7 (i (w))?) + 50 + Mt(u)] =0.

Using the holonomicity relations, this can be written as

d [1{/d*\°>  _, /dy®\?\ ¢

After substituting v/, = ¢~ and (y')’ = ~{, this equation becomes precisely (3.5.6). In contrast to

the Hamiltonian case, however, (3.5.6) is now the Hamilton—Jacobi equation itself rather than merely a
necessary condition obtained by differentiating it.

In particular, consider again the Ansatz v%(u) = au, 7% (u) = cau, where a # 0 satisfies (3.5.7).
Integrating the holonomicity relations gives

¥ (u) = gu2 + C1, 7 (u) = %uz +c¢Cq + Cy,

where Cy, C; € R. The corresponding projected integral sections are

u(t,z) = ug exp(a(ct — Ii_lx)) )
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with ug # 0, and the induced lifted solutions are
p'(tz) =cau(t,z),  p(t,z) =au(t,z),

together with
At x) = %u(t,x)Q feC 4Gy, () = gu(t, )2 + Oy

Indeed, substitution into the Hamiltonian gives

(> — k7 1)a® + € + Aca] u? + A(Co + cCh).

N | =

htcl oy =

By (3.5.7), the coefficient of u? vanishes, and therefore hie 0 v = A(Co + ¢Cy), which is constant, as
required by the evolution Hamilton—Jacobi equation. Hence, unlike in the Hamiltonian formulation, no
additional condition on the integration constants Cy and C1 is required.

The preceding z-independent constructions provide explicit families of solutions of both the Hamilto-
nian and evolution Hamilton—Jacobi problems, together with their corresponding lifted solutions. How-
ever, the families obtained from the above Ansatz do not define complete solutions in the sense of
Definition 3.4.1. Indeed, for @ = R and k = 2, a complete z-independent solution would require a local
bundle diffeomorphism ®: R x R* — Jr,2. In the family considered above, the parameters a and c are
constrained by (3.5.7), so that a is determined by ¢, up to the choice of a root, while Cy and C provide
two additional continuous parameters. Thus, the resulting family does not contain the four independent
parameters required for ¢ to be a local diffeomorphism and therefore does not constitute a complete
z-independent solution.

Hamiltonian z-dependent HJ equation and a complete solution
Let v: R x R? — Jr 2 be a section of moxgrz: Jr2 — R x R?, written as
y(u, 2, 2%) = (u, WZ(U,Z),'yﬁ(u,Z),zt,zm).
Since dim @ = 1, the maximal coisotropy condition for Im v is automatically satisfied. Moreover,
70! =+t du, v 07 = ~F du.

Hence, Theorem 3.3.5 yields the following Hamiltonian z-dependent Hamilton—-Jacobi condition for hie:
there exists a matrix-valued function C' = (Caﬁ)a,,@e{t,w} satisfying C;' + C* = —(hte1 ©y) and

Ol o) + T +Tarl + > CoP0.097 =0, (3.5.8)
a,Be{t,x}

where

Do = A+ 70007, — 879002070, To = 7,007, — K193 0:07%

We now construct an explicit family satisfying this condition. Fix a # 0 and let (u,v) € R2. Consider
Vipow) (u, 2'2") = (u, azt — \u+ p, —az" + v, 2, zx) (3.5.9)

For this family, 9,7 = a, 0,«7% = —a, and 0,«7. = 9..4Z = 0. Therefore, I'y = av! + A, and
I, = axk~19%. A direct computation gives

au(htel © 7(/@1/)) + Ft’Y'ltl, + Fm’Yqu =euta ((775)2 + H71(75)2) .

A 0
ham __ ham
¢ N < 0 Bham> ’

Furthermore, for a diagonal choice
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the last term in (3.5.8) becomes

> Ca0.578 = aApam — aBham.
o, fE{t,e)

Thus, it is enough to choose Apam, and Bpany, so that both the Hamilton—Jacobi equation and the trace
condition are satisfied. One such choice is

1 € _
Aham = _5 (htel o ’Y(u,u) + Eu + ('712)2 + K 1(’75)2> )

and 1
€ - T
Bram = *5 (htel © VY(u,v) — au - (75)2 - K 1(’Yu)2) .

Indeed, Anam + Bham = —(htel © Y(u,v)), While aApam — aBham = —cu —a ((75)2 + /ﬁ_l('yff)Q), so that
(3.5.8) is satisfied.
Finally, define ®: R x R? x R? — Jr o by

®(u, v, 2", 2%) = (u, azt — \u+ p, —az® + v, 2, z*)
Its inverse is given by
O (u,pt, p”, 2t 2%) = (u7pt —az' 4+ I, p* + az®, 2, z”’)

Hence, ® is a global diffeomorphism. Since, for every (u,v) € R2? the corresponding section V)
satisfies the Hamiltonian z-dependent Hamilton—Jacobi equation, ® defines a complete solution of the
Hamiltonian z-dependent two-contact Hamilton—Jacobi problem for hye.

Evolution z-dependent HJ equation and a complete solution

We now consider the evolution z-dependent formulation. By Theorem 3.3.7, the corresponding Hamilton—
Jacobi equation has the same form as (3.5.8), namely

Oulhier oY) + Tl + T+ Y CoP 0078 =0,
a,Be{t,x}

but the matrix-valued function C = (C,? )a,Beft,z} NOW satisfies the traceless condition Cit+ 0. =0.

For the same family (3.5.9), the computation carried out above gives

Ou(htel © V(u)) + Tevl + Ty = eu+a ((75)* + £ (75)?) -

Hence, the evolution z-dependent Hamilton—Jacobi equation is satisfied by choosing
A 0 1€
ev __ ev _ _ (= t\2 —1/.,x\2
Indeed, tr C®V = 0, and, since 0,:7% = a, ,=7% = —a, while the mixed derivatives vanish, we have

> (CM)aP00798 = aAey + (—Aey)(—a) = 20 A,
a,Be{t,x}

Therefore,

204y = —€u—a ((715)2 + Hil(’yg)z) )

and the evolution z-dependent Hamilton—Jacobi equation (3.5.8) is satisfied.
Consequently, the same map ® as in the Hamiltonian z-dependent case defines a complete solution of
the evolution z-dependent two-contact Hamilton—Jacobi problem for Ag;.
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3.5.2 A dissipative Hunter—Saxton equation as a k-contact Hamiltonian sys-
tem

We consider the dissipative Hunter-Saxton equation

1
Uty + UUgy + §ui + pug =0, (3.5.10)

where p > 0. For p = 0, equation (3.5.10) reduces to the classical Hunter—Saxton equation, which arises,
for instance, in the description of orientation waves in nematic liquid crystals. Differentiating (3.5.10)
with respect to x gives
Uter + 2Uglpe + Ulgzs + HUzz = 0,
a form that is also commonly considered in the literature [46]. For further information on Hunter-Saxton
and dissipative Hunter—Saxton-type equations, see [45, 46, 59, 77, 78, 131, 132].
Consider the Hamiltonian

hus(u, pt, p®, 2%, 2%) = —2p'p® 4 2u(p")? + up® + 2uz’. (3.5.11)

The term 2u2* gives rise to the dissipative contribution in (3.5.10), while the term up® modifies the first
Hamilton—De Donder—Weyl equation relating u; to the polymomenta. The Hamiltonian hyg is affine in
the dissipative variables, with its dependence on these variables occurring entirely through z¢, and it is
regular. Indeed, its Hessian with respect to the polymomenta is

qu -2
-2 0 )’

whose determinant is —4. Thus, the general considerations developed above for the Hamiltonian and
evolution formulations apply.
The Hamiltonian Hamilton—-De Donder—Weyl equations associated with (3.5.11) give

up = —2p" + dup’ + p, Uy = —2p°, (3.5.12)
together with
oipt 4 0,p" = —2(p")? — 2up’. (3.5.13)
Eliminating the polymomenta from (3.5.12)—(3.5.13), we have
1

Uy, P :*iutfuux‘i’ia
and therefore

1
Uy + U gy + iui + pug, = 0.

Hence, the dissipative Hunter—Saxton equation (3.5.10) is recovered.
z-independent holonomic sections and projected integrable fields
A z-independent holonomic section v: R — Jg 2 is locally written as

_ 4
T du

W, ) = ().

’Y(u) = (uv 713 (u)’ 75 (u)’ 'Yt (u)’ 796 (U,)) ) 7’2 (u)

By the first Hamilton—De Donder—Weyl equations (3.5.12), the corresponding projected two-vector field
on @ = R has components

(Z27) = (=295 (u) + durl (v) + “)a%’ (Z7)e = _27;(u)8%. (3.5.14)

We restrict our attention to the case in which Z7 is integrable and +! # 0 on the domain un-
der consideration. Since both components of Z"” are multiples of J,, the integrability condition is
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[(Z7)t,(Z7);] = 0. Equivalently, the ratio of their coefficients is constant, and hence there exists ¢ € R
such that —2v% + 4u~! + u = —2¢~!. Therefore,

V2 () = (2u + e)yh (u) + g (3.5.15)
Let 0: R? — Q = R be an integral section of Z7, and write u(t,z) := o (¢, ). Then,
up = =27, () +duyy (W) + i ue = —27,(w).
Using (3.5.15), these equations reduce to u; = —2c~!(u),u, = —2v%(u), and consequently u; = cuy.
Define locally
v ds
F(u) := / —_—.
W= S
It follows that
Oy (F(u(t,x))) =c, Oy (F(u(t,x))) =1,
and hence
F(u(t,z)) =ct+z+ C, u(t,z) = F Y ct+z+C), (3.5.16)

on any domain where F is invertible.

Whenever the Hamiltonian z-independent Hamilton—Jacobi condition is satisfied, that is, hygovy = 0,
an integral section ¢ lifts via v to a solution ¢ = v o ¢ of the Hamiltonian Hamilton—-De Donder—Weyl
equations, whose components are

p(tx) = v (ult,x),  p(tx) = vy (ult, 7)),
and

tx) =9 (ult,z)),  2"(tx) =" (ult, 2)).
Moreover, (3.5.15), together with the holonomicity relations, gives

d~”

d
L () = (2u+)

4!
du

(u)+g

Integrating by parts, we obtain

Y (u) = (2u + )yt (u) — Z/Ufyt(s) ds + gu—kCg,

for some Cy € R. The corresponding z-independent Hamilton—Jacobi condition remains to be imposed
and may therefore introduce additional restrictions on the sections v obtained above.

Hamiltonian z2-independent HJ equation and a solvable family
The Hamiltonian z-independent Hamilton—Jacobi condition is hygg o v = 0, that is,
=2, (W) () + 2u(y, (w))? + oy, () + 207" () = 0.
Using the integrability condition (3.5.15), this reduces to
—(u+ ) (YL (w)? + v () = 0. (3.5.17)

Thus, (3.5.17) is the Hamiltonian Hamilton—Jacobi equation expressed in terms of 7! and ~'. Differenti-
ating it and using (v*)’(u) = +{ (u), we obtain the necessary compatibility condition

— (v (w)? = 2(u+ )y, (w) (7,) (w) + 7, (u) = 0. (3.5.18)

On any domain where v/, # 0, this is equivalent to

2(u+ ) () (u) + i (u) — p = 0.
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Hence, on a connected domain where u + ¢ # 0, we have

A

t
W) = pt ——,
“ Viu+]

AeR.

Using (3.5.15), we then obtain

Vulu) = (2u+c) (u +

=

)

Let § := sgn(u + ¢) on the chosen connected domain. For p > 0, the choice

: §A?
v (u) = p(u+c) + 246 |U+C|+7

satisfies both (v')'(u) =~/ (u) and the original Hamilton—Jacobi equation (3.5.17).
A particularly simple explicit subfamily is obtained, for u > 0, by taking A = 0. Then

I
Yolw) = i) = pu+o)+ 3,

and we may choose
. (2c+1)p
V() =plute), YT (u) =t 4

In this case, F'(u) = —u/(2p), up to an additive constant, and (3.5.16) therefore gives

U+Cl.

U(t,I) =Uup — 2:“‘(1: + Ct)a

for some constant ug € R. Since the Hamiltonian z-independent Hamilton—Jacobi condition is now
satisfied, this projected integral section lifts via v to a solution ¢ = y o ¢ of the Hamiltonian Hamilton—
De Donder—Weyl equations, given by

pite) =p, PPt ) = p(2u(t, ) +¢) + g
and
2t x) = p(u(t, ) + ¢, 2%(tx) = pu(t,z)? + WU@VT) + Ch.

Evolution z-independent HJ equation and a solvable family

In the evolution formulation, the equations for u, pt, p* coincide with those of the Hamiltonian formulation,
whereas the balance equation for the dissipative variables 2%, 2% differs by the absence of the term —hysg.
Therefore, the projected two-vector field is still given by (3.5.14), and the integrability condition (3.5.15)
and the projected integral sections (3.5.16) remain unchanged. The evolution Hamilton—-De Donder—Weyl
equations associated with hyg are

up = —=2p" +dup' +p,  uy =—2p',
Op" + 0:p" = —2(p")? — 2up",
Op 2t 4 0,2% = —4p'p™ + 4u(p")? + pp'.

For a z-independent holonomic section -y, the evolution Hamilton—Jacobi condition is d(hyg o) =0,

that is,
L [y ) + 203 () + g ) + 27 ()] =0,

Using the integrability condition (3.5.15), this is equivalent to

—(u+e)(VE () +uyt(u) =K, KecR. (3.5.19)
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Differentiating (3.5.19) with respect to u, we recover exactly (3.5.18). Hence, the previous computation
applies directly to the evolution formulation. In particular, for g > 0 and on a connected domain where
u+ ¢ # 0, we may take

B A

V() = o+ ey A2 () = (2u+ ) (u+ A) +
Vit d Vit d

Let § :=sgn(u + ¢) on the chosen connected domain. Then

RS

§A2 + K
7 (u) = plu+ ) + 240/ |u+ of + ——

satisfies both (v%)"(u) = ! (u) and (3.5.19). In contrast with the Hamiltonian z-independent case, the
constant K is arbitrary, reflecting the fact that the evolution Hamilton—Jacobi condition requires hys o7y
to be constant rather than zero.

A particularly simple explicit subfamily is obtained by taking A = 0. Then

1
Yulw) =n i) = pRute)+ 3,
and we may choose
K 2c+1
) =+ ) =+ B

The projected integral section is again u(t, x) = ug — 2u(x + ct), while its lift through + is given by

pta)=p  p(ta)=p(2u(t)+o) + 5,

and

2+ 1
(2¢+ )uu

2t x) = plu(t,z) +¢) + %, 2t x) = pu(t,z)® + (t,z) + Cy.

A more general explicit subfamily is obtained by taking A = 1 and, for simplicity, K = 0. Then

1

! = —_— “(u) = 2u+c _

On a connected domain where u 4 ¢ # 0, with § = sgn(u + ¢), we may choose

RS

)
Y (u) = plu+c) +26 futel+ .
Moreover, integrating = (u) gives

2 1 4
7 (u) = pu® + Qu—i— §|u—|—c|3/2 —2¢6/|u+ | + Cy.

In this case,

and a direct computation gives

F(u):—u+c+;\/u+c—;ln<1+u\/|u—|—c|),

2p

up to an additive constant. Hence, F(u(t,x)) = x + ¢t + C, or equivalently,

u(t,z)+c¢ ¢ ) St 1) =
fTJrE \u(t,z)+c|fﬁln(1+u |u(t,x)+c|)fx+ct+0.
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Define 5 5 5
—ﬂr2+—r—ﬁln(l+ur)7 r > 0.

112
On any domain where Gy is invertible, we obtain

Viut, ) + | = G5z +ct + O),

G5(T) =

and therefore
u(t,z) =6 (G5 (z +ct + C))2 —c.

Since the evolution z-independent Hamilton—Jacobi condition is satisfied, this projected integral sec-
tion lifts via v to a solution of the evolution Hamilton—De Donder—Weyl equations, whose components

are
1

tt,a:z Y,
pte) u+\/|u(t,x)—|—c|

0
2t x) = p(ult, ) + ) + 26/ |ul(t,z) + c| + L

=

)

“(t2) = (Qu(t,z) + ¢ _
p(t,x) = (2u(t, x) + )<u+ |u(t7x)+c|>+

2 1 4
2t x) = pu(t,z)® + % u(t, z) + §|u(t, z) + ¥ —2c6/|u(t, ) +¢| + C; .

Hamiltonian and evolution z-dependent HJ equations and a complete solution

Let v: R x R? — Jr,2 be a section of mgyr2: Jr2 — R X R2, written as

y(u, 24, 2%) = (u,’yﬁ(u,z),vﬁ(u,z),zt,zz), z = (2%, 2%).

Since Q = R is one-dimensional, the maximal coisotropy condition for Im~ is automatically satisfied.
Moreover,

VO = du, 0T = du,
and

egay _ O
tajo-2d(770%) = 575 du.

For the Hamiltonian (3.5.11), we have

hus 0y = =27, 74 + 2u(y,)? + pry, + 202"

Furthermore,
ot 0=
r,=2 —2~% 4+ 4yt —u_gntZu

t ,LL+( 7u+ u,)/u—"_/j/) ot 7uazt7

and .
a7, ovE
Fm = (—=2~* 4 t u t 3
(=270 + 4wy + 1) 525 = 205

Hence, the z-dependent Hamilton—Jacobi equation has the same form in the Hamiltonian and evolution

formulations,
i

0zP

8u (hHS o '7) + Ft’yf;, + FCE’VZ + Z Caﬁ
a,Be{t,x}

=0, (3.5.20)

for a suitable matrix-valued function C' = (C,” )a,8e{t,w}- The difference between the two formulations
lies in the corresponding trace condition. In the Hamiltonian case,

Ci' + C." = —(hus 0 ), (3.5.21)

whereas in the evolution case,

Ci' +C," =0. (3.5.22)
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We now construct a genuinely z-dependent complete solution for both formulations. Fix a # 0 and
let (p, o) € R2. Consider the family

Vip,or) (s 2' %) = (u,azt +p,—az” + 0,2, zz)

For convenience, set
T :=az' +p, X :=—az"+o.

Then v}, =T, v = X, and 9,7, = a, 0,272 = —a, while d,=7. = 9,:7* = 0. Moreover,
hus © V(p,o) = —2TX + 2uT? + pT + 2pz",

and
Ty =2u+ a(—2X + 4uT + p), T, =2aT.

Therefore,
Ey 1= O0u(hs 0 V(poy) + DT + T, X = (2 + 4aw)T? + p(2 + a)T.

In the Hamiltonian case, (3.5.20) is satisfied by choosing

A 0
ham __ ham
¢ N < 0 Bham> ’

1 = 1 =
Aham = 5 (hHs °Y(p,0) T+ ;) ; Bham = —3 ( HS © Y(p,0) — (;) .

Indeed, Anam + Bham = —(hus © Y(p,0)), and aAnam — aBham = —Z,. Thus, both (3.5.20) and (3.5.21)
are satisfied.

where

In the evolution case, we may instead choose

ev __ Acv 0 _ %
c _<0 —Aev)’ Ay = -2,

Then, tr C° = 0, and aAey + (—a)(—Aev) = 2aAey = —E,. Hence, (3.5.20) and (3.5.22) are satisfied.
Finally, define ®: R x R? x R* — Jr o by

®(u, p,0,2",2") = (u,azt +p,—az" + 0,72, zz)

Its inverse is
—1 t , xr t x t t T x t x
i} (u,p,p,z,z):(u,p—az ,p° +az®, 2t 2 )

Hence, ® is a global diffeomorphism. Since each section 7, ) satisfies the corresponding z-dependent

p,o
Hamilton—Jacobi equation with the appropriate trace condition, ® defines a complete solution of both

the Hamiltonian and evolution z-dependent two-contact Hamilton—Jacobi problems for hys.

Remark 3.5.1. The distinction between the Hamiltonian and evolution z-dependent formulations is
encoded in the trace condition imposed on the matrix C' and, at the level of the Hamilton—De Donder—
Weyl equations, in the balance equation for the dissipative variables 2¢, 2%.

A quadratic solution from the z-dependent evolution Hamilton—Jacobi equation

The z-dependent Hamilton—Jacobi equation is more flexible than its z-independent counterpart. In
particular, it allows us to construct sections satisfying the Hamilton—Jacobi condition whose projected
dynamics yields explicit non-affine solutions of the dissipative Hunter—Saxton equation.

Consider the section 7: R x R? — Jg o defined by

F(u, 2, 2%) = (u,O,g — zt,zt,z‘”> .



74 Chapter 3. Hamilton—Jacobi equations in the k-contact setting

Then, 7% = 0, 3% = p/2 — 2%, and 9,.7* = —1, whereas all the remaining derivatives of ¥%,5% with

respect to z*, 2¥ vanish. Moreover,
hus o ¥ = 2uz", 'y =2p, r,=0.
Therefore, the left-hand side of the z-dependent evolution Hamilton—Jacobi equation becomes
~ ~t ~x B a&g t
Oulhus 07) + T, + LA+ Y Ca 5.8 — Cu-
a.pe{t,z}

Hence, the equation is satisfied by any traceless matrix C' = (C,”) such that C,* = 0. For instance,

o= (b 9,

choose

0 -1
This matrix is traceless and satisfies C,* = 0, and therefore solves the corresponding z-dependent evolu-
tion Hamilton—-Jacobi equation.

Let E” = (Et’y ,E; ) be the associated projected representative. Its u-components are

By = <3hHs O§> s By = (5;2? O§> -0

opt
Using
(B2 =H(E)" +C?,
we obtain _ N
(E)) =1, (B,)* =22 (g — zt) — 2t (% _ zt) -0,
and N _
(E;) =0, (B))"=-1
Thus, B N
E::2zt%+%, 73—_8;;

These vector fields commute, and hence E” is integrable. Let o(t,z) = (u(t,z),z'(t, ), 2"(t,x)) be an
integral section. Then,

w=2  w,=0, (=1 (D=0, (=0, (")=-L

Therefore,
2t x) =t +c, 25(t,x) = —x + ca,

and consequently
up(t,x) = 2(t + ¢1), ug(t, ) =0,

where ¢, c1,co € R. Hence, u(t,z) = (t + ¢1)? + ¢o and the corresponding lifted section 1) =7 o o is

’U/(t7$) = (t+ 01)2 + co, pt(t7x) = 07 px(tax) = g —t— C1,

together with
2t x) =t+cy, 2 (t,x) = —x + ca.

A direct substitution shows that this section satisfies the evolution z-dependent HADW equations. In
particular, its projected component u(t, ) = (t+c1)?+co satisfies the dissipative Hunter—Saxton equation

1
Uty + UUgpy + iui + pu, = 0.
This example illustrates how the z-dependent evolution Hamilton—Jacobi equation admits sections
whose projected dynamics produces explicit solutions that do not arise from the simple affine families

considered in the z-independent setting.
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Further remarks on the z-dependent Hamilton—Jacobi equation

It is worth stressing that the z-dependent Hamilton—Jacobi problem differs from its z-independent coun-
terpart. Indeed, it is formulated for sections 7: Q@ x R? — Jg,2 and describes classes of projected
two-vector fields on @ x R2. This formulation provides additional freedom, both through the dependence
of the sections on the dissipative variables and through the choice of representatives of the projected
class. At the same time, this additional freedom requires some care when reconstructing solutions of
the original field equation. In particular, satisfying the z-dependent Hamilton—Jacobi equation does not
by itself determine a solution of the dissipative Hunter—Saxton equation. One must additionally choose
a suitable representative of the projected class and determine an integral section of the corresponding
projected two-vector field.

To further illustrate the z-dependent Hamilton—Jacobi formulation, fix ¢ € R and consider the section

T, 2, 27) = (g, p(2u+ ) + 5,2, 27)

Although this section belongs to the z-dependent setting, its momentum components are independent of
2t 2%, Hence, 0,57 = 0, for a, 3 = t, x, and therefore 'y = 2, I', = 0. Moreover,
hus oy = —2u?(u + ¢) + 2uz’, Ou(hus o) = —2u>.
It follows that
Ou(hus o) + T3, + Do = —2p® 4+ 2u> = 0.

Since all the z-derivatives of the momentum components vanish, the z-dependent Hamiltonian Hamilton—
Jacobi equation is therefore satisfied for any matrix C' = (C,”) whose trace satisfies

Cl 4 Cp® = —(hus 0 7) = 22 (u + ¢) — 2uz'.
For instance, one may choose

Cham _ 0 0
0 2u?(u+c)—2uzt)"

The u-components of the associated projected representative are

<7 w ahHS ~ ] u ahHS ~
(X}’Ly,t) = ( 6pt O’Y) == _2C,U, (X}’lx) = < 8p1 oy = —2#

Thus, for a compatible integrable representative, the u-component of an integral section satisfies
ur = —2cp and u, = —2u, and hence

u(t, ) = up — 2u(z + ct), ug € R.

The same affine solution appeared in the z-independent analysis. This coincidence follows from the fact
that the momentum components

~ ~ M
Vu=H Tu=puto)+3
coincide with those of the corresponding A = 0 z-independent family. The resulting function satisfies the
dissipative Hunter—Saxton equation (3.5.10), since
1
Uty = Ugy = 0, 5“3 + pu, = 2u2 — 2p2 =0.

This observation shows that the same projected solution may arise from both the z-independent and
z-dependent Hamilton—Jacobi formulations, despite the different geometric settings in which the two
problems are posed. More generally, the z-dependent theory provides additional freedom through the
dependence of the sections on the dissipative variables and through the choice of representatives of the
projected class. As emphasised above, however, the Hamilton—Jacobi condition alone does not guarantee
the existence of an integral section since the integrability of the chosen projected representative must also
be taken into account.
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3.5.3 A dissipative wave equation as a k-contact Hamiltonian system

Let us consider the Hamiltonian function

h(u,p',p*, 2", 2") = = (u® + (p")?) + A2, (3.5.23)

DN | =

where A > 0 is a dissipation parameter. Since R;(h) = A and R, (h) = 0, the Hamiltonian is not invari-
ant under the Reeb flow in the z!-direction, reflecting the non-conservative character of the dynamics.
Moreover, the Hamiltonian is non-regular, since its Hessian with respect to the momentum variables is

( 9%h ) (0 0)
Op>opP o feltn) 0 1)

This example will therefore allow us to illustrate some features of non-regular Hamiltonians. We will
focus on the z-dependent Hamilton—Jacobi equations.
The Hamiltonian HIDW equations associated with (3.5.23) are

_oh o on
SN

i

r,

Ut

together with

oh oh oh
t B z _ _ [ 222 t x — _ )\ 3
Op” + Oup (au“’ 5.0 TP aﬂ) (u+ Ap),
and
Oh oh 1
t x _ .t x _ r\2 2 t
Oy z" + 0,2 =p ot +p e —h= 5((}9 )Y —wu ) — 25
The evolution HIDW equations associated with (3.5.23) read
s — Oh _0 o oh
t apt — Y% x — apw =p,
Oh oh oh
t mmziii tiiwizi 7)\15
op” + Ozp 9 P oxt P o u— Ap’,
Ooh oh
o t az T _ it o — (n® 2.
SR S (r*)

Thus, the relations involving u and the momentum balance are the same in the Hamiltonian and evolution
formulations, whereas the evolution law for the dissipative variables differs. In particular, the parameter
A does not appear explicitly in the latter balance equation. The non-regularity of the Hamiltonian is also
reflected in the first HIDW equations: while p® = w,, there is no corresponding relation determining
pt in terms of derivatives of u, since u; = 0. Instead, p' remains an additional variable subject to
the momentum balance equation. Consequently, unlike in the regular examples considered above, the
momentum variables cannot both be eliminated in favour of u and its derivatives, and the HADW system
does not directly reduce to a second-order equation for u(t,x).

z-dependent Hamiltonian and evolution two-contact Hamilton—Jacobi equations

Let v: R x R? = Jr o be a section of mpyge: Jro — R x R?, written as
y(u, 2, 2%) = (u,’yZ(u,Z),vﬁ(u,z),zt,zz), z = (2%, 2%).
Since Q = R is one-dimensional, the maximal coisotropy condition is automatically satisfied. Moreover,

A
028

VO = du, 0T =A0du,  1h9.0d(770%) = du.

For the Hamiltonian (3.5.23), one has

(u2 + (’yff)Q) + Xzt

1
ho~n ==
oy B
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Furthermore,
M M

Hence, the z-dependent Hamilton—Jacobi equation takes the form

0y
028

Ou(hon) +Trh +Tavi + Y, Co
a,Be{t,x}

=0, (3.5.24)

for a suitable matrix C = (C,” )a,8e{t,}- As in the previous examples, the difference between the
Hamiltonian and evolution formulations is encoded in the trace condition. In the Hamiltonian case,

Ci' +C" = —(how), (3.5.25)

whereas, in the evolution case,
Ci' +C." = 0. (3.5.26)
Let us now exhibit a z-dependent complete solution. Fix a # 0 and parameters (p,o) € R?, and

consider the family of sections

'y(pﬁ)(u,zt, 2%) = (u,azt +p, —az" + 0,2, z””)
Set T := az! + p, and X := —az® + 0. Then,
'YZ = Ta 75 = Xa azt%z =a, 82175 = —a,

while the mixed z-derivatives vanish. Moreover,

1
hoY(po) = 5(u? + X%+ A, Ty=A, Ty=-aX.

Therefore, setting
Ey = 0u(hoypey) + T T + T X,
one obtains
E, =u+ AT —aX?
In the Hamiltonian case, (3.5.24) is satisfied by choosing

A 0 1 = 1 =

ham __ ham _ = y [ _ =

C = ( 0 Bham) ; Aham = 9 <(h O'Y(p,a)) + a ) ) Bham 9 ((h o ’Y(PJ)) ) .
Indeed,

Aham + Bham = —(h e} 7(p7a))7 aAham — aBham = —E,y,

so both (3.5.24) and (3.5.25) are satisfied.
In the evolution case, one may instead take

ev __ Acv 0 _ %
C _<0 —Aev)’ Agy = -2,

Then C¢ is traceless and
adey — a(—Aev) = —E5,

so both (3.5.24) and (3.5.26) are satisfied.
Finally, define

®: R xR?xR? — Jro, O(u, p,0, 2", 2%) = (u,azt + p,—az® + o, zt,zw).

Its inverse is

O (u,pt, p”, 2t 27) = (u,pt —azt,p® + az”’,zt,z’”).
Hence, ® is a global diffeomorphism and therefore defines a complete solution of both the Hamiltonian
and evolution z-dependent two-contact Hamilton-Jacobi problems associated with (3.5.23).
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Remark 3.5.2. The main difference between the z-dependent Hamiltonian and evolution formulations
in this example lies not in the family of sections itself, but in the trace condition imposed on the matrix
C' in the corresponding Hamilton—Jacobi equation. Thus, both formulations admit the same complete
family of sections, while the distinction between them is reflected in the corresponding choices of the
projected representatives.

3.5.4 k-Contact Hamilton—Jacobi equations for a covariant EIT-type ther-
modynamic model

This example illustrates how the k-contact formalism can also be applied in a thermodynamic field-
theory setting. In this case, the geometric structure is not intended to describe time evolution in the
usual mechanical sense, but rather a covariant system involving constitutive relations, balance laws, and
entropy production. The construction is motivated in part by the k-contact formulation of relativistic
thermodynamic systems developed in [44]. More specifically, the model considered here has features
of extended irreversible thermodynamics, in which dissipative fluxes are treated as independent non-
equilibrium variables, and can also be viewed as a reduced divergence-type model, with the balance laws
determined by a generating Hamiltonian. The purpose of the present example is primarily to illustrate,
at a mathematical level, how the Hamilton—Jacobi formalism developed above may be applied to this
type of thermodynamic system.

Consider the manifold M = RF+4+2 with coordinates (Sk, N® T Pt ¢ By, V), where p, A =
1,..., k. We introduce the variables Sh = G4 ENF — Z§=1 BAT*M, where S* denote the entropy fluxes,
N* the particle-number fluxes, T** generalised stress-energy variables, not assumed to be symmetric,
and PH pressure-type or dissipative fluxes. The variables (£, 8x,V) play the role of thermodynamic
configuration variables.

On M, consider the R*-valued one-form

k k
NTher = D <d§“ — NHAE+ ) TMdBy — P“dV) e,
pn=1 A=1

This form is in Darboux k-contact form under the identifications
ZH:SVH‘7 qz:(£7/8>\)v)7 p?:(N/”l/’—T)\H,PM)’ iz]‘?""n7 /’L7)\:]‘)"'7k7

where n = k 4+ 2. Hence, (M, N Ther) is a co-oriented k-contact manifold, with Reeb vector fields

0

= —=, /,Lzl,...,k,
oSH

m

and polarisation

V= 0 0 !
CNONW AT Pk [y

Therefore, (M, 1 Ther, V) is a polarised co-oriented k-contact manifold.

This description differs from the thermodynamic coordinates used in [44], but the two formulations
are related by the change of variables from S* to §”, with the remaining coordinates unchanged. The
present choice has the advantage of putting 7 Tpe, directly into Darboux k-contact form, which makes the
application of the Hamilton—De Donder—Weyl formalism more transparent. With the index convention
adopted here, the resulting field equations involve the tensor T#", which corresponds to the transpose
of the convention commonly used in physics, TPVf:ys = TH*. Of course, if the stress-energy tensor is
symmetric, the two conventions coincide.

Let h = h(¢, By, V, N*, T, P*) be a Hamiltonian satisfying ah/a§~ = 0, for every p = 1,...,k.
This assumption means that the Hamiltonian does not depend on the entropy-flux variables, while the
constitutive content is encoded in its dependence on the intensive variables and on the fluxes.
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Hamiltonian and evolution thermodynamic HADW equations

Let X = (Xy,...,Xk) be an 9 pye-Hamiltonian k-vector field for (M, nrher, h). Using the Darboux
identification introduced above, the Hamilton—De Donder—Weyl equations take the form

o oh B ok oV oh

= =— = =1,...
o T ONW  oan oW owr _opne M heok
together with
“ONE 9 N " pw
Z :_j ZaT :ﬁ op :_@ A=1....  k
= Oz o€’ = oxr 9By’ = Oz ov’ T
and
k @—Xk: O +§:T*“ Oh L pn )y
e ONK =" 9T opn '

Thus, the k-contact Hamiltonian formalism gives rise to a first-order thermodynamic field theory of
balance-law type, with the constitutive relations determined by the Hamiltonian h.

A particularly useful class of Hamiltonians is
h = U(€7 B)n V) + (P(NM7 T/\Hv PIJ«)

For this class, the constitutive equations become

o 00 9By 0® v 99

= =— — = Ap=1,...k
dat  ONH Gzk 9T dapr  OPH’ AT e
whereas the corresponding balance equations are
k 1z k Ap k H
SOONT_ U T gr oPr_ U
= OxH ¢’ — O a8y’ — Oz oV’ B

In particular, when U = 0, these reduce to the conservation laws

k k k
S ONt=0, > 9TM=0, > 9P'=0, A=1,.. k
p=1 p=1 p=1

This provides a simple covariant EIT-type instance within the present framework. Conservation and bal-
ance equations for particle-number and stress-energy fluxes commonly arise in relativistic thermodynamic
theories (see, for instance, [44, 47]).

Let E = (Eq,..., Fx) now be an mThe-evolution k-vector field for the same Hamiltonian h. The
equations for &, By, V, N#*, T and P* remain unchanged, whereas the equation for the entropy-flux

k ~ k k
OSH Oh oh oh
- = 5 Ap u
Dt 21<N g T e t P apu>'

[L:l =

variables becomes

Thus, the two formulations differ only in the balance equation for 5“, through the additional term —h
in the Hamiltonian case.

The z-independent Hamilton—Jacobi problem

Let Qi = R¥*2 with global coordinates (£, By, V), and let v: Q1 — M be a section of the projection
(& B, V. SH, N#, T, PF) = (€, By, V). Writing

7(575)\7‘/) = (gu(f,ﬁ)\,V),N“(g,ﬁ)”‘/),T/\H(S,B)\,V),Pu(f,ﬁ)\,V),£7ﬁ)\,V),
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the condition y*7Ther = 0 is equivalent to

k
dSH — N#dg+ > TMdpy — P*AV =0,  p=1,....k
A=1
Equivalently, B N N
S oSk oSk
Nt = — T = ——— P =—— =1,...,k
86 ) 85)\ 9 aV ) M? >\ ) 9 k

Hence, the functions SH = §H(§ , B, V) form a generating family for the thermodynamic section.
The z-independent Hamiltonian Hamilton—Jacobi equation is h oy = 0, that is,

ask  aSH OSH
h<§75A7‘/7 85 7786)\7 5V> -

In the thermodynamic setting considered here, it is physically meaningful to consider hydrodynamic
solutions contained in Legendrian submanifolds, which leads to the zero-Hamiltonian condition [44].
The z-independent Hamiltonian Hamilton—Jacobi formalism is therefore naturally suited to this class of
thermodynamic solutions.

For the evolution formulation, the corresponding Hamilton-Jacobi equation is d(h o) = 0, or,
equivalently,
oS asH oSk
h V. — = 3.
<€7ﬁk7 ) 85 ) aﬁ)\y 8V ) cons

Thus, the evolution formulation allows the pullback of the Hamiltonian to take an arbitrary constant
value, while the physically motivated zero-Hamiltonian solutions are recovered as the particular case in
which this constant vanishes.

The z-dependent Hamilton—Jacobi problem

Let v: Qi x RF — M be a section of the projection TQuxRE: M — QX Rk, given by
(§M7 NM? TAM7 PH? 67 ﬁ)\a V) — (57 B)\) ‘/7 S;M)

For simplicity, we use the same symbols SH for the coordinates on M and for the corresponding
induced coordinates on the R” factor of the base @, x R*. Thus, the section v can be written locally as

V(& Br, V, S") = (SH, N, T, Pl €, B\, V),

where N#, T and P* are functions of (£, 3y, V, 5”) The pull-backs of the canonical one-forms read

k
YO = NdE =Y T By + PdV,  a=1,...,k
A=1
Assume that Im~ is maximally coisotropic. Then, the general z-dependent Hamilton—Jacobi equation
reads
k k
do(hoy) + Y Tsv0"+ Y Calry)p5.d(776%) = 0
B=1 a,B=1
where I'g = dh|W(T’y(8/8§B)) for 3 =1,...,k. In the Hamiltonian case, the matrix C' = (C,”) satisfies
22:1 Co® = —(h o~), whereas in the evolution case 22:1 Co*=0.
Expanding the Hamilton—Jacobi equation in the coordinates (&, 85, V'), one obtains

o ” +ZF5NB+ 5 cﬁzf;ﬂ _o,
a,B=1
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ho'y Zrﬁ:ﬂﬂ Z c, s 0T _ 0, A=1,...,k
ofal dSb
and
h o 'y 5 5 0P opP~
+ IsP” + Cq =0.
§: ’ aézl PXE
These are the z-dependent Hamilton—J acobl equations in the thermodynamic variables.

The construction above provides a k-contact realisation of a covariant EIT-type model in which the
flux variables (N#, T PH") are treated as independent non-equilibrium fields, while the entropy fluxes
are incorporated through the k-contact variables. Since the corresponding field equations are balance
laws determined by the Hamiltonian A, the model can also be regarded as a reduced divergence-type
system. In particular, the choice h = ®(N ”,T’\“,P“) gives the conservation laws discussed above,
whereas h = U(, By, V) + ®(N#, T2, P*) introduces source terms in the balance equations without

changing the underlying k-contact geometric structure.

The Maxwell-Cattaneo model

We now illustrate the thermodynamic Hamilton—Jacobi formalism with a simple model from extended
irreversible thermodynamics. In particular, we consider the one-dimensional Maxwell-Cattaneo system

ore + 0, J =0, TOJ + J =005,

where e is the internal energy density, J is the heat flux, 7 > 0 is the relaxation time, £ > 0 is a mobility
coefficient, and B(e) = sg,(e) is the inverse temperature associated with the local equilibrium entropy
Seq- We assume throughout that 7 and £ are constant. The Maxwell-Cattaneo system is a basic model of
extended irreversible thermodynamics, in which the heat flux is treated as an independent thermodynamic
variable rather than as an algebraic function of the temperature gradient (see, for instance, [31, 105,
116]). The construction below can also be regarded as a field-theoretic generalisation of previous contact-
geometric approaches to thermodynamics [14].

Let Qi be the thermodynamic state space with coordinates (e, J), and consider the two-contact
phase space Jg,,.2 = @}11.:0 T*Qen x R?, with coordinates (e, J, p%, p/;, ), where 1 = 0,1, and canonical

two-contact form .

NQuwm,2 = Z (dz" —plt de — p'; dJ) @ e,
pn=0

Consider the entropy density and entropy flux [48, 105]

S%(e, J) = seqle) — —J%,  S(e,J) = Ble)J.

20

They define a z-independent holonomic section v: Qtn — JQ,.,2 by

st oSt

mo_ g Ho_ _ o =0,1
z ) pe ae Y pJ aJ 9 ,U Y

Explicitly,

-

pe=00),  py=-5J  pe=p)J  pi=p)

Hence, v*ng,,,2 = 0, and therefore Im v is Legendrian.
We next construct a two-contact Hamiltonian whose Hamilton-De Donder-Weyl equations recover
the Maxwell-Cattaneo equations upon projection. Let F,G € C*°(Q4n), and define
LB (e)G — J
‘/Oe:Fv ‘/16:(;17 VOJ: B() , V1J:*F.
T

Thus, any integral section satisfying

—_ 1/e _ 1/€ _ J
et—VE)» e:z:—V17 Ji = ()7 Jx—V1
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also satisfies
e:+J, =0, s+ J = L8 (e)e, = £D,5.

Accordingly, consider the Hamiltonian

L8 (e)G — J J?

.G

hyic = pUF + pG +p9# —piF =

Since hf/[g is independent of the contact variables z*, its Hamilton—De Donder—Weyl equations are
dq' _ Ohyic. ~opl Oy
oxr — oplt = ozt 9q'

together with

1 F.G F.G
020 + 0,21 = Z ph Ohyic 4t Ohyic _pFG
x - L L M
e ap/e J apf] MC

pn=0
The first group gives
L8 (e)G — J

T

et:F, €IZG, Jt: Jz:—F

Therefore, whenever these equations admit an integral section, its projection onto @, satisfies the
Maxwell-Cattaneo system. Conversely, along a solution of the Maxwell-Cattaneo equations, the functions
F and G represent respectively the derivatives e; and e,.
The contact equation reduces to ,
J

5}20 —+ 8m21 = 7

We now show that the entropy pair defines a Hamilton—Jacobi solution for this Hamiltonian. Substitution
of the section v gives

T L5 (e)G —J

2
hﬁ€oy:5F+B’(e)JG—ZJ T

—BF -~ =0.
B 7 =0

Hence, v satisfies the z-independent Hamiltonian Hamilton—Jacobi equation hf/[g oy =0.

The projected Hamilton—Jacobi two-vector field on Qyy, is given by

9 UB'(e)G—J 0 0 0

g yPoOETs 9 X' =gZ _r2L.

ot o M=% T

Therefore, if ¢: R? — Qu, ¥(t,z) = (e(t,z), J(t,x)), is an integral section of (X, X7), then ¢ sat-

isfies the Maxwell-Cattaneo equations and, by the Hamilton—Jacobi theorem, =y o % is a solution of the

X)=F

corresponding two-contact Hamilton—-De Donder—Weyl equations.
Finally, the contact equation recovers the entropy-production law. Along the Hamilton—Jacobi lift

one has z# = S* o9, and hence
2

5tz0 + ale = JT

becomes 5

0pS° 4+ 0,5" = JT > 0.

The same identity follows directly from the Maxwell-Cattaneo equations:

2

08"+ 0:5" = Bdhe — 5T O] +0u(8T) = J 0u — T 0T = J7 -0

Thus, particular solutions of the Maxwell-Cattaneo system are recovered as projections of solutions
of the two-contact Hamilton-De Donder—Weyl equations, while the entropy density and entropy flux
determine the contact variables through the Hamilton—Jacobi section. In this sense, the two-contact
Hamilton—Jacobi formalism does not merely encode the entropy pair; it also provides a geometric lift of
the physical dynamics together with its entropy production. In particular, it is remarkable that, along the
Hamilton—Jacobi section, the contact variables z* are identified with the components S* of the entropy
current.



Chapter 4

New k-contact physical models

The aim of this chapter is to develop k-contact Hamiltonian descriptions of several classes of non-
conservative partial differential equations. The additional variables z% of the k-contact formalism allow
dissipative, attenuating, and more general action-dependent terms to be incorporated directly into the
geometric description of the dynamics [29, 30, 111]. This provides a natural framework for the study
of non-conservative field equations that do not fit directly into the usual conservative k-symplectic or
multisymplectic setting.

Two complementary constructions will be considered. First, we study canonical k-contact Hamilto-
nian systems on Jg  whose Hamiltonians depend polynomially on the dissipative variables. Under a
regularity assumption, their Hamilton-De Donder-Weyl equations can be used to reconstruct second-
order systems of partial differential equations. The familiar case of Hamiltonians affine in the dissipative
variables appears as a particularly important specialisation of this family, since the resulting equations
for the configuration variables are then independent of the z%. Second, we consider k-contactifications of
exact k-symplectic manifolds. In this setting, the Hamilton—De Donder—Weyl equations admit a natural
splitting into equations on the underlying k-symplectic manifold and a balance equation for the dissipative
variables. For two-contact systems, we introduce a class of adapted reduced phase spaces of cotangent
type and a corresponding notion of partial regularity. This makes it possible to eliminate only the spatial
momenta, rather than requiring regularity with respect to a full collection of momentum variables.

These constructions provide the geometric framework for the applications developed in Section 4.3. In
particular, they broaden the class of partial differential equations that can be described within k-contact
geometry and include examples in which the Hamiltonian has nonlinear polynomial dependence on the
dissipative variables, extending the predominantly linear dependence considered in previous applications.

4.1 HdADW equations for Hamiltonians with polynomial depen-
dence on the dissipative variables

In this section, we consider canonical k-contact Hamiltonian systems on Jg » whose Hamiltonians depend
polynomially on the dissipative variables. This extends the class of Hamiltonians considered in Section 3.1
and provides a useful mechanism for constructing higher-order partial differential equations from k-contact
Hamiltonian systems (cf. [40, 110-112]). The results of this section are presented in [81].

The following result states that, for such Hamiltonians, every integral section of an ng ;-Hamiltonian
k-vector field associated with the same Hamiltonian function projects onto a map whose coordinates
satisfy the same second-order system of PDEs. It also explains certain additional properties of this case,
which will be important for applications of k-contact geometry to PDEs, both in the literature and in
the remainder of this dissertation. Note that its proof is quite straightforward and it is left to the reader.
The essential assumption is regularity of the Hamiltonian with respect to the momentum variables, which
allows the momentum equations to be inverted locally.

83
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Theorem 4.1.1. Let h € C*(Jg.x) take the form

k
h(g',p¢,2%) = g(q', p9) + Y Aa(z®),
a=1
where Ay, ..., Ay are real constants, A1, ..., A\ are non-negative integers, and h is reqular. Let us assume

that ¥ (t) = (q'(t), p$(t), 2*(t)) is an integral section of an ng ,-Hamiltonian k-vector field Xy,. Then, 1(t)
projects onto a map q(t) = (¢*(t),...,q"(t)) satisfying a second-order system of PDEs. More precisely,
if pi = Pf‘(q,vé) denotes the local inverse of the fibre derivative, determined by v% = 3h/3pf = 89/8}7?,
then the functions q'(t) satisfy the second-order system of PDEs of the form

zi: ( qa”ﬁ)) g(i(% Qavﬁ) ZR P (q,v3) =0, i

where ¢ = q(t) and vg = 9q/Ot? and R(z,p) = z# "1 for p € Ny and R(2,0) = 0 for every z € R,

I
—

coom, (410)

The system of second-order PDEs (1.2.11) is the particular case of the second-order system (4.1.1) for
the Hamiltonian function (1.2.10), which is polynomial in the dissipative variables in the manner given in
Theorem 4.1.1. Hence, Theorem 4.1.1 ensures that every integral section of an n¢ ,-Hamiltonian k-vector
field associated with the Hamiltonian (1.2.10) projects onto a solution of the damped double sine-Gordon
equation (1.2.11).

If some A, > 1, then (4.1.1) still involves the variables z*(t). The HADW equations for h also impose
balance equations for z!(t),...,z*(¢), in addition to (4.1.1); these equations may depend on ¢(t) and
pf (t). Hence, in general, (4.1.1) has to be considered together with the corresponding z-balance equations.
In the examples below, however, either the resulting second-order equations do not involve the variables
z%, or one restricts to compatible solutions for which the z(¢) take prescribed values, often constants.

It is worth noting that higher-order systems of PDEs can be written as second-order systems of PDEs
by considering higher-order partial derivatives of the coordinates of solutions as new variables. In this
manner, the resulting system can be described by our k-contact formalism.

Theorem 4.1.1 can also be extended to Hamiltonian functions of the form

k
(g’ p2%) = g(d"p8) + Y Aalg) (2™,

a=1

where Ay,..., A € C*(Q). In this case, the ¢g-dependence of the functions A, gives rise to additional
terms in the corresponding second-order system of PDEs. More precisely, equation (4.1.1) becomes

k k
a 89 v aA Aa o [¢] —
> 5w o (P Gaon) + 25 (07 (@) + Z gt (OGP + 3D RGS A Aa@PE (:01) =0,
On the other hand, Theorem 3.1.3 is recovered as the particular case of Theorem 4.1.1 in which A\, =

for every a = 1,..., k, namely,

k
hg',pf,2%) = g(¢',p) + Y Aaz®, A1, Ap €R.

a=1

Indeed, since R(z*,1) = 1, equation (4.1.1) reduces to (3.1.2). In particular, as already observed in

Theorem 3.1.3, the resulting second-order system is independent of the dissipative variables z', ..., z*.

Proposition 4.1.2. Let (Jg.x: M.k 1) be a canonical k-contact Hamiltonian system with dim@Q = 1,
and assume the associated second-order system of PDEs as in Theorem 4.1.1. If A = (apefié;ﬂ) is definite,
the resulting second-order equation is elliptic. If A has signature (k — 1,1) or (1,k — 1), one obtains a
hyperbolic equation. If A is indefinite with at least two positive and two negative eigenvalues, the equation
1s of ultrahyperbolic type.
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Proof. Since dim @) = 1, the reconstructed second-order system of PDEs (4.1.1) consists of a single scalar
equation. Its analytic type is therefore determined by the quadratic form associated with its principal
symbol. By Theorem 4.1.1, setting vg = dq/0t”, the reconstructed equation is

k o k
z:: ote ( ‘“’5)) + a—z(q,P’V(q,vB)> + ;R(zo‘, Aa)Aa P (q,v5) = 0.

The only terms containing second-order derivatives of ¢ arise from the first summand. Hence, the principal

part is
k

oP~ 0%q
2 Do (401 g
a,B=1
and the corresponding principal symbol is

k

GPO‘
e Q7 y €a§/3
v
a,B=1
By the regularity of h, the momentum Hessian A = ((%?jigﬁ) is non-singular. Moreover, P% is

obtained locally by inverting the fibre derivative v, = 0h/0p®. Differentiating these inverse relations
gives (%) = A~!. Therefore, the principal symbol is represented by the quadratic form associated
with A=!. Since A is symmetric and non-singular, A and A~! have the same inertia.

It follows that if A is definite, then the principal symbol o is definite and the equation is elliptic. If
A has signature (k — 1,1) or (1,k — 1), then ¢ has the same signature and the equation is hyperbolic.
Finally, if A has at least two positive and two negative eigenvalues, then ¢ has the same property and

the equation is of ultrahyperbolic type. O

Remark 4.1.3. The assumption dim () = 1 is essential in the previous proposition, since only in the
scalar case is the analytic type determined by a single quadratic form. When dim @ > 1, the principal
symbol of the reconstructed system is matrix-valued, and its analytic type must be determined from the
full principal symbol rather than from the signature of a single quadratic form.

4.2 HdDW equations for k-contactifications

We now describe the general form of the HIDW equations on k-contactifications of exact k-symplectic
manifolds. In particular, we show that these equations naturally split into a system on the underlying
k-symplectic manifold and a balance equation for the dissipative variables. This formulation will be useful
for studying particular classes of Hamiltonian functions and the associated systems of PDEs appearing
in the applications of Section 4.3.

Proposition 4.2.1. Let (P,w = —d@) be an exact k-symplectic manifold and let (M = P x R¥ ng) be
its k-contactification and p : M — P the natural projection. Then, a section 1 = (¢,2',...,2F): D C
R* — M satisfies the k-contact Hamilton—De Donder—Weyl equations for h € C>°(M) if and only if
k k k k
ZL%w (dph+zazap0>ow, w(ZpH(gf)a)h)ow. (4.2.1)
a=1 a=1 a=1 a=1
In particular, the equations on the k-symplectic factor P and the equation for the dissipative variables

split naturally.

Proof. Since R, = 8/0z% for a« = 1,..., k, the k-contact Hamilton—De Donder-Weyl equations read

k
dene—<dh Zaa??ea)“l% > g =—hot.

a=1
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Since dng = p*w, one has that ¢y, dng = 14, p*w®. Moreover, since ng' = dz® — p*0*, one has

k k
oh Oh
dh—E —ny =dph g —p*0*.
—= 0z« o Pt —= 3z‘¥p

This yields the first equation in (4.2.1). On the other hand,

k LAy
Z Ly, MG = Z ((’%a - P*ea@/a)) )
a=1

a=1

which gives the second equation in (4.2.1). O

The main point for applications to second-order systems of PDEs is that, for suitable Hamiltonian
functions, the first equation in (4.2.1) can be used to obtain a second-order system of PDEs for the relevant
configuration variables, whereas the second equation provides a balance equation for the dissipative
variables. In some cases, the resulting equations for the configuration variables are independent of the
dissipative variables. In other cases, the dissipative variables can be chosen in a particular form compatible
with their balance equation. The following result describes the equations arising from Hamiltonian
functions that are affine in the dissipative variables.

Corollary 4.2.2. In the setting of Proposition 4.2.1, define h(z,z) = g(x) + 22:1 ao(z) 2%, where
x € P. Then, equations (4.2.1) become

k k k
ZL%wO‘ = <dg+z,z”‘daa + Zaap*eo‘) 01
a=1 a=1 a=1

and

Proof. Indeed, ;7@ = aq(x) and dph = dg + 22:1 2%da,. Substituting these identities into Proposi-
tion 4.2.1 yields the result. O

4.2.1 Adapted reduced two-contact phase spaces and partial regularity

We now introduce a class of exact two-symplectic models that will appear in several applications in
Section 4.3. In these examples, the reduced exact two-symplectic phase space is of cotangent type: one
component of the primitive is the Liouville one-form of a cotangent bundle, whereas the other is the pull-
back of a one-form on its base manifold. This structure provides a natural distinction between the field
variables and the spatial momenta and, under an appropriate regularity condition on the Hamiltonian,
allows the latter to be eliminated in order to obtain a second-order system of PDEs.

Definition 4.2.3. Let 7 : T*"N — N be the canonical projection of the cotangent bundle of an n-
dimensional manifold N, let 65 be the Liouville one-form on T*N, and let 6, € Q'(T*N) be a basic
one-form, namely, the pull-back by 7 of a differential one-form on N. Then, T*N is endowed with an
adapted exact two-symplectic structure given by the R2Z-valued two-form w = —df, ® e; — dfy ® ea.
The associated two-contactification is the manifold M = T*N x R? endowed with the two-contact form
1o = (dzt — p*0.) ® e1 + (d2% — p*On) ® €2, where p : M — T*N is the canonical projection and (2%, 2%)
denote the canonical coordinates on R2, as well as their pull-backs to M by the projection onto the second
factor.

The assumption that 6. is basic restricts the class of adapted exact two-symplectic structures consid-
ered here. It is motivated by the applications developed below: 6. involves only the variables on the base
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manifold N, whereas the Liouville form 0y reflects the cotangent-bundle structure and hence the distinc-
tion between the base variables and the spatial momenta. Indeed, let (y,...,y™) be local coordinates
on N, with induced fibre coordinates (71, ...,7,) on T*N. Then

0. =

I

(0)i(y) dy’, On = Zm dy’,
i1

i=1

and consequently
1< . _ n
— — L. T J 7 )
W= i;,l Qi (y)dy* Ady @ e + ;,1 dy' Adm; ® ea,

where Q;; := 0;(0c); — 0;(0);. In what follows, we write
0=0,0e+0Des=0. Qe + 0y @ey € W (T*N,R?),

so that w = —d@. We continue to denote by p : T*N x R? — T*N the canonical projection. Thus, the
two components of 8 play different geometric roles. The component 0y is the Liouville form associated
with the cotangent variables (y¢,7;), whereas the basic component 6, defines a pairing involving only
the variables on the base manifold N. This geometric mechanism underlies the examples on adapted
two-contact phase spaces of cotangent type considered later on and plays a key role in describing their
HdADW equations.

We next introduce the corresponding notion of regularity for this reduced setting.

Definition 4.2.4. Let M = T*N x R? be the two-contactification of an adapted exact two-symplectic

manifold on T*N, and let h € C>°(M). We say that h is w-regular if the partial fibre derivative Fh :

T*N x R? — TN x R? given by (y*,...,y", m1,..., 7, 2%, 2%) — (yl,...7y",§—7fl,...7887h,

local diffeomorphism. If F, A is a global diffeomorphism, then h is said to be w-hyperreqular.

zt,,z:””)7 is a

The following is a standard consequence of the inverse function theorem applied to the partial fibre
derivative F h.

Proposition 4.2.5. The following conditions are equivalent:
1. h is m-regular;

2. the Hessian matriz (0?h/0m;0m;)

. is non-singular at every point;
i,j=1,....,n

3. the relations v = Oh/Om;, with i = 1,...,n, can be solved locally for the variables 71, ..., 7, as
smooth functions of (y*, ..., y" v, ... 0", 2t 2%).

The relevance of m-regularity is that it allows the momentum variables m; to be locally eliminated
from the two-contact Hamilton—De Donder—Weyl equations on M, leading to a second-order system of
PDEs for the configuration variables.

Proposition 4.2.6. Let M = T*N x R? be the two-contactification of an adapted exact two-symplectic
manifold, and let h € C>°(M) be m-regular. Every solution, let us say v = (y, ..., y" w1, ..., 7pn, 25, 2%) :
D C R? — M, of the two-contact Hamilton—De Donder-Weyl equations satisfies locally a second-order

system of PDEs for the variables y*, ..., y™. More precisely, if the local inverse of the relations (y*), = g:v

withi=1,...,n read m = (y, ys, 2, 2%), then

2

3" 0) () — ulTLi(y, s 2, 27)) = (g; + % (0.):(y) + % m—) (4.2.2)

A=11(y,ys.2t,27)
for Qi := 0;(0e)k — Ok(0e); and i,k =1,...,n. Moreover, the dissipative variables satisfy

n n

Opz' + 0,2 = (0e)i(y) W)e + Y iy, 0s, 2", 2") (4)e — h(y, Ty, ys, 21, 27), 25 27). (4.2.3)

i=1 i=1
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Proof. By Proposition 4.2.1, the HADW equations split into an equation on T*N and an equation for
the dissipative variables. In the above coordinates, the first equation in (4.2.1) reads

oh oh
96 + 7p*9]\[

topwr g = doewh 50 00+ 55

Since

1™ ‘ . n .
w1 = 5 Z Ql] (y) dyl A dyj7 Wz = Z dlll A dﬂ-ia
i=1

i,j=1
one obtains oh
V)e = e =L (4.2.4)
and
- . oh  Oh oh
.. J _ R - . . ) —
D ily) ()i~ demi = g+ o Gl + o mn i=Tn (4.2.5)

j=1
By m-regularity, the first relations (4.2.4) can be solved locally as m; = I;(y, y., 2, 2%), for i = 1,...,n.
Substituting them into (4.2.5) yields (4.2.2). Equation (4.2.3) follows from Proposition 4.2.1, since

n

pr01(0)) + p02(0,) = D _(0e)i(y) (y'): + Zﬁi(yi)z-

i=1
O

The previous proposition explains the structure of the reduced examples studied later on. The com-
ponent associated with 6y gives rise to the constitutive relations that identify the spatial momenta in
terms of spatial derivatives of the solutions, while the component associated with 6. determines the
evolution pairing on the base manifold. The target system of second-order PDEs is then obtained by
eliminating the momenta from the balance equations. In this way, adapted two-contactifications of exact
two-symplectic manifolds provide a natural geometric mechanism for constructing second-order dissipa-
tive partial differential equations from two-contact Hamiltonian systems. In particular, the terms % T,
fori=1,...,n, in (4.2.2) account for the additional reduced models in which the Hamiltonian depends
on the spatial dissipative variable z*.

Remark 4.2.7. If, in addition, h is affine in the dissipative variables, say
h(y,m, 2% 2%) = g(y, 7) + a(y, 7)2" + b(y, 7)2",

then (4.2.2) becomes

- , dg da ob
Q‘i J _aw HZ ) 172,75’23? = ( -+Zt +Zx -+ a eei +b7r7,> )
j_; J (y) (y )t ( (y Y )) ayl ayz ayl ( ) (y> T=T1(y,ya,2t,27)
for : =1,...,n, where II is locally determined by
) b
(¥")e = % + 2t da w0 i=1 n.

= Z )
87@ 67@ 87‘@7 ’ ’

Moreover, (4.2.3) becomes

n

Ozt + 0,2 = (0e)i(y) W)e + YT, ye, 2", 2") ()2 — 9 (¥ 1LY, i, 2", 2%))

i=1 i=1
- a(ya H(y7 Yz, Zt) Zx))zt - b(ya H(y7 Yz Zt7 Zx))zm

This framework covers both the examples with Hamiltonians depending on z* and those with Hamil-
tonians depending on z* considered in Section 4.3.
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4.3 Applications

The constructions developed in the previous sections will now be applied to several dissipative systems
of PDEs. The examples illustrate different ways in which the dependence of the Hamiltonian on the
dissipative variables modifies the Hamilton—De Donder—Weyl equations and gives rise, after elimination
of the momentum variables, to familiar or new second-order field equations. We consider both Hamilto-
nians on canonical two-contact phase spaces and models formulated on the adapted two-contactifications
introduced in the previous section. Particular attention will be paid to the role of the dissipative variables
and to the balance equations governing their evolution.

All Hamiltonians considered below are regular on the domains specified in the corresponding exam-
ples. For the reduced models introduced in Subsection 4.2.1, the corresponding notion is w-regularity.
Therefore, the relevant momentum variables can be locally eliminated in favour of the derivatives of the
fields. We shall use this fact throughout without explicitly computing the corresponding Hessian matrices

in each example.

4.3.1 A damped Klein—Gordon model
Consider the Hamiltonian function h € C*(Jg2) given by

(072 - 5677) +

5 (21?2 + §u2, c>0, €>0,

h(u,p', p®, 2", 2%) =

where (u, p', p*, 2%, 2%) are canonical Darboux coordinates on (Jr 2, Mg 2, Vr,2)-
Hence, the two-contact Hamilton—De Donder—Weyl equations for a section ¥ = (¢, z) read

oh oh . . oh , Oh » Oh
utiaipt’ u“?*aipx’ Op" + Opp™ = (8 +p azt D 8237)
together with
oh Oh
8tz+8z—pat+ W_h

Since h is regular, one can write the momenta in terms of us, u;. Indeed, Oh/0pt = p' and Oh/Op* =
—p®/c?, and the first two equations give p' = u; and p* = —c?u,. On the other hand, Oh/0u = eu,

Oh/0zt = 2!, and Oh/02® = 0, so the momentum balance equation becomes
0p' + 0up” = —(eu+2'p").
Substituting the above expressions for the momenta, one obtains
Upp — CQUM + 2tus + ew = 0.

Hence, h yields a damped Klein—Gordon-type equation with effective damping coefficient 2! and restoring
term eu. In the limiting case e = 0, the equation reduces to a damped wave, or telegrapher-type, equation.
In one spatial dimension, the latter is classically interpreted as a telegrapher-type equation describing
signal propagation in transmission lines with resistance and inductance [118].
The evolution of the dissipative variables is governed by
; Oh . Oh 1

t T __ o i t\2
O+ 0,27 =p at—kp o " 5(P")

2¢2
that is,

1 1 1
Ozt + 0,2 = §u2 - §c2ui - i(zt)2 - %uQ

Therefore, the dissipative variable z¢, which acts as the damping coefficient in the reconstructed Klein—
Gordon equation, is not prescribed externally but evolves according to a balance law coupled to the kinetic,
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elastic, and potential contributions of the field. Alternatively, one may prescribe 2!(t,z) = A(¢, ). Then,
for every solution wu(¢, x) of
Ugy — gy + N, 2)ug + eu = 0,

the remaining dissipative variable z* is locally determined, up to the corresponding integration data, by
052" = %uf — %C2ui — %)\2 — %uz — O

This example may be regarded as a natural two-contact candidate for damped Klein—-Gordon or
telegrapher equations [4, 128].

Let us now interpret dissipation in the sense of k-contact geometry. By the general notion of dissipation
law for k-contact Hamiltonian systems [29], a map F = (F*, F®): M — R? is said to be dissipated along
solutions if

O (F'otp) 4+ 0p(F* o)) = —=[(Lg,h)F' + (L, h)F*] 0 1.

In the present case, Ry = 0/9z% and R, = 0/92%, so Lr,h = 2!, Lr_h = 0, and consequently
O (Ft o)) + 0,(F* o)) = —(2"F*) 0 1p.

Thus, 2! plays the role of an instantaneous dissipation rate.

When ¢ = 0, the Hamiltonian is independent of u, and therefore Y = 0/0u is an infinitesimal
dynamical symmetry. The associated dissipated quantity is F = (—tynt, —tyn®) = (p’, p*). Hence, the
general dissipation theorem yields

' + 0.p” = —2'p".
Using p! = u; and p* = —c?u,, one obtains

O (ug) + 5‘m(702u1) = —zlu,.

Thus, for 2 = A(t,z), one recovers the standard local momentum-type balance law for the damped wave
equation uy — c2ugzy + A(t,x)us = 0. In the particular case of constant damping 2! = ), and under
suitable boundary conditions, this yields

% ptde = —)\/pt dz, eM/pt dx = const.

Therefore, the k-contact formalism geometrises a classical exponentially weighted balance law for damped
wave equations. This is consistent with the generalized momentum-type conservation laws described in
the symmetry analysis of one-dimensional damped wave equations, and also with the conformal balance
laws arising in damped acoustic wave models written in multisymplectic form [16].

4.3.2 Reaction—diffusion / Allen—Cahn type equation
Consider the equation
g — Vigy + V' (u) + du =0, v>0, A>0, (4.3.1)
where V € C*°(R), for instance V(u) = +(u? — 1)2. This class includes, in particular, Allen-Cahn type
reaction—diffusion equations [3, 26, 97].
Let us study (4.3.1) via the two-contact manifold obtained as the contactification of a reduced exact
two-symplectic manifold. Let Py = R* ~ T*R? with coordinates (u, v, p*, ¢*), endowed with the one-form

1
0= 5(—vdu—|—udv)®61 + (p*du+ ¢" dv) ® eq

Hence, one obtains an exact two-symplectic manifold (Py,w = —d@). Let us now consider the contac-
tification M = Py x R? with coordinates (u,v,p%, ¢%, 2%, 2%) and the two-contact form n = (dzt — 0,.) ®
e1 + (dz® — 0p,) ® e2. Then, consider the Hamiltonian

1
hgp = —;pqu + v (V' (u) + u).



Chapter 4. New k-contact physical models 91

Since hgrp is independent of z! and 2%, one has R;hrp = Rzhrp = 0. Hence, the two-contact Hamilton—
De Donder-Weyl equations reduce to

00 — Opp™ = agzD, —0iu — 0,q¢" = agiD, Oyu = aah;rD, OyU = 8;;]3.
A direct computation gives
321;D =v(V"(u) + A), 8}(;12]) =V'(u) + Au,
Ohrp 1. Ohrp L.
op® A Oq® P
Therefore, ¢* = —vu, and p® = —vv,. Substituting these expressions into the previous equations, one

obtains
Ut — Vgy + V' (u) + du =0, U + Vuze = v(V" (1) + A).

Hence the first equation is precisely (4.3.1), while the second one describes the complementary evolution
of the auxiliary field v.

In particular, v = 0 is a consistent reduction, and every solution u of (4.3.1) defines a solution of the
full Hamiltonian system by taking v = 0, ¢* = —vu,, and p* = 0.

Thus (4.3.1) admits a natural two-contact Hamilton—De Donder—Weyl description on a reduced phase
space. Since hgrp is independent of the dissipative variables, there is no explicit dissipation through the
Reeb directions in this model.

A family of generalised Burgers-type equations in a two-contact setting

We now show that the previous two-contact construction can be modified so as to cover a wider class
of Burgers-type equations. Consider the reduced phase space Py = T*R? with coordinates (u,v, p%, p®),
endowed with the one-form with values in R? given by

0=0.xe + 0r e,
where 6. = 2(—vdu +udv) and gz = p% du + p¥ dv. Then,
w=-d0=—-dl,®e; —dbrz ® ea = —du Adv ® ey + (du A dp}, + dv A dp}) ® es.

We consider the two-contactification M = Py x R? of Py = T*R? with coordinates (u,v,p®,pZ, zt, 2%)
and canonical two-contact forms = (dz! — p*6.) ® e1 + (d2” — p*0g2) ® €2, where p : M — Py is the
standard projection.

Let D, B,C € C*(R), with D(u) # 0, and consider the Hamiltonian

1 B(u)

2% 4+ v C(u).

The associated two-contact Hamilton—De Donder—Weyl equations read

. Oh  _0Oh . Oh  0Oh
at'U - azpu - % +pu azx, 7atu - 8952% - % +pv azx7
together with d,u = (%}; and d,v = gp};. Since
Oh oh B(u) oh 1 oh 1,
.= (U), . ; - Py o DPu>
ov 0z D(u) op% D(u) Op= D(u)
the last two equations yield p? = —D(u)u, and p? = —D(u) v,. Moreover, the equation for u becomes

-0 — O,p = C(u) —
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Substituting p? = —D(u) u,, we obtain
up — 95 (D(w) uy) + B(u) ug + C(u) = 0. (4.3.2)

Hence, this two-contact Hamiltonian system induces a whole family of generalised Burgers-type equations
of convection—diffusion—reaction type [104].

Several relevant cases are recovered immediately. If D(u) = v > 0 is constant and C(u) = 0, then
(4.3.2) reduces to u; + B(u) uy = vug,. In particular, for B(u) = u one recovers the viscous Burgers
equation u; + wu, = Vug, (see for instance [119]). More generally, if D(u) = v is constant, then (4.3.2)
becomes us + B(u) uy = Vg, —C(u), which includes Burgers-type equations with reaction terms, namely
with C(u) # 0 (cf. [51]).

This shows that the two-contact approach is flexible enough to accommodate a nontrivial family of
nonlinear scalar equations while keeping the underlying geometric structure fixed and modifying only the
Hamiltonian.

In this construction, the convection term arises directly from the dependence of the Hamiltonian on
the spatial dissipative variable z*. Indeed,

Oh _ B(u)
0z D(u)’
and, after eliminating the momentum p? = —D(u)u,, the corresponding term in the reduced HIDW

equation becomes B(u) u,. Thus, this family provides a direct illustration of the z*-dependent reduced
models described in Remark 4.2.7.
4.3.3 Porous medium equation with linear absorption
Consider the porous medium equation with linear absorption
up = (u™) e — bu, m > 1, b>0, (4.3.3)

which is a standard model of nonlinear diffusion in porous media with absorption (see, for instance, [8,
12, 13, 57, 126]). For simplicity, we restrict ourselves to u > 0.

Let us describe (4.3.3) on a two-contactification. Consider Py = R* ~ T*R? with global coordinates
(u,v,p", ¢*), and define

6= %(fvdquudv) ®e1 + (p¥du+ ¢° dv) ® es.
This gives rise to an exact two-symplectic manifold (Pp, w = —d@) with
w=(—duAdv)®es + (du Adp® + dv A dg”) ® eq.
Consider the contactification M = Py x R? with coordinates (u, v, p*, ¢*, 2%, 2%) and two-contact form

n=(dz" — p*0.) ® ey + (dz" — p*Or2) ® ea,

where p : M — Py is the canonical projection. Define the Hamiltonian hpyg € C™(Py x R?) by

hPME = _mum*1 pqu + 2b2t.

Then, Rihpme = 2b and R, hpyme = 0. Hence, the associated Hamilton—-De Donder—Weyl equations are

. Oh oh oh oh
v — Op” = PME bv, —0wu— 0,q" = PME | bu, Ozu= PME7 Opv = PME
ou dv p~® aq*
A direct computation gives
8hPME _m— 1 T BhpME o 8hpME - 1 z 8hpME - 1 T

_ —0 - , — .
ou mum P4 ov ’ Op® mum—1 4 Oq® mum—1 P
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Therefore, ¢* = —mu™ ‘u, = —(u™),, while the second balance equation becomes —u; — 9,.¢* = bu.
Substituting the expression for ¢*, one recovers precisely (4.3.3). Hence, (4.3.3) admits a natural two-
contact Hamilton-De Donder—Weyl description on the region where v > 0 since m > 1.

The first equation determines the complementary evolution of the auxiliary field v, namely d;v—30,p* =
% p*q® — bv. In particular, v = 0 and p® = 0 define a consistent reduction, and every solution u of
(4.3.3) lifts to a solution of the full Hamiltonian system by taking ¢* = —(u™),, v =0, and p® = 0.

Moreover, the dissipative variables satisfy

1
02"+ 0,27 = 0.(¢)) + Or2(¢),) — hpmp = 5(—111% +uvy) + p Uy + ¢ vy — hpuE-

Using the constitutive relations for u, and v,, this becomes
ozt +0 Z’”—l(—vu —&—uv)—; Tq" — 2bz"
t ez =5 t t mum—1 pyq .

Under the consistent reduction v = 0 and p® = 0, this becomes 9;2" + 0,2* = —2bz'. Thus, the linear

absorption term is encoded through the explicit dependence of the Hamiltonian on 2.

4.3.4 Complex Ginzburg—Landau equation
Consider the complex Ginzburg—Landau equation
Y= (1+ia)pee + (1 - 7Y — A +iB)Y1*, B y€R, (4.3.4)

which is a standard model for nonlinear waves and pattern formation in dissipative media [5, 22, 55], and
its variants with an additional linear gain/loss term also arise naturally in dissipative nonlinear optics
and mode-locked laser theory [2, 54]. Writing ¢) = a + ib, one obtains

a = gz — Obgy + Ra(aa b) - a, by = Qg + byy + Rb(a7 b) — b,

where R,(a,b) = a — (a® + b*)a+ B(a? +b2)b and Ry(a,b) = b— B(a® +b?)a — (a® + b?)b. It is convenient
to write the diffusion part in matrix form as

G)=rGo) s Gion =) 2= )

1 1 «
717
b 14a? <—Oé 1>'

Instead of introducing spatial derivatives as independent constrained variables, we consider a reduced

so that

phase space Py = T*R* with coordinates (a, b, c, d,p%,p¥.qr,q7), where ¢,d are auxiliary fields. On F
define

1
0= i(fcdaJradcfdderbdd)@el + (pi da + py db + q; dec + q; dd) ® ea.

Then, one has that
w=—-df =(—daAdc—dbAdd)® ey + (da Adpi +dbAdpf +deAdg, +ddAdgy) ® es.

Consider the two-contactification M = Py x R? with coordinates (a, b, c, d,pZ,pf,q%, qF, 2", z*) and canon-
ical two-contact form given by n = (dz! — p*0.) ® e1 + (d2® — p*Ops) @ ez, where p : M — P, is the
standard projection. We take the Hamiltonian

1
hoen = 1oz (2002 +0a]) + P (—0gZ +6)) — ¢ Rula.) = d Ro(a,b) + 292",

Since Ohcar/0zt = 2y and Ohcgr/0z* = 0, the two-contact Hamilton—De Donder—-Weyl equations

become

oh oh
Orc — 3mpi = % - ¢, —0ia — aﬂcq(f = % +~a,
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» _ OhcaL + _ OhcaL
Od — 6wpb o —d, —0¢b — aﬂch = od + b,
together with
h h h h
pua=hoor oy Ohear o Ohean -, Ohcar
opz op; 9q; 94,
A direct computation gives Ohcgr/0c¢ = —Rq(a,b), Ohcgr/0d = —Ry(a,b), and
1 xr X 1 xr T
aza:*l_i_iag(qa+a%)v 3xb:*1_~_7a2(*aqa+%)-
Solving for ¢; and ¢, one obtains
qz = —ayz + ab:m qz = —Qag — bm
Substituting into the equations for a and b, we get
ay = — zQ§ + Ra(avb) —na, by = — rqg =+ Rb(aa b) - 7b7

which reproduces precisely the real form of (4.3.4). Therefore, this complex Ginzburg-Landau equation
with linear gain/loss admits a natural two-contact Hamilton-De Donder—Weyl description on a reduced
phase space, now with a Hamiltonian affine in the dissipative variable z!. The remaining equations
describe the evolution of the auxiliary fields ¢ and d. In particular, ¢ = d = p? = pj = 0 is a consistent
reduction, and every solution (a,b) of (4.3.4) determines a solution of the full Hamiltonian system by

taking qF = —a; + abg, ¢ = —aa; — b,.

4.3.5 Damped nonlinear Schrodinger equation in real form

Consider the damped nonlinear Schrédinger equation

Wt + Yo + PP +ivp =0, >0, (4.3.5)

which may be regarded as a dissipative variant of the nonlinear Schrédinger equation, a standard model
in nonlinear optics, while damped and driven versions play a central role in dissipative cavity optics [53,
87, 123]. Writing ¢ = a + ib, one obtains

ar = —byy — (a2 + b2)b - va, by = agy + (a2 + b2)a — ~b.

Set R, (a,b) = —(a®?+b?)b—~a and Ry(a,b) = (a>+b?)a—~b. Then the system reads a; = —by, + Ra(a,b),
bt = azqs + Rp(a,b). Instead of introducing derivative constraints by hand, we consider a reduced phase
space Py = T*R* with coordinates (a,b,c,d,pZ, p¥,q%,qF), endowed with the one-form taking values in
R2? of the form

1
0= 5(—cda+adc—ddb+bdd)®el + (p& da + py db+ q; de+ g; dd) @ es.
Then,
w=—(daAndc+dbAdd) ®e; + (da AdpZ +dbAdpf +decAdgt +dd Adg)) ® es.

Define the two-contactification M = Py x R? with coordinates (a,b,c,d, p%,p},q%,qF, 2", 2%) and two-
contact form n = (dz! — p*0.) @ e; + (d2® — p*0p,) ® eq, where p: M — P, is the canonical projection.
We take the Hamiltonian

hanLs = —Paqy + Py qs — ¢ Ra(a,b) —d Ry(a,b).

Since hgnns is independent of 2% and z*, one has R;hanLs = Rehanns = 0. Hence, the two-contact
Hamilton-De Donder—Weyl equations reduce to

e — oz = sy o Dhanis

:Epa aa ) x qa - ac Y
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T 8thLS z 8thLS
Oyd — Orpyy = b —0¢b — 0,qy = 2
together with
Ohanis OhanLs OhanLs OhanLs
az = —_— = — a:’ azb: = Zf’ a:b = —_— = ZD’ azdziz— z'
a 8p§ b apz; q c 86]?; Py 8qg¢ p

Therefore, ¢ = b, and ¢f = —a,. Moreover, Ohanrs/0c = —Rq(a,b) and Ohgnis/0d = —Ry(a,b), so
the equations for a and b become

ay = — xq(f + Ra(aab)v by = *arqg’ + Rb(aa b)

Substituting the expressions for ¢7 and ¢f, one recovers precisely the real form of (4.3.5). Hence the
damped nonlinear Schrédinger equation admits a natural two-contact Hamilton-De Donder—Weyl de-
scription on a reduced phase space. The remaining equations determine the auxiliary fields ¢ and d. In
particular, ¢ = d = pf = pf = 0 is a consistent reduction, and every solution (a,b) of (4.3.5) lifts to
a solution of the full Hamiltonian system by taking ¢* = b,, ¢f = —a,, with 2* and z” constant. The
damping parameter « is already incorporated into the reaction terms R, and R;,. Therefore, the present
construction does not use the dissipative variables to generate dissipation through the Reeb directions.
If one wishes to introduce genuinely two-contact dissipation laws, one should allow the Hamiltonian to

t

depend explicitly on z' or z*, which would produce a different non-conservative deformation of (4.3.5).

4.3.6 Fisher—- KPP equation with linear loss
Consider the reaction—diffusion equation
Up = [y + Tu(l — u) — Ay, w>0,7r>0, A>0, (4.3.6)

which may be regarded as a dissipative variant of the classical Fisher—-KPP equation [27, 56, 102, 115,
129]. For particular choices of the coefficients, this equation describesn several natural processes, such as
the expansion of advantageous genes [27].

Let us describe (4.3.6) on the k-symplectic part of its k-contactification. Let Py, = T*R? be the
manifold with coordinates (u, v, p®, ¢*), endowed with the one-form 6 = (—vdu + udv) ® ey + (p” du +
¢*dv) ® e3. Then, w = —df = —du A dv ® e; + (du A dp® + dv A d¢®) ® e3. We consider the two-
contactification M = Py x R? with coordinates (u, v, p®,q%, 2!, 2%) and the canonical two-contact form
n = (dz! — p*0.) ® €1 + (dz® — p*Op,) ® ea, where p: Py x R? — Py is the natural projection.

We take the Hamiltonian

1
hrkpp = fﬁpﬂf + v(fru(l —u)+ )\u).

Since hykpp is independent of z! and 2%, one has R;hpkpp = Rihrkpp = 0. Hence, the two-contact
Hamilton—De Donder—Weyl equations reduce to

oh Oh oh Oh
atv_awpz:ﬂ’ —8tu—8wq"”:ﬂ, Ol = ﬂ7 0,0 = JIFKPP
A direct computation gives Ohpkpp/0v = —ru(l — u) + Au, Ohpkpp/0p® = —¢*/pu, and Ohpkpp/0q* =
—p®/p. Therefore ¢* = —pu, and p* = —puv,, while the equation for u becomes

—0u — 04" = —ru(l —u) + Au.

Substituting ¢* = —pu,, one recovers precisely (4.3.6). Hence, the Fisher—-KPP equation with linear loss
admits a natural two-contact Hamilton—-De Donder—Weyl description on a reduced phase space.

The remaining equation determines the evolution of the auxiliary field v. In particular, v = 0 and p* =
0 define a consistent reduction, and every solution u of (4.3.6) lifts to a solution of the full Hamiltonian
system by taking ¢* = —puu,, with 2% and z* constant.

Thus, the linear loss term is incorporated directly into the reaction part of the Hamiltonian, without
requiring any explicit dependence on the dissipative variables.
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4.3.7 A damped quartic field on a Minkowski space

Let 2° =t and z!, 22, 22 be the standard coordinates on R*'. Consider the damped ¢* equation
it — Ap+mPop+gd> + Ay =0, m>0,g>0, A>0, (4.3.7)

which may be regarded as a dissipative nonlinear Klein-Gordon model with quartic potential [79, 106,
117, 130).

We describe (4.3.7) on the canonical four-contact manifold Jr 4 = @4 T*R x R* with coordinates
(¢, p°, pt,p?,p3, 2% 21, 2%, 2%) and canonical four-contact form ng 4 = Zizo(dzo‘ — p®d¢) ® e,. Define

the Hamiltonian )
1 m g
hot = 5 ((p°)2 - ") - )’ - (p3)2) + 0+ ot A

The associated Hamilton-De Donder-Weyl equations are

8h¢4 0 8h¢4 ; .
= = ; = — = — ? = 1 2
80¢ apo D, al¢ 8[)1 D, ? ) 73a
ia p/L — _ ah¢4 + ipu ah¢4 _ _(m2¢+g¢3 + APO)
= " 0o = OzH ’
and
3 3
Ohga 1 m? g
uo_ u ha = (22 — (o2 — (p2)2 — (»2)2) — T2 _ It L0
;fm ;}p g~ o 2((17 22— (") = () - () ) SR AP

The regularity of hgs allows us to describe the momenta in terms of the first derivatives of ¢ and relate hys
to a second-order system of PDEs on the variable ¢. Indeed, using p° = ¢; and p’ = —0;¢, i = 1,2, 3, the
momentum balance equation yields precisely (4.3.7). Hence, hys provides a natural 4-contact Hamilton—
De Donder-Weyl description of the damped ¢* field.

Moreover, the dissipative variables satisfy

3
[
E Opzt =
n=0
0

Thus, the dissipation is encoded through the explicit dependence of the Hamiltonian on z°.

2
(67 = IVoP?) = -0 = Jo' = 2s".

[N

4.3.8 Damped sine—Gordon equation

Consider the damped sine-Gordon equation
Ut — gy + sinu + Aug = 0, c>0, A>0, (4.3.8)

which arises naturally in dissipative models of long Josephson junctions and, more broadly, in applied
versions of the sine-Gordon model [21, 23, 92].
We describe (4.3.8) on the canonical two-contact manifold Jro = @2 T*R x R? with coordinates

(u,pt,p*, 2%, 2%) and the standard two-contact form ng 2. Consider the Hamiltonian

1 1
hsg = 5((pt)2 - j(px)2) + (1 — cosu) + Az,
c
The Hamilton-De Donder—Weyl equations read
u_ahs(;_t u_ahsg__iw
t = 8pt =p, m—apx— 62p7

and
Ohsa Ohsa Ohsa .
t » T __ t x _ A t .
Op" + Oup ( gu P ot TP e (sinw + Ap')
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Moreover, the balance equation for the dissipative variables is

1

c2

Ohs - Ohs 1
t G+p G_hsG:7<(pt)2_

Opzt + 0,2 =
2"+ 02 p@pt apm

(p"”)Q) — (1 — cosu) — Az,

Since hyg is regular, one can describe the momenta by means of the derivatives wuy, u, and remaining
coordinates. Using p* = u; and p® = —c?u,, the momentum balance equation yields precisely (4.3.8).
Hence, hsg provides a two-contact Hamilton—De Donder—Weyl formulation of the damped sine-Gordon
equation. Furthermore, the dissipative variables satisfy

1
02t + 0,2" = i(u? — *u?) — (1 — cosu) — A2".

One could use a more general approach to include a damped sine-Gordon equation with dissipation
modelled by a function A(t,x). Indeed, let us define the Hamiltonian

1 1 1
quad __ * N2 T2 _ S t)\2
R = 2 (012 = 5 (0")?) + (1= cosu) + 5 (=")".

Then, the Hamilton—-De Donder—Weyl equations become

1 .
w=p"  uy= - Op' + 0xp”™ = —(sinu + 2'p"),

and
1

c2

02" + 0,2 = 1((pt)2 -

X 1 t
> (v")?) = (1 = cosu) = 5(=")*.

Hence, after eliminating the momenta, which is possible due to the regularity of hgéad, one obtains
Upp — c2um +sinu + zfu; = 0.

Moreover, the form of hgéad shows that the equation is hyperbolic.
This formulation is useful if one wishes to realise a prescribed damping profile A\ = A(z,t). Indeed,
imposing 2! = \(x,t), the field equation becomes

Ugp — gy + sinu + Nz, t)uy = 0,
while the balance equation for the dissipative variables reduces to

1
0,2" = = (uf — PuZ) — (1 — cosu) — 5/\(x,t)2 — O (, t).

DN | =

Therefore, once u and A(x,t) are fixed, the variable z*¥ can be chosen locally so that the above identity
holds. In this sense, the quadratic dependence on 2! allows one to accommodate nonconstant damping
profiles by adjusting the second dissipative variable z*.

4.3.9 FitzHugh—Nagumo reaction—diffusion system

Consider the FitzHugh-Nagumo system for two dependent variables u = u(t,z) and v = v(t,z) of the
form
up = Dytigy + f(u) —v+1, vy = DyVzy + £(u — av), (4.3.9)

where Dy, D, > 0, ¢ > 0, a > 0, f(u) is a certain function, and I € R. This system was originally
introduced as a simplification of the Hodgkin—-Huxley model and is a standard prototype for excitable
media [28, 43].

Let us describe (4.3.9) on a two-contactification. Consider Py = R® ~ T*R* with global coordinates
(u,v,7, 8,02, p%, ¢%, ¢*), and define

1
6= i(frdu+udr75dv+vds)®61+(pﬁdu+pf}dv+qidr+qffds)®62.
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This gives rise to an exact two-symplectic manifold (Pp, w = —d@) with
w=(—duAdr—dvAds)®es + (duAdpl +dvAdpl +dr Adg;, +ds Adg;) ® es.

Consider the contactification M = PyxR? with coordinates (u, v, 7, s, p%, p¥, ¢%, ¢%, 2*, 2*) and two-contact
form

n = (dz' = p"0c) ® e1 + (d2” — p"Op,) @ €2

with the projection p: M — Py. Define the Hamiltonian hpgn € C*°(Py x R?) of the form

1 1
hran = —Fupiqi - Epiquj —r(f(u) —v+1)—se(u— av).

Since hpgy is independent of z* and 2%, the Hamilton-De Donder-Weyl equations reduce to

Ooh oh

Oy — Opp” = ;§N7 —Oyu — D,q" = ng,
oh oh

Ors = Ouply = =5 0, —00 — Ol = —5

together with u, = Ohpun/0p% = —¢% /Dy, vy = Ohpun/0p% = —q% /Dy, o = Ohrun/0¢E = —pl /Dy,
and s, = Ohpun/0¢F = —p%/D,. Hence, ¢¢ = —Dyu, and ¢© = —D,v,,. Moreover,

h h
P — (fw) vt 1), TN o o),
and the equations for v and v become
ug = —0.q5 + f(u) —v+1, vy = —0zq; + e(u — av).

Substituting the expressions for ¢* and ¢, one recovers precisely (4.3.9). Therefore, the FitzHugh—
Nagumo system admits a natural two-contact Hamilton-De Donder-Weyl description on a reduced phase
space.

The remaining equations determine the auxiliary fields » and s. In particular, r = s =pf = pl =0
is a consistent reduction, and every solution (u,v) of (4.3.9) lifts to a solution of the full two-contact
Hamiltonian system by taking ¢© = —D,u,, ¢¢ = —D,v,, with 2% and 2% constant.

Let us finally describe a simple infinitesimal two-contact symmetry in a particular affine FitzHugh—
Nagumo-type case. Assume that f(u) = a='u + ¢, with ¢ € R. Then

1

1 1
h = —Fupﬁ95 - Epﬁqff - <au+c—v+1> — se(u — av).

Consider the vector field

Since 1
s
Lo, +a=10,0c =d {2 (T + a)] ’ Lo, +a-10,0P =0,

one has Lrn = 0. Moreover, a short calculation shows that I'(h) = 0. The corresponding current
F=—imis

S €T 1 x
F:—<r+)®61—|—<pu—|—pv>®eg.
a a

Since Rith = R,h = 0, this gives the conservation law

O {— <r+ 2)} + 0y (pﬁ+ ipﬁ) =0

along every solution of the associated two-contact Hamilton—De Donder—Weyl equations.
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4.3.10 A simple Hamilton—Jacobi reconstruction

We conclude this chapter with a simple application of the Hamilton—Jacobi theory developed in the
previous chapter to one of the models introduced above. Consider the damped Klein—Gordon model of
Subsection 4.3.1 in the particular case ¢ = 0. Its Hamiltonian is

1
h(u,p',p*, 2', 2%) = 3 ((pt)2 — (p”)Q) + = (2H)?, ¢>0.

The corresponding equation for the field u is
U — ¢:2um + 2tu, = 0.

We apply the z-independent Hamilton—-Jacobi theorem, Theorem 3.2.4. Since @ = R, a holonomic
section v: R — Jgr o is determined by two functions v*,v* € C*°(R) and takes the form

) = (. S ).

The two-contact Hamilton—Jacobi equation is simply h o v = 0, namely,

1 (dyt 2 1 [dy* > N2
| — = - = 0. 4.3.1
2(du> 2¢2 \ du +2(7) 0 (4.3.10)

A particularly simple solution is
v (u) = e, 7 (u) = cv/2e" + b, beR.

Indeed,

dv? dy®
—L =% = 2 u
du ¢ du ev2et,

and therefore

12u 1 20 2u 12u
hoy:ie —@(c 2e )Jrie =0.

The projected two-vector field along ~ is
oh 0 0
XN = =— — =e'—
(Xt <8pt 07) ou_ C ou
oh 0 _\/5 w0

o (9% 9 __Vvz
(Xp)e = <8p$07> ou c© o

The two vector fields commute and hence define an integrable two-vector field. An integral section

and

u = u(t, z) therefore satisfies

Equivalently,
O(e™™) = —1, Op(e™™) = —,
and hence

)= -tos (0 -0 L22).

where C' € R and the solution is defined on every domain on which the argument of the logarithm is
positive.
The corresponding lifted solution is

pt = e, p" =cV2e", 2t =e, 2% =cV2e" 4 b.
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In particular,

2u t 2u
Ut = €, Ugy = —5€ Ut =€ -,

and consequently

Ut — Clgy + 2Pup = 2% — 2% + 2% = (.

Thus, the Hamilton—Jacobi construction produces directly an explicit solution of the dissipative field
equation.
It is also straightforward to verify the balance equation for the dissipative variables. Indeed,

atzt + ﬁsz — eQu _ 262u — _62u)
whereas 1 1 1

Z(nt)2 T (p®\2 _ Z(S0)2 — _2u

S0 = 55 (07) = 5(2)

Hence, the full Hamilton—De Donder—Weyl system is satisfied.

This elementary example illustrates explicitly the role of the k-contact Hamilton—Jacobi theory: in-
stead of solving the original second-order dissipative field equation directly, one first solves the first-
order Hamilton—Jacobi equation (4.3.10) and subsequently integrates the lower-dimensional projected
two-vector field.
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Gordon-type model

Model Field equation Hamiltonian / geometric realisation

Damped wave Ut — CPugy + kug =0 On Jr2: h = 217(;1075)2 - %(pﬂ”)2 + kzt, with
2 =1/p.

Damped Klein— Ut — CCugy + 2tur + eu =0 On TR, 2:

h= 3 ()2~ 2(0")%) + 52 + Sul.

Allen—Cahn type /
reaction—diffusion

ut — vuge + V' (u) + du =0

On the contactification of a reduced exact
2-symplectic phase space:
hrp = —v 1p%¢® + U(V’(u) + )\u).

Generalised Burgers
family

up — al(D(u)ux) + B(u)ug + C(u) =0

Two-contactification of an exact

two-symplectic phase space:
h=—D(u) " 1pZpt — % 2% +vC(u). It
includes viscous Burgers for D(u) = v,

B(u) = u, C(u) =0.

Porous medium with
linear absorption

ug = (U™ )ge — bu, m > 1

Two-contactification of an exact
two-symplectic phase space:
hpve = —(mu™ 1)~ 1pTg® 4 2b2t. This
realisation is local on the region where u > 0.

Complex Ginzburg—
Landau

Pt = (1+ia)des + (1 =79 — (L+iB)[y[*¢

In real form, on the two-contactification of an
exact two-symplectic phase space: hcgr, =
T/ T x x @ x
_ Pg(dqtagqy)+py (—oag+ay) —¢Ro—d Ry+2v2t.

linear loss

1+4+a?
Damped nonlinear i + Yoz + |20 + iy =0 In real form, on the two-contactification of an
Schrodinger exact two-symplectic phase space:
hanis = —paa; +Pias — cRa(a, b) —d Ry(a,b).
Fisher-KPP  with U = puze + ru(l —u) — Au Two-contactification of an exact

two-symplectic phase space:
hrkpp = —p~ 'p%q” + U(ﬂ”u(l —u) + )\u).

Damped ¢?* field b1t — Adp+m2p + gp® + At =0 On Jr4: hga =
3 7 m?
3 (002 =300 0)?) + 7597 + §0 + 20,
Damped sine— Ut — CPUugy +sinu + Aug =0 On Jg 2:
Gordon

heg = %((pt)2 - C_Q(px)Q) + (1 — cosu) + Azt

FitzHugh—Nagumo

ut = Dyuge + f(u) — v+ 1,
vt = Dyvgy + e(u — av)

Two-contactification of an exact two-symplectic
phase space: hpun = —D;lpiqﬁ - D;lpf)qff —
r(flu) —v+1I) —se(u— av).

Table 4.1: Examples developed in Chapter 4 of this dissertation. Canonical k-contact models coexist with
realisations on contactifications of reduced exact k-symplectic phase spaces, depending on the structure
of the equation under consideration.
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Model Configuration Representative Hamiltonian h Target equation

space @
Damped R, coordinate u h= %( L) )+(1 cosu)+Az" Uy — Uge +sinu+Aug = 0.
sine-Gordon field
Damped double R, coordinate u h = (( )2 D) )+a( U — CUgs + asinu +

sine—Gordon field
Damped ¢* field

Coupled dissipative
scalar fields

Driven
Josephson-type
junction
Dissipative
nonlinear sigma
model

Damped massive
Klein—Gordon
system

Coupled damped
Klein—Gordon
system

Damped anisotropic
wave equation

Damped nonlinear
telegraph equation
with variable
potential

R, coordinate u
R?, coordinates

(u,v)

R, coordinate u

A Riemannian

manifold (N, g)

RY, coordinates

R, coordinate u

R, coordinate u

cosu) + b(1 — cos?u) + A2t
b=
- xr m2
L(0h)? =2 (p8)?) + -’ + But
3((h)? = () + (9h)* —
(P)?) +V(u,v) + 22"

(S]] dnl N
Il Il

—~

NG

(

392 (u) (Phaps — ¢ 2paph) + U (u) + Az*

h=33 0 ((0h)? — i (va)” +

h
o)=Y e’ i)
h=3((ph)* — ¢ 2(ph)?) + W(u) + Az'

+ Azt

ph)’—c 2 (ph)?)+(1—cosu)—Tu+Az"

)—H/( )+ Azt

2bsin(2u) + Auy = 0.

Ure — gy + mu + Bu’ +
)\ut = 0.

Utt —CiUzl +auV+AUt = 07
Vit — C%Uzz + 0,V 4+ vy = 0.

Ust — CCUgy +Sin U+ Aur = I.

Schematic damped wave-
map equation with poten-
tial: Ogu+VU (u)+Au, = 0.
uh —Aud, +miut + o =
0, A=1,...,N.

tt—ciufz—kauAV—F)\uf =
0, A=1,...,N.

Ute  — Ei:l Catlgage  +
Vl(u) =+ /\ut = 0

Ugt — CUgg + W (u) + Auy =
0, including damped teleg-
rapher and nonlinear wave
models.

Table 4.2: Possible additional applications of the k-contact formalism. All models in this table are
intended as canonical k-contact models on Jg 1 = @k T*Q x R*.



Conclusions

This doctoral dissertation has developed geometric Hamilton—Jacobi theories for non-conservative clas-
sical field theories within the framework of k-contact geometry. The main objective has been to extend
the geometric Hamilton—Jacobi method to a setting capable of encoding dissipation, source terms, and
balance laws while retaining the geometric structures required by field theory. In this way, the disser-
tation contributes both to the foundations of k-contact Hamiltonian dynamics and to its application to
physically relevant partial differential equations.

After reviewing the symplectic, contact, k-polysymplectic, and k-polycosymplectic structures under-
lying the subsequent constructions, particular attention was devoted to k-contact Hamiltonian systems
and their Hamilton-De Donder-Weyl equations. An important feature of this setting is that, when
k > 1, a Hamiltonian function does not generally determine a unique Hamiltonian k-vector field. This
non-uniqueness must be incorporated explicitly into the Hamilton—Jacobi problem and distinguishes the
field-theoretic situation from ordinary contact Hamiltonian mechanics. The evolution k-contact formal-
ism was also analysed, providing a counterpart of the evolution description used in contact dynamics and
clarifying the role played by the Reeb vector fields and the additional contact variables.

Two complementary families of k-contact Hamilton—Jacobi theories were developed. In the z-independent
formulation, the dissipative variables are not retained in the base of the projected dynamics. This ap-
proach is naturally related, in the canonical k-contact setting, to families of Legendrian submanifolds
and provides a direct extension of geometric Hamilton—Jacobi constructions familiar from symplectic, k-
symplectic, and contact geometry. In the z-dependent formulation, the contact variables are incorporated
into the base manifold. The resulting geometric conditions involve maximally coisotropic submanifolds
and allow the dependence of the dynamics on the dissipative variables to be treated intrinsically. Both
formulations were studied for the Hamiltonian and evolution Hamilton-De Donder—Weyl equations. Con-
sequently, the dissertation does not produce a single Hamilton—Jacobi equation, but a collection of related
theories adapted to different choices of projection and different descriptions of the k-contact dynamics.

Complete solutions were introduced in this setting and related to suitable notions of integrability.
These constructions extend the classical interpretation of a complete Hamilton—Jacobi solution as a family
of invariant geometric objects that locally foliates the phase space. They also show that the Hamilton—
Jacobi method retains its geometric meaning in the presence of non-conservative effects, although the
non-uniqueness of Hamiltonian k-vector fields and the role of the contact variables require additional
compatibility conditions. The contact and k-symplectic theories are recovered in the corresponding
particular cases, providing a consistency check for the proposed framework.

The formalism was applied to several non-conservative field equations. Detailed Hamilton—Jacobi
analyses were carried out for damped telegrapher and Klein—Gordon-type equations, a dissipative Hunter—
Saxton equation, and a dissipative wave equation. These examples illustrate the differences between the
Hamiltonian and evolution approaches and between the z-independent and z-dependent formulations.
They also provide explicit complete solutions in situations where the relevant Hamilton—Jacobi equations
can be solved globally. A covariant model inspired by extended irreversible thermodynamics was studied
as well. In that example, the dissipative variables acquire the physical interpretation of components of
an entropy current, and the Hamilton—Jacobi formalism yields a geometric lift of the Maxwell-Cattaneo
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dynamics together with its entropy production law. This shows that the contact variables need not be
regarded merely as auxiliary coordinates: in suitable models, they carry direct physical information.

A further collection of k-contact Hamilton—De Donder—Weyl models was constructed to demonstrate
the range of partial differential equations that can be accommodated within the formalism. These in-
clude damped Klein—Gordon, Allen—Cahn-type, porous-medium, complex Ginzburg—Landau, damped
nonlinear Schrédinger, Fisher-KPP, damped ¢*, sine-Gordon, and FitzHugh-Nagumo equations. The
examples exhibit two related but conceptually distinct mechanisms. In some cases, non-conservative
effects are generated intrinsically through explicit dependence of the Hamiltonian on the dissipative vari-
ables, and therefore through the corresponding Reeb terms. In others, dissipative or reaction terms
are incorporated into an enlarged Hamiltonian system whose exact k-polysymplectic structure is subse-
quently k-contactified. Although the latter constructions do not use the dissipative variables themselves
to generate dissipation, they provide systematic k-contact Hamilton—-De Donder—Weyl embeddings of the
original equations and identify phase spaces on which the Hamilton—Jacobi methods developed in this
dissertation may subsequently be investigated.

These applications also show that dependence on the dissipative variables need not be affine. Nonlinear
dependence can produce field equations with variable coefficients or non-autonomous dissipative terms,
thereby enlarging the family of systems accessible to k-contact geometry. At the same time, the examples
reveal limitations that should be kept explicit. A k-contact Hamiltonian representation is generally not
unique, auxiliary variables may satisfy additional balance equations, and the existence of a Hamilton—
De Donder—Weyl formulation does not by itself guarantee the existence of a complete Hamilton—Jacobi
solution. Each model therefore requires a separate analysis of regularity, integrability, and the geometric
meaning of its dissipative variables.

Several directions remain open. A natural first problem is to develop systematic criteria for the
existence of complete solutions and to clarify their relation to integrability for £ > 1. It would also be
useful to determine when different k-contact Hamiltonian representations of the same partial differential
equation are geometrically equivalent and when the dissipative variables admit a distinguished physical
interpretation. Further work may extend the theory to higher-order models as well as study reduction
and symmetry methods in conjunction with the Hamilton—Jacobi formalism. The new models presented
here provide a broad collection of examples on which these questions can be tested.

In conclusion, this dissertation establishes a geometric Hamilton—Jacobi framework for k-contact
Hamiltonian systems and demonstrates its relevance to non-conservative field theory. The resulting pic-
ture combines projected dynamics, Legendrian and coisotropic geometry, complete solutions, integrability,
and balance laws within a common formalism. The applications show both the flexibility of k-contact
geometry and the need to distinguish carefully between different mechanisms by which non-conservative
effects enter a Hamiltonian description. Taken together, these results provide a foundation for the further
development of Hamilton—Jacobi methods in dissipative and non-conservative classical field theories.
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